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Abstract 



In this paper, we consider two cases of rolling of one smooth connected com- 
' plete Riemannian manifold (M, g) onto another one (M, g) of equal dimension 

Q . n > 2. The rolling problem (NS) corresponds to the situation where there is no 

fH I relative spin (or twist) of one manifold with respect to the other one. As for the 

rolling problem (i?), there is no relative spin and also no relative slip. Since the 
manifolds are not assumed to be embedded into an Euclidean space, we provide 
an intrinsic description of the two constraints "without spinning" and "without 
slipping" in terms of the Levi-Civita connections and V^. For that purpose, 
^ ' we recast the two rolling problems within the framework of geometric control and 

, associate to each of them a distribution and a control system. We then investi- 

gate the relationships between the two control systems and we address for both 
^Sl ' of them the issue of complete controllability. For the rolling (NS) , the reachable 

set (from any point) can be described exactly in terms of the holonomy groups 
of (M, g) and (M, g) respectively, and thus we achieve a complete understanding 
of the controllability properties of the corresponding control system. As for the 
rolling (R), the problem turns out to be more delicate. We first provide basic 
global properties for the reachable set and investigate the associated Lie bracket 
^ ' structure. In particular, we point out the role played by a curvature tensor de- 

■ fined on the state space, that we call the rolling curvature. In the case where one 

of the manifolds is a space form (let say {M,g)), we show that it is enough to 
roll along loops of {M,g) and the resulting orbits carry a structure of principal 
bundle which preserves the rolling (R) distribution. In the zero curvature case, 
we deduce that the rolling (R) is completely controllable if and only if the holon- 
omy group of {M,g) is equal to SO{n). In the nonzero curvature case, we prove 
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that the structure group of the principal bundle can be realized as the holonomy 
group of a connection on TM © M, that we call the rolling connection. We also 
show, in the case of positive (constant) curvature, that if the rolling connection is 
reducible, then {M,g) admits, as Riemannian covering, the unit sphere with the 
metric induced from the Euclidean metric of IR"^-'^. When the two manifolds are 
three-dimensional, we provide a complete local characterization of the reachable 
sets when the two manifolds are three-dimensional and, in particular, we identify 
necessary and sufficient conditions for the existence of a non open orbit. Besides 
the trivial case where the manifolds {M,g) and {M,g) are (locally) isometric, we 
show that (local) non controllability occurs if and only if {M,g) and {M,g) are 
either warped products or contact manifolds with additional restrictions that we 
precisely describe. Finally, we extend the two types of rolling to the case where 
the manifolds have different dimensions. 
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1 Introduction 



In this paper, we study the rolhng of a manifold over another one. Unless otherwise 
precised, manifolds are smooth, connected, oriented, of finite dimension n > 2, en- 
dowed with a complete Riemannian metric. The rolling is assumed to be either without 
spinning (NS) or without spinning nor slipping (R). When both manifolds are isomet- 
rically embedded into an Euclidean space, the rolling problem is classical in differential 
geometry (see [30]), through the notions of "development of a manifold" and "rolling 
maps". To get an intuitive grasp of the problem, consider the rolling problem (R) of a 
2D convex surface 5*1 onto another one 5*2 in the euclidean space M^, for instance the 
plate-ball problem, i.e., a sphere rolling onto a plane in M.^, (cf. [13] and [22]). The 
two surfaces are in contact i.e., they have a common tangent plane at the contact point 
and, equivalently, their exterior normal vectors are opposite at the contact point. If 
7 : [0, T] — )■ 5*1 is a regular curve on 5*1, one says that 5*1 rolls onto 5*2 along 7 with- 
out spinning nor slipping if the following holds. The curve traced on Si by the contact 
point is equal to 7 and let 7 : [0, T] — )■ S2 be the curve traced on S2 by the contact 
point. At time t G [0, T], the relative orientation of S2 with respect to Si is measured by 
the angle 6{t) between 7(t) and -^{t) in the common tangent plane at the contact point. 
The state space Q of the rolling problem is therefore five dimensional since a point in 
Q is defined by fixing a point on 6*1, a point on S2 and an angle in S^, the unit circle. 
The no-slipping condition says that 7(t) is equal to ^(t) rotated by the angle 6(t) and 
the no-spinning condition characterizes 6{t) in term of the surface elements at 7(t) and 
7(t) respectively. Then, once a point on S2 and an angle are chosen at time t = 0, the 
curves 7 and 6 are uniquely determined. For the rolling [NS), one must choose two 
regular curves 7 and 7 on 5*1 and 5*2 respectively, and an angle 9q so that one says that 
5*1 rolls onto S2 along 7 and 7 without spinning if (a) the curves traced on 5*1 and 5*2 by 
the contact point are equal to 7 and 7 respectively; (fe) the no-spin constraint and the 
initial condition ^0 determine a unique curve 6 which measures the relative orientation 
of 5*2 with respect to Si along the rolling. The most basic issue linked to the rolling 
problems is that of controllability i.e., to determine, for two given points ginit and qnnai 
in the state space Q, if there exists a curve 7 so that the rolling of Si onto S2 along 7 
steers the system from q^^it to ggnai- If this is the case for every points ginit and qnnai in 
Q, then the rolling of 5*1 onto S2 is said to be completely controllable. 

If the manifolds rolling on each other are two-dimensional, then the controllability 
issue is well-understood thanks to the work of [3], [^ and [18] especially. For instance, 
in the simply connected case, the rolling (i?) is completely controllable if and only if 
the manifolds are not isometric. In the case where the manifolds are isometric, [3] also 
provides a description of the reachable sets in terms of isometrics between the manifolds. 

In particular, these reachable sets are immersed submanifolds of Q of dimension 
either 2 or 5. In case the manifolds rolling on each other are isometric convex surfaces, 
|18| provides a beautiful description of a two dimensional reachable set: consider the 
initial configuration given by two (isometric) surfaces in contact so that one is the 
image of the other one by the symmetry with respect to the (common) tangent plane 
at the contact point. Then, this symmetry property (chirality) is preserved along the 
rolling [R). Note that if the (isometric) convex surfaces are not spheres nor planes, the 
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reachable set starting at a contact point where the Gaussian curvatures are distinct, is 
open (and thus of dimension 5). 

From a robotics point of view, once the controllabihty is well-understood, the next 
issue to address is that of motion planning, i.e., defining an effective procedure that 
produces, for every pair of points (ginit, Q'finai) in the state space Q, a curve 7gi„it,gfi„^i 
so that the rolling of 5*1 onto 5*2 along 7gi„it,gg„jji steers the system from gi^it to ggnai- 
In [H], an algorithm based on the continuation method was proposed to tackle the 
rolling problem (R) of a strictly convex compact surface onto an Euclidean plane. That 
algorithm was also proved in j8] to be convergent and it was numerically implemented 
in [l] (see also [19] for another algorithm). 

To the best of our knowledge, only the rolling (R) was considered in the litterature, 
eventhough it is the more delicate, as explained below. The rolling problem (R) is 
traditionally presented by isometrically embedding the rolling manifolds M and M in 
an Euclidean space (cf. |30| . |12) ) since it is the most intuitive way to provide a rigorous 
meaning to the notions of relative spin (or twist) and relative slip of one manifold with 
respect to the other one. However, the rolling model will depend in general on the 
embedding. For instance, rolling two 2D spheres of different radii on each other can be 
isometrically embedded in (at least) two ways in M^: the smaller sphere can roll onto 
the bigger one either inside of it or outside. Then one should be able to define rolling 
without having to resort to any isometric embedding into an Euclidean space. To be 
satisfactory, that intrinsic formulation of the rolling should also allow one to address 
at least the controllability issue. 

The first step towards an intrinsic formulation of the rolling starts with an intrinsic 
definition of the state space Q. For n > 3, the relative orientation betwen two manifolds 
is deined (in coordinates) by an element of SO{n). Therefore the state space Q is 
of dimension 2n + n(n — l)/2 since it is locally diffeomorphic to neighborhoods of 
M X M X SO(n). There are two main approaches for an intrinsic formulation of the 
rolling problem (R), first considered by |3] and [S] respectively. Note that the two 
references only deal with the two dimensional case but it is not hard to generalize them 
to higher dimensions. In [3], the state space Q is given by 

Q = {A: T\^M T\s,M \ A o-isometry, x G M, x e M}, 

where "o-isometry" means positively oriented isometry, (see Definition 13. II below) while 
in [B], one has equivalently 

Q = (Foon(M) X Foon(M))/A, 

where Foo^{M), FooN(Af ) be the oriented orthonormal frame bundles of (M, g), (M, g) 
respectively, and A is the diagonal right SO(n)-action (see Proposition 13.91 below) . 

The next step towards an intrinsic formulation consists of using either the paral- 
lel transports with respect to and (Agrachev-Sachkov's approach) or alterna- 
tively, orthonormal moving frames and the structure equations (Bryant-Hsu's approach) 
to translate the constraints of no-spinning and no-slipping and derive the admissible 
curves, i.e., the curves of Q describing the rolling (i?), cf. Eq. (fl^ . Finally, one 
defines either a distribution or a codistribution depending which approach is chosen. 
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In the present paper, we adopt the Agrachev-Sachkov's approach and we construct an 
n-dimensional distribution on Q so that the locally absolutely continuous curves 
tangent to are exactly the admissible curves for the rolling problem, cf. Definition 
13.261 The construction of "Dr comes along with the construction of (local) basis of 
vector fields, which allow one to compute the Lie algebraic structure associated to Dr. 

One should mention the recent work [H] dealing with an intrinsic formulation of 
the rolling problem (i?) (see Definition 4 page 18 in the reference therein). However, 
that definition does not allow one to parameterize the admissible curves using a control 
system and a fortiori to construct a distribution (or a codistribution) associated to the 
rolling. Therefore, the computations in that paper related to controllability issues are 
all performed by embedding the rolling into an Euclidean space. 

We now describe precisely the results of the present paper. In Section [21 are gathered 
the notations used throughout the paper. After that, the control systems associated 
to the rolling problems {NS) and (i?) are introduced in Section [3l Besides the state 
space Q, one must define the set of admissible controls. For (NS), it is the set of 
locally absolutely continuous (l.a.c.) curves on M x M while, for (R), it is the set of 
locally absolutely continuous (l.a.c.) curves on M only. As control systems, we obtain 
two driftless control systems affine in the control {T,)ns and (S)/j for [NS) and (R) 
respectively. We also provide, in Appendix [XI expressions in local coordinates for these 
control systems. 

The study of the rolling problem (NS) is the objet of Section [H We first construct 
the distribution "Dns of rank 2n in Q so that its tangent curves coincide with the 
admissible curves of {Tj)ns and we provide (local) basis of vector fields for Pns- The 
controllability issue is completely addressed since we can describe exactly the reachable 
sets of (E) NS in terms of H^^ and H^" , the holonomy groups of and respectively. 
We thus derive a necessary and sufficient condition for complete controllability of (NS) 
in terms of the Lie algebras of H^^ and H^^ . For instance, if both manifolds M and M 
are simply connected and non symmetric, then the rolling problem (NS) is completely 
controllable in dimension n ^ 8 ii and only if H^'' or H^'' is equal to SO{n). We 
conclude that section by computing Lie brackets of vector fields tangent to "Dns- 

In Section [Sj we start the study of the rolling problem [R). As done for {NS), 
we construct the rolling distribution Pr as a sub-distribution of rank n of Pns so 
that its tangent curves coincide with the admissible curves of (S)^ and we provide 
(local) basis of vector fields for Dr. We show that the rolling (i?) of M over M is 
symmetric to that of M over M i.e., the reachable sets are diffeomorphic. Already 
from these computations, one can see why we considered the rolling problem (NS): 
from a technical point of view, it is much easier to perform Lie brackets computations 
first with vector fields spanning Dns and then specify these computations to vector 
fields spanning Pr. Moreover, the complete controllability of (NS) being a necessary 
condition for the complete controllability of (R), one can derive at once that, for simply 
connected and non symmetric rolling manifolds, if the rolling problem (R) is completely 
controllable in dimension n ^ 8 then H^" or if^" must be equal to SO{n). 

The controllability issue for (i?) turns out to be much more delicate than that for 
(NS). One reason is that, in general, there is no "natural" principal bundle structure on 
'^Q,M : Q ^ M which leaves invariant the rolling distribution Dr. Indeed, if it were the 
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case, then all the reachable sets would be diffeomorphic and this is not true in general 
(cf. the description of reachable sets of the rolling problem (R) for two-dimensional 
isometric manifolds). Despite this fact, we prove that the reachable sets are smooth 
bundles over M (cf. Proposition 15. 2p . 

We also have an equivariance property of the reachable sets of with respect to the 
(global) isometries of the manifolds M and M, as well as an interesting result linking 
the rolling problem (R) for a pair of manifolds M and M and the rolling problem (R) 
associated to Riemannian coverings of M and M respectively. As a consequence, we 
have that the complete controllability for the rolling problem (R) associated to a pair of 
manifolds M and M is equivalent to that of the rolling problem (R) associated to their 
universal Riemannian coverings. This implies that, as far as complete controllability 
is concerned, one can assume without loss of generality that M and M are simply 
connected. We then compute the first order Lie brackets of the vector fields generating 

and find that they are (essentially) equal to the vector fields given by the vertical 
lifts of 

Rol(X, Y){A) := AR{X, Y) - R{AX, AY)A, (1) 

where X, Y are smooth vector fields of M, q = [x, x; A) E Q and R{-, ■), R{-, ■) are the 
curvature tensors of g and g respectively. We call the vertical vector field defined in Eq. 
([1]) the Rolling Curvature, cf Definition 15.101 below. Higher order Lie brackets can now 
be expressed as linear combinations of covariant derivatives of the Rolling Curvature 
for the vertical part and evaluations on M of the images of the Rolling Curvature and 
its covariant derivatives. 

In dimension two, the Rolling Curvature is (essentially) equal to K^^{x) — K^[x), 
where K^{-), K^{-) are the Gaussian curvatures of M and M respectively. At some 
point q E Q where K^\x) — K^{x) ^ 0, one immediately deduces that the dimension 
of the evaluation at q of the Lie algebra of the vector fields spanning "Dr is equal to five, 
(the dimension of Q) and thus the reachable set from q is open in Q. From that fact, 
one has the following alternative: (a) there exists q^ E Q so that K^^ — K^^ = over 
the reachable set from qo, yielding easily that M and M have the same Riemannian 
covering space (cf. |3] and |6]); (b) all the reachable sets are open and then the rolling 
problem (i?) is completely controllable. In dimension n > 3, the Rolling Curvature 
cannot be reduced to a scalar and it is seems difficult compute in general the rank of 
the evaluations of the Lie algebra of the vector fields spanning Dr. 

We however propose several characterizations of isometry between two Riemannian 
manifolds based on the rolling perspective. The first one refers to a "rolling against 
loops" property which assumes that there is a go = (^^O; Xq] Aq) G Q such that for every 
loop 7 on M based at Xq, the corresponding rolling curve J-D^il^ Qo) on M starting from 
go is a loop based Xq. Then we prove that, under the previous condition {M,g) and 
(M, g) have the same universal Riemannian covering, cf . Theorem 15.281 

The second characterization consists of revisiting the classical Ambrose theorem (see 
[28] Theorem III.5.1) and showing how the standard argument actually gets simplified 
when recast in the rolling context. We also prove a version of the Cartan- Ambrose- 
Hicks theorem. Proposition 18. 15^ by using the rolling model. In this version, we also 
also include a condition for certain submersions to exist, not only (local) geodesic 
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embeddings. Our proofs are in parallel to those presented in [3], |26| . 

In Section [6l we present controllability results when one of the manifolds, let say 
{M,g), is a space form i.e., a simply connected complete Riemannian manifold of con- 
stant curvature. Our results are actually preliminary and we hope to complete them in 
a future version of the present draft. Let us summarize them. The main feature of this 
particular case is that there is a principal bundle structure on the bundle ttq^m '■ Q ~^ M, 
which is compatible with the rolling distribution Dr. In the case M has non-zero con- 
stant curvature, this allows us to reduce the problem to a study of a vector bundle 
connection V'^"' of the vector bundle Tr^MeR '■ TM © M — )■ M and its holonomy group, 
which is a subgroup of SO(n -|- 1) or SO(n, 1) depending whether the curvature of M 
is positive or negative, respectively. If M has zero curvature i.e., it is the Euclidean 
plane, the problem reduces to the study of an affine connection and its holonomy group, 
a subgroup of SE(?t,), in the sense of [15]. In all the cases, the fibers over M of the 
Pft-orbits are all diffeomorphic to the holonomy group of the connection in question. 

In the zero curvature case, we prove that the rolling (R) is completely controllable 
if and only if the (Riemannian) holonomy group of is equal to SO{n). This result 
is actually similar to Theorem IV. 7.1, p. 193 and Theorem IV. 7.2, p. 194 in [TS]. In 
the non-zero curvature case, we only study the rolling onto an n-dimensional sphere. 
We prove that if the holonomy group of the rolling connection V'^"' is reducible, then 
the sphere endowed with the metric induced by the Euclidean metric of R""*"^ must be 
a Riemannian covering space of {M,g). 

Section [7] collects our results for the rolling [R) of three-dimensional Riemannian 
manifolds. We are able to provide a complete classification of the possible local struc- 
tures of a non open orbit, and to each of them, to characterize precisely the manifolds 
(M, g) and (M, g) giving rise to such orbits. 

Roughly speaking, what we will prove is that the rolling problem (R) is not com- 
pletely controllable i.e. (9x>h(q'o) if ^^d only if the Riemannian manifolds {M,g) and 
{M,g) are locally of the following types (i.e., in open dense sets): 

(i) isometric, 

(ii) both are warped products with the same warping functions or 

(iii) both are of class A^^ with the same /3 > 0. 

Here, the manifolds of class Aijs are defined as three-dimensional Riemannian manifolds 
carrying a contact structure of particular type, as described in [2] and that we recall 
in Appendix ID.li The possible values of the orbit dimension d of a non open orbit 
O-D^lqo) (i.e. d = dim O^Ir (o'o)) are correspondingly in (i) d = 3, (ii) d = 6 or d = 8 
where the latter corresponds to the case where the initial orientation Aq is "generic" 
and finally (iii) we have d = 7 or d = 8 where again the latter case corresponds to a 
"generic" initial orientation Aq. 

Consequently, it follows that the possible orbit dimensions for the rolling of 3D 
manifolds are 

dim O^,^ (go) G {3,6,7,8,9} 
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where dimension d = 9 corresponds to an open orbit (in Q). 

We do not answer here to the question of global structure of {M,g), {M,g) when 
the rolling problem (R) is not completely controllable and leave it to a future work. 

In Section [HI we show how to extend the formalism developed previously to the 
case where the rolling manifolds have different dimensions. In that case, we show that 
the rolling of M over M is not anymore symmetric with that of M over M, which is 
reasonable. We also provide basic controllability results. 

We finally gather in a series of appendices several results either used in the text or 
directly related to it. In particular, we show how the Pns relates to the Sasaki- metric 
on the tensor space T*(M) (g) T(M). In the final appendix, we provide, for the sake of 
completeness, the classical formulation of the rolling problem (R) as embedded in an 
Euclidean space. 

Acknowledgements. The authors want to thank P. Pansu and E. Falbel for helpful 
comments as well as L. Rifford for having organized the conference "New Trends in Sub- 
Riemannian Geometry" in Nice and where this work was first presented in April 2010. 

2 Notations 

For any sets A, B, C and U G A x B and any map F : f/ — )■ C, we write Ua and U'^ for 
the sets defined by {6 e S | (a, 6) e f/} and {a E A \ {a,b) E U} respectively. Similarly, 
let Fa-.Ua^C and : U'' ^ C he defined by Fa{b) := F{a, b) and F\a) := F(a, b) 
respectively. For any sets Vi, . . . ,Vn the map pr^ : Vi x ■ ■ ■ x — )■ denotes the 
projection onto the i-th factor. 

For a real matrix A, we use A* to denote the real number on the i-th row and j-th 
column and the matrix A can then be denoted by [A*]. If, for example, one has Aj = aij 
for all then one uses the notation A* = (ajj)* and thus A = [{aijYj]- The matrix 

multiplication of A = [Aj] and B = [Bj] is therefore given by AB = [( J2k "^k-^j)]] ■ 

Suppose V, W are finite dimensional M-linear spaces, L : V W is an M-linear map 
and F = (wi)fi™^, G = are bases of V, W respectively. The dim TV x diml^- 

real matrix corresponding to L w.r.t. the bases F and G is denoted by Aip^GiL)- In 
other words, L{vi) = ■M.F,G{L)lwj (corresponding to the right multiplication by a 
matrix of a row vector). Notice that, ii K : W ^ U is yet another M-linear map to a 
finite dimensional linear space U with basis H = {ui)f^^ , then 

Mf,h{K o L) = Mg,h{K)Mf,g{L). 

If {V,g), {W,h) are inner product spaces with inner products g and h, one defines 
L'^3,h -lY^Vas the transpose (adjoint) of A w.r.t g and h i.e., g{L?"o''^w^ v) = h{w, Lv). 
With bases F and G as above, one has Aip^ciL)^ = M.g,f{L'^^'^)i where T on the left 
is the usual transpose of a real matrix i.e., the transpose w.r.t standard Euclidean inner 
products in M^, A G N. 

In this paper, by a smooth manifold, one means a smooth finite-dimensional, second 
countable, Hausdorff manifold (see e.g. |17)). A smooth manifold A C M is an im- 
mersed submanifold of M if the inclusion map z : A — )■ M is a smooth immersion. We 
call A embedded submanifold if the topology on A induced by the inclusion i coincides 
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with the manifold topology of A^. By a smooth submanifold of M, we always mean a 
smooth embedded submanifold. 

A smooth bundle (over M) is a smooth map n : E ^ M between two smooth 
manifolds E and M together with a prescribed smooth manifold F (unique up to 
diffeomorphism) , called the typical fiber of vr, such that, for each x G M, there is a 
neighbourhood U of x in M and a smooth diffeomorphism r : it^^{U) U x F with the 
property that pr^^ o r = vr|^-i(^). Such maps r are called (smooth) local trivializations 

of 71. 

For any smooth map ir : E M between smooth manifolds E and M, the set 
7r^^({x}) =: 7r~^(x) is called the vr-fiber over x and it is sometimes denoted by E\^, 
when TT is clear from the context. A smooth section of a smooth map n : E ^ M 
is a smooth map s : M ^ E such that vr o s = idj\,/. The set of smooth sections of 
TT is denoted by r(-7r). Local sections of vr are sections defined only on open (possibly 
proper) subsets of M. The value s{x) of a section s at a; is usually denoted by s\x- 

A smooth manifold M is oriented if there exists a smooth (or continuous) section, 
defined on all of M, of the bundle of n-forms vry\"(Af) : /\"(M) — )■ M where n = dimM. 
Otherwise mentioned, the smooth manifolds considered in this paper are connected and 
oriented. 

A smooth vector bundle is a smooth bundle where the typical fiber F is a finite 
dimensional M-linear space together with a collection of local trivializations so that 
there is a well defined vector space structure on each 7r-fiber (see [T^ for the precise 
definition). Some important vector bundles for us over a manifold M are the tangent 
bundle ']Tt{m) '■ T{M) — >■ M and different (fc, m)-tensor bundles vrj'^(jv) • T^{M) — M. 
We will many times write TM := T{M) etc. to ease the notation. 

If G is a smooth Lie-group, a smooth bundle n : E ^ M is called a right principal G- 
bundle if there exists a smooth right action fi : ExG ^ E oi G on E (i.e., /i(/i(|/, g),h) = 
IJ,[y,gh) where the product gh is computed in G) such that vr o /i = vr o pr^^ and fi is 
free (i.e., lJ^{y,g) = y ioi a. y ^ E implies g = e the identity of G) and transitive on 
vr-fibers (i.e., for every y,z E vr~^(x) there is a G G such that fi{y,g) = z). It follows 
from the definition that this bundle has G as the typical fiber. Similarly, using a left 
action one defines a left principal G-bundle. For short, by a principal bundle we mean 
a left or right principal bundle (the side of the action being clear from context). There 
is no difference between left and right principal bundles since a right principal bundle 
vr^; with action fi : E x G ^ E can be identified with a left principal bundle vr^; with 
action \ : G x E E; \{g,y) = fi{y,g~^) and vice versa. 

For a smooth map ir : E ^ M and y E E, let V^|j;(vr) be the set of all Y G T\yE 
such that vr*(F) = 0. If vr is a smooth bundle, the collection of spaces Vly^n), y E E, 
defines a smooth submanifold ^(vr) of T{E) and the restriction 7rj'{E) '■ T{E) E to 
V{7r) is denoted by vr\/(^). In this case vry(7r) is a vector subbundle of 7Tt(e) over E. 

For a smooth manifold M, one uses VF(M) to denote the set of smooth vector 
fields on M i.e., the set of smooth sections of the tangent bundle ttt{m) '■ T{M) — > M. 
The flow of a vector field Y G VF(M) is a smooth onto map $y : D ^ M defined 
on an open subset D of M x M containing {0} x M such that ■^^yi't^y) = ^|<i>y(t,j/) 
for {t,y) G D and $y(0,y) = y for all y G M. As a default, we will take D to be the 
maximal flow domain of X. 
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A subset V C T{M) of the tangent bundle of M is called a smooth distribution on 
M if 7Tt{m)\v is a smooth vector subbundle of tit(M) over M. For x G M, the fiber 
'^T{M)\Ty'{{x}) is denoted by and the common dimension of the spaces x G M, 
is called the rank of the distribution V. 

For any distribution D on a manifold M, we use VFx) to denote the set of vector 
fields X G VF(M) tangent to T) (i.e., Xl^, G X^l^^ for all x G M) and we define inductively 
for A; > 2 

VF^ = VF^-i + [VF2,,VF^-i], 

where VF^ := VF^i. The Lie algebra generated by VFx) is denoted by Lie(P) and it 
equals IJa.- ^F©- 

For any maps 7 : [a, 6] — X, a; : [c, d] X into a set X such that 7(6) = u;(c) we 
define 



WU7 : [a,6 + d-c] ^X; (a;U7)(t) 



7(t), tG[a,6] 
cj(t-6 + c), te [h,h + d-c] 



A map 7 : [a, 6] — )■ X is a loop in X based at Xq G X if 7(a) = 7(&) = Xq. In the space 
of loops [0, 1] — )■ X based at some given point xq, one defines a group operation 
concatenation, by 

u.^ := (t^7(|))U(t^a;(|)). 

This operation gives a group structure on the set of loops of X based at a given point 
Xq. If X is a smooth manifold and y & N, we use Qy{N) to denote the set of all 
piecewise C^-loops [0, 1] — )■ X of X based at y. In particular, {Qy{N), .) is a group. 

A continuous map c : I ^ M from a real compact interval / into a smooth manifold 
M is called absolutely continuous, or a.c. for short if, for every to ^ I, there is a 
smooth coordinate chart (</>, U) of M such that c{to) G U and (j) o c|c-i(;7) is absolutely 
continuous. 

Given a smooth distribution P on a smooth manifold M, we call an absolutely 
continuous curve c : J — ?■ M, / C M, V- admissible if c it is tangent to V almost 
everywhere (a.e.) i.e., if for almost alH G / it holds that c{t) G 'D\c(t)- For xq G M, the 
endpoints of all the D-admissible curves of M starting at xq form the set called V-orbit 
through Xq and denoted 0'd{xq). More precisely, 

Ov{xo) = {c(l) I c : [0, 1] ^ M, D-admissible, c(0) = xq}. (2) 

By the Orbit Theorem (see it follows that Ot,{xq) is an immersed smooth subman- 
ifold of M containing Xq. It is also known that one may restrict to piecewise smooth 
curves in the description of the orbit i.e., 

Ot){xo) = {c(l) I c : [0, 1] — )■ M piecewise smooth and admissible, c(0) = Xq}. 

We call a smooth distribution on M a sub distribution of V iiV G T). An immediate 
consequence of the definition of the orbit shows that in this case 

Ov'{xo) C Ov{xo), Vxo G M. 
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If TT : — )■ M, 7] : F M are two smooth maps (e.g. bundles), let C°°{7r, rf) be the 
set of all bundle maps tt ^ t] i.e., smooth maps g : E F such that rj o g = n. For a 
manifold M, let ttmr : M x M — )■ M be the projection onto the first factor i.e., (x, t) ^ x 
(i.e., ttmr = pri). Recall that there is a canonical bijection between the set C°°(M) of 
smooth functions on M and the set C°°(idjv/, t^m^,) given by / i— )■ /jj := (x i— )■ (x, /(x))). 

If TT : — )■ M, 7] : F ^ M are any smooth vector bundles over a smooth manifold 
M, / G C°°{7T,T]) and u,w & 7t^^{x), one defines the vertical derivative / at m in the 
direction w by 

Ki/;)U(/) := {DJKu){w) := A|^/(n + H. (3) 
Here w ^ {D^f){u){w) = z/(w)|„(/) is an M-linear map between fibers 7r~^(x) ^■ 

In a similar way, in the case of / G C°°{E) and u,w E 7r~^(x), one defines the 
TT-vertical derivative i^(iy)|„(/) := Dyf{u){w) := ^|o/(u + tty) at u in the direction 
w. This definition agrees with the above one modulo the canonical bijection C°°{E) = 
C°°(id£;, vr^jj). This latter definition means that z/(w)|„ can be viewed as an element of 
V^|u(7r) and the mapping w H- i'{w)\u gives a (natural) M-linear isomorphism between 
7r~^(x) and I^|u(vr) where ti^u) = x. If m G r(7r) is a smooth vr-section, let z/(w) be the 
TT-vertical vector field on E defined by z/(w)|„(/) = i^{w\x)\uif), where 7r{u) = x and 
/ G C°°{E). The same remark holds also locally. 

In the case of smooth manifolds M and M, x G M, x G M, we will use freely 
and without mention the natural inclusions (c) and isomorphisms (=): T\xM,T\xM C 
T| {MxM)=T\,M®T\^M, T%M, T%M (lT*\ {MxM)=T%M® T* ^M. 
An element of r|(^,£)(M x M) ^ T|^(M) © T\s,{M) with respect to the direct sum 
splitting is denoted usually by (X, X), where X G T\xM, X G T\xM. Sometimes it 
is even more convenient to write X + X := [X^X) when we make the identifications 
(X,0)=X, (0,X)=X. 

Let {M,g), {M,g) be smooth Riemannian manifolds. A map / : M — >■ M is a local 
isometry if it is smooth, surjective and for all x G M, f^,\x : Tl^-M — T|j(2;)M is an 
isometric linear map. A bijective local isometry / : M — )■ M is called an isometry and 
then {M,g), {M,g) are said to be isometric. 

In this text we say that two Riemannian manifolds {M,g), {M,g) are locally iso- 
metric, if there is a Riemannian manifold [N, h) and local isometrics F : N ^ M and 
G : N M which are also covering maps i.e. if they are Riemannian covering maps. 
One calls {N,h) a common Riemannian covering space of {M,g) and {M,g). Notice 
that being locally isometric is an equivalence relation in the class of smooth Riemannian 
manifolds (the fact that we assume F, G to be Riemannian covering maps, and not only 
local isometrics, implies the transitivity of this relation). 

The space M = M x M is a Riemannian manifold, called the Riemannian product 
manifold of {M,g), {M,g), when endowed with the product metric 'g := g ® g. One 
often writes this as {M,g) x [M,g). 

Let V, V, V (resp. R,R,R) denote the Levi-Civita connections (resp. the Rieman- 
nian curvature tensors) of (M, g), (M, g), (M = M x M, g = g (B g) respectively. From 
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Koszul's formula (cf. |T7]), one has 

V(x,x)(>^>^) = (Vxr,V^F), (4) 

when X,Y ^ VF(M), X,Y & VF(M) and hence from the definition of the Riemannian 
curvature tensor 

R{{X,X),{Y,Y)){Z,Z) = {R{X,Y)Z,R{X,Y)Z), (5) 

where X,Y,Z e T\^M, X,Y,Z e Tl^M. 

For any [k, m)-tensor field T on M we define VT to be the [k, m + l)-tensor field 
such that (see [25 , p. 30) 

(VT)(Xi, . . . , X^, X) = (VxT)(Xi, . . . , (6) 

Xu...,Xm,X eT\^M. 

Let X : I ^ M and X : / — )■ TM be a smooth curve and a smooth vector field 
along X respectively i.e., a smooth map such that X{t) G T|^(t)M for all t G /. A 
/oca/ extension of X around to is a vector field X G VF(M) such that there is an open 
interval J with to E J G I and X|^.(t) = X{t) for all t E J . Then one defines Vi(f(,)X as 
Vi(fo)X and it is easily seen that this vector does not depend on the choice of a local 
extension of X around to- The same construction holds true for tensor fields along the 
path x(-). 

The parallel transport of a tensor Tq G T^\x(q){M) from x(0) to x{t) along an 
absolutely continuous curve x : I M (with G /) and with respect to the Levi- 
Civita connection of {M,g) is denoted by (P^'')o(a:)To. In the notation of the Levi- 
Civita connection (resp. parallel transport -P^"), the upper index g (resp. V^) 
referring to the Riemannian metric g (resp. the connection V^) is omitted if it is clear 
from the context. We also recall the following basic observation. 

Proposition 2.1 Let {M,g) be a smooth Riemannian manifold and t x{t) an abso- 
lutely continuous (a.c. for short) curve on M defined on an open interval / 9 0. Then 
the parallel transport T{t) = (P^^)Q(a;)To along t t—^ x{t) w.r.t g of any (/c, m)-tensor 
Tq G T^\x(o){M) uniquely exists and is absolutely continuous. 

Let {x,x) : / — )■ M X M be a smooth curve on M x M defined on an open real 
interval / containing 0. If (X(t),X(t)) : I -> T{M x M) is a smooth vector field on 
M X M along {x,x) i.e., (X(t),X(t)) G T\^^(^t),x{t))iM x ^) ^hen one has 

V(,(,),i(,))(X,X) = (V.(,)X,V,(,)X) (7) 

only if the covariant derivatives on the right-hand side are well defined (see the next 
remark) . 

Remark 2.2 Let M = R, M = R and (c(t),c(t)) = (t,0), (X(t),X(t)) = (l,t) and 
equip M and M with the Euclidean metrics: g{Y, Z) = YZ, g{Y,Z) = YZ. Then the 
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left hand side of (|7]) is defined and equals (0, 1) but on the right hand side the covariant 
derivative Vgf^^^X = Vo^ is not defined: if F G VF(Af) were a local extension of X around 
t = then t = X(t) = Y\c(t) = Y(0) for all t in some open interval containing 0. This is a 
contradiction. Note that an extension of {X{t),X(t)) = around t = is provided for 
example by {x,x) h- )■ 

If (A^, h) is a Riemannian manifold we define Iso(A^, h) to be the (smooth Lie) 
group of isometries of {N,h) i.e., the set of diffeomorphisms F : N ^ N such that 
F^\y : T\yN — )■ T|p'(y)A^ is an isometry for all y & N, cf. [28], Lemma III.6.4, p. 118. 

It is clear that the isometries respect parallel transport in the sense that for any 
absolutely continuous 7 : [a, 6] — )■ and F G lso{N,g) one has (cf. |2S], p. 41, Eq. 
(3.5)) 

F.Uit) o {p^yM = {p^yaiF o o F^i^^^y (8) 

The following result is standard. 

Theorem 2.3 Let {N,h) be a Riemannian manifold and for any absolutely continuous 

7 : [0, 1] M, 7(0) = yo, define 

(7) W = [\p''ysil)iis)ds G T|,,iV, t G [0, 1]. 
Jo 

Then the map A^^'' : 7 A^j''(7)(-) is an injection from the set of absolutely continuous 
curves [0, 1] ^ N starting at yo onto an open subset of the Banach space of absolutely 
continuous curves [0, 1] — )■ T\y^^N starting at 0. 

Moreover, the map A^J' is a bijection onto the latter Banach space if (and only if) 
{N,h) is a complete Riemannian manifold. 

Remark 2.4 (i) For example, in the case where 7 is the geodesic t 1— ?■ expy^^tY) for 
Y G T\y^N, one has 

K'iim = tY 

(ii) It is directly seen from the definition of A^^'' that it maps injectively (piecewise) C^- 
curves. A; = 1, . . . , 00, starting at 1/0 to (piecewise) C^'-curves starting at 0. Moreover, 
these correspondences are bijective if (A^, h) is complete. 

(iii) The map A^'' could be used to give the space of absolutely continuous curves [0, 1] — t- 
A^ starting at yo a structure of a Banach space if (A^, h) is complete or an open subset 
of a Banach space in the case (A^, h) is not complete. 

3 State Space, Distributions and Computational Tools 

3.1 State Space 

3.1.1 Definition of the state space 

After jS], [l] we make the following definition. 
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Definition 3.1 The state space Q = Q{M,M) for the rolling of two n-dimensional 
connected, oriented smooth Riemannian manifolds {M, g), (M, g) is defined as 

Q = {A: T\^M T^M \ A o-isometry, x G M, x G M}, 

where "o-isometry" stands for "orientation preserving isometry" i.e., if (Xj)"^^ is a positively 
oriented gf-orthonormal frame of M at x then {AXi)^^-^ is a positively oriented ^-orthonormal 
frame of M at x. 

The linear space of M-linear map A : T|j.M — >■ T\^M is canonically isomorphic to the 
tensor product T*\r^M ® Tj^M. On the other hand, by using the canonical inclusions 
T*\^M C T*|(^,£)(M X M), TI^M C T|(^,£)(M x M), the space T*\^M Tj^M is 
canonically included in the space Tl{M x M)|(a, ;j) of (1, l)-tensors of M x M at (x,x). 
These inclusions make T*M(g)TM := U^^^^^g^,^^^^ T*|^M(g)T|£M a subset of T/(MxM) 
such that T^T*M®TM ''^tI{MxM)\t*m®tm '■ T*M TM — M x M is a smooth vector 
subbundle of the bundle of (1, l)-tensors t^t^(^mxM) on M x M. 

The state space Q = Q{M, M) can now be described as a subset of T*M CB) TM as 

g = {A G T*(Af) ®T(M) I G M X if, 

= VX G TUM, det(A) = 1}. 

In the next subsection, we will show that ttq := 7I"t*m®tmIq moreover a smooth 
subbundle of '^t*m®tm though it is not a vector subbundle. 

It is also convenient to consider the manifold T*M ® TM and we will refer to it as 
the extended state space for the rolling. This concept of extended state space naturally 
makes sense also in the case where M and M are not assumed to be oriented (or 
connected) . 

A point A G T*M ®TM with 7r^*Mc>5TM(^) = ^) (or ^ G Q with 'Kq{A) = (x, x)) 
will be sometimes denoted by (x,x; A) to emphasize the fact that A : T\xM — )■ T\xM. 
Thus the notation q = (x, x; A) simply means that q = A. 

3.1.2 The Bundle Structure of Q 

In this subsection, it is shown that ttq is a bundle with typical fiber SO(n). We will 
also argue that, even though SO(n) is a Lie-group, the bundle vtq cannot in general be 
given a natural (or useful) SO(n)-principal bundle if n > 2 (see also Theorem 14. 6p . We 
will now present the local trivializations of ttq. 

Definition 3.2 Suppose the vector fields X, G VF(M) (resp. Xi G VF(M)), i = 
l,...,n form a (jf-orthonormal (resp. ^-orthonormal) frame of vector fields on an open 
subset f/ of M (resp. U of M). We denote F = (Xi)^^i, F = {Xi)'^=i and for x eU, 
X E U \Ne let F\x = {Xi\x)1^-^^, Fj^ = (Xjl^)"^^ Then a local trivialization r = r^p of Q 

over U X U induced by F, F is given by 

T : tTq^U xU)-^{U xU)x SO(n) 

(x,x;A) ^ ((x,x),Mp|^^^|^(A)), 
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where Mp^^^p^.{A){ = g{AXi,Xj) since AXi\^ = ^(AX^I^, Xj|£)XjU. 

For the sake of clarity, we shall write -Mp^^ p\. (A) as Aipp{A). Obviously H^XH- = 
for all X G T\xM is equivalent to A'^^^-^A = idpi^M and thus we get 

MppiAfMppiA) = Mpp{A^^-^)MpAA) = Mp,piidT\^M) = idR-, 

where T denotes the usual transpose in Qi{n), the set of Lie algebra of n x n-real 
matrices. Since det J^pp{A) = det(A) = +1, one finally has Aipp{A) G SO(n). 

Remark 3.3 Notice that the above local trivializations Tpp of ttq are just the restrictions 
of the vector bundle local trivializations 

(7rT*{Af)®r(M))^^(f^ y<U)^{UxU)x g[(n) 

of the bundle '^t*{m)(^t(m) induced by F,F and defined by the same formula as Tpp. In 
this setting, one does not even have to assume that the local frames F, F are g- or g- 
orthonormal. Hence ttq is a smooth subbundle of t^t*m^tm ^'^'^ Q ^ smooth submanifold 

of T*M ® TM. 

We next spell out the transition functions of the above defined local trivializations of 
ttq (and also of vr^.jvf^TM above remark). If F' = {{XI), U'),F' = {{X^), U') are 

other g-, ^(-orthonormal frames (with U H U' U H U' (/)) and A = [Al] G SO(n), 
then 

{Tp,^p, o T-l){{x, x),A) = Tp,^p, (x, X] Alg{Xi, ■)Xj) 

= ((x,i;), [{j2^l9{X.^Xi)g{X,,Xl)))'^]) 

= {{x,x),[{g{X,,X',)y^A[{g{X,,X',))'ir) 
= {{x,x),M p^p, {idp\_fy)AMp,F' (idruA/)^) 

for X G f/ n t/', X G t/ n f/'. _ _ 

Any local trivialization r : t^q^{U) — ?■ f/ x SO(n) of txq defined on an open set 

U C M X M would define a principal S0(?7,)-bundle structure on '7Tq^{U) (or rather for 
^QLg^CfJ)) formula (see [3lj, p. 307) 

fi{{x, X- A),B) = T-\{x, x), (pr2 o r)(x, x; A)B), (9) 

with /i : vrQ^(f/) x SO{n) — )■ t^q^{U) the right SO(n)-action of this principal bundle 
structure. However, we will show that if we take for the local trivializations r the ones 
induced by local orthonormal frames above, then the (local) actions fipp 

defined by the above formula by these different local trivializations Tpp do not glue up 

to form a global principal bundle structure for ttq if the dimension n of M and M is 
greater than 2. We state this in the following proposition. 
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Proposition 3.4 The local actions do not render the bundle ttq to a principal SO(n)- 
bundle except when n < 2. 

Proof. If ttq were a principal SO(n)-bundle w.r.t local trivializations induced by the 
orthonormal frames of M and M, then the right action fi : Q x SO{n) Q oi SO(n) 
on Q of this principal bundle structure would be given (locally) by (see above) 

/i((x, x; A),B) = r^^((x, x), (pr2 o r)(x, i; A)B), 

for any of the local trivializations t = Tpp induced by orthonormal local frames F, F of 

M, M and any (x, x; A) with x, x in these domains and any B G SO(n). Equivalently, 
the above condition could be written as 

(pr2 o r)(/i(g, B)) = {pi^ o r){q)B, 

for any g G Q in the domain of definition of r and B e SO(n). 

The formula for the transition maps of these local trivializations as expressed before 
this proposition shows that the action fi is not well defined if n > 3. In fact we would 
be led to an equation of the type 

(pr2 o Tp„ p,){x, x; A)B = {pi^ o Tp, p, o r~y ((x, x), (pr2 o Tpp){x, x; A)B) , 

i.e., 
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Mp,^p,iA)B = Mp^p,iidT^^^,){Mj,^piA)B)MF,F'iidT\^M] 
= Mpp,{A)BMf'A^(^t\^m) 

which, by multiplying by Aip p,{A)~^ from the left, is equivalent to 

A^F',F(idTU.A/)5 = BMf'A^'^tum) (10) 

Since SO(ri) is not commutative for n > 3, the left and right hand sides are not equal 
in general: they are equal for all B,F,F' if and only if SO(n) is commutative i.e. if 
and only if n G {1,2}. Hence ttq is not a principal SO (n) -bundle, at least w.r.t the 
trivializations that we used, if > 3. □ 

Remark 3.5 If M and M are parallelizable (e.g. if M and M are Lie groups) i.e., if 
there are global frames and hence global orthonormal frames F, F, then one can introduce 
a principal SO(n)-bundle structure for ttq by Eq. even for n > 2. However, this principal 
bundle structure then depends on the choice of the global frames F, F i.e., we might (and 
could if n > 2) get a different principal bundle structure by the choosing the orthonormal 
frames differently. We will define on Q a distribution (see Definition I3.26p that models 



the natural constraints for the rolling problem and by simple computations one can check 
that in general for n > 3 the distribution is not invariant with respect to this principal 
bundle action for ttq. 

Hence the principal bundle structure on parallelizable manifolds (or, in the general case, 
the local principal bundle structures defined by 1^) is (in general) not useful for the study 
of the rolling model. 
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We will also study briefly a less restrictive model of rolling (rolling with spinning allowed) 
where one considers a distribution Pns on Q. In this case, it will be shown in Theorem 14.61 
below that in general there cannot be a principal bundle structure for txq which leaves Pns 
invariant. 

Remark 3.6 Clearly the fact that we chose SO(n) to act on the right in (ED does not 
affect the conclusion of the previous Proposition: Left local actions (in an obvious manner) 
lead to the same conclusion i.e., they don't glue up correctly to give a "natural" global 
SO(n)-action. 

Indeed, if instead of (jH]) we tried to define the left SO(n)-action on Q by demanding 
that locally 

\{B, (x, X] A)) = r^^ ((x, x),B{pi2 o r)(x, x; A)) , 

we still could not define the action globally. Indeed, it is enough to notice that instead of 
(flUj) we would get 

BMj,,^p,{A) =Mp^p{id^^^^,){BMp^p{A))MFM^dT\.M)-' 
=Mp^p,iidT\^M)BMp,piA) 

i.e. 

BMp^p,{idTy^) = Mp^p,{idp^.^)B 

which, again, is only true for all B, F, F' if and only if G {1, 2}. 

Despite the lack of a "natural" principal bundle structure for ttq when > 3, we 
may still make use of the vector bundle structure of the ambient bundle '^t*{m)®t{m) 
(the extended state space). 

Notice that any vrg-vertical tangent vector (i.e., an element of V\q{'KQ)) is of the 
form i'{B)\q for a unique B G T*M ® TM\(^^^^'^ where q = (x, x; A) G Q. The following 
simple proposition gives the condition when, for a B G T*M ® TM\(^x.x)i the vector 
v{B)\q G ^^tTj^-m^tm) actually tangent to Q i.e., an element of V\q{nQ). 

Proposition 3.7 Let q = (x, x; A) G Q and S G T*{M) (g) T(M)|(^,£). Then u{B)\q is 
tangent to Q (i.e., is an element of V^^vtq)) if and only if 

g{AX,BY)+g{BX,AY)=0 

for all X,Y E T|^M. Denoting T = T^^, this latter condition can be stated equivalently 

as A^B + B^A = or more compactly as S G A{5o{T\^M)) 

We will be denoting the [g, 5f)-transpose operation Tg^^ by T also in the sequel. The 
proposition says that V\(^^^x.a){'^q) is naturally M-linearly isomorphic to A{so{T\^M)). 
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Remark 3.8 We may reformulate the fact given by the previous proposition as follows. 
Define 5o(M) = [J^^jy,^ so{T\xM) (with M a Riemannian manifold) i.e., 

so(M) = {B e Tl{M) \ B^o +B = 0}. 

One sees that so(M) is a closed embedded submanifold o^T^{M) = T*M(g)TM. Moreover, 
the map 7rsa{M) ■= '^tI{m)\so{m) clearly defines a smooth vector bundle with typical fiber 
so(n), where n = dim(M). 

We may pull back nso(^M) with a map ttq m := P^i o ttq : Q — )■ M to a smooth bundle 

(7rQ,A/)*(7rsp(M)) : {nQ^M)*{so{M)) Q over Q. Its elements are all pairs {{x,x;A),B) e 
Qxso{M) where x = t^so(m){B) and the bundle map is defined by {'nQ^M)*{'^Bo{M)){{x, x; A), B) = 
A). 

Proposition 13.71 shows that the bundle map L : (ttq jv/)*(7rjio(A/)) — ^ ^(^q) defined by 
L{{x,x]A),B) = i'{AB)\(^x,x]A) is a diffeomorphism. 

3.1.3 The State Space as a Quotient 

In this subsection, we will show that (the ra-dimensional version of) the construction of 
the state space for rolling that has been used e.g. in j6] in dimension two is actually 
isomorphic to the state space Q. 

Proposition 3.9 Let Foon(^). -^oon(^) be the oriented orthonormal frame bundles 
of {M,g), {M,g) (resp. let F{M), F{M) be the frame bundles of M and M). Denote 
by jjL, fi the right SO(r?,)-actions (resp. right GL(r;,)-actions) defining the usual principal 
bundle structures on these spaces i.e., /i((Xfc)^^]^, [A*]) = (X]fc^f^fc)r=i ^""^ similarly for 
fi. Define a diagonal right SO(n)-action 

A : (Foon(M) X Foon(M)) x SO(n) ^ Foon(M) x Foon(M), 

by (resp. right GL(n)-action A : (F(M) x F{M)) x GL(n) ^ F{M) x F{M))) 

A(((X,),(X,)),A) = (M(X.),A),/i((X,),A)). 

The map e : Foon(M) x Foon(M) ^ Q{M,M) (resp. ^ : F{M)xF{M) T*M®TM) 
such that 

e((x,), (X,)) := ( ^ Yl «^^^) 

i i 

is a smooth surjective submersion. Moreover, for each q E Q{M,M) (resp. q G T*M ® 
TM) the inverse image E,~^{q) coincides with an orbit of A. Thus ^ induces a diffeomorphism 

I : (Foon(M) X Foon(M))/A ^ Q{M,M). (resp. I : (F(M) x F(M))/A ^ {A e 
T*M ® TM I A is invertible}). 

Proof. The smoothness and surjectivity of ^ are obvious and it is also easy to see that 
^ is a submersion. Thus it is enough to show that ^~^{q) coincides with an orbit of A. 
First suppose that 

/i((X,), A), = J^A^X,, KiX.lA), = Y^^r 
j j 
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Then, for any real numbers ai, ■ ■ ■ , a„, one has 
e(A((TO,(X,)),A))(^afcXfc) =e(/i((X,),A),/i(TO,A))(^a,Xfc) 

k k 
k,i 

This shows that 

A({((x,), TO)} X G) c r^(e(TO, TO)), 

with G = SO(n) (resp. G = GL(n)). The orbits of A all have the same dimension as 
SO(n), i.e., "'^"'~^'> (resp. dimGL(?7,) = n'^) and since 

dimr^(g) = dim(FooN(M) x Foon(M)) - dimg(M,M) = dimSO(n), 
for any q G Q{M, M) (resp. 

dimr^(g) = dim(F(M) x F(M)) - dim T*M ® TM = dimGL(n)), 
we have that this inclusion is actually an equality. This proves the proposition. □ 

Remark 3.10 In the above proposition we implicitly assumed that (Foon(^^) X-^oon(A'/))/A 
(resp. (F(M) x F(M))/A) already has a natural structure of a smooth manifold namely 
that of a quotient manifold. But it is easily seen that the action A is free and proper and 
hence by a well known result (see [IT] Theorem 9.16) it follows that unique smooth quotient 
manifold structures for the above quotient sets exist. Hence the facts established in the 
above proof guarantee that ^ is a diffeomorphism. 

Remark 3.11 Here is the product right action 

/i X /i : (Foon(M) X Foon(M)) x (SO(n) x SO{n)) ^ Foon(M) x Foon(M) 

of SO(n) X SO{n) on Foon(M) x Foon(M) given by 

/i X /i(((X,), (X,)), {A, A)) = (/i((X,), A), /i((X,), A)). 

As it is easily seen, it is unfortunately not true that the action fxx ft maps a A-orbit into a A- 
orbit, unless the dimension n is equal to two (in which case S0(?7,) = S0(2) is commutative) 
and hence, in the case n > 2, the map fx x fi does not induce a map Q x SO{n) — )• Q 
(where Q = (Foon(^^) x Foon(^))/A by the above proposition). This is yet another way 
of seeing that Q = Q{M, M) cannot be given a "natural" SO(ra)-principal bundle structure 
for n > 3 i.e., we cannot induce on Q the principal bundle structures of the frame bundles 
Foon(M) and Foon(M) if n > 2. 
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Remark 3.12 Notice that on F(M) (resp. on FooN(^))one may also consider the 
left GL(n) (resp. SO(n)) action A given by X{A,{Xi))i = Y.jA)Xj. Since A] = (A^)! 
it is trivial that this is related to the above right action by \{A,{Xi)) = fi{{Xi),A^). 
Notice that /i(A(A, (X^)), 5) = fi{ij{{Xi), A^), B) = n{{Xi),A^B) which, if n > 3 and 
A^B BA^, is different from \{A, ^i{{Xi)), B)) = 5), A^) = fx{{Xi), BA^). 

This means that the left and right actions A and /i do not "commute". 

Another way to define naturally a left actions is to use instead of above A the in- 
verse right-action Xj{A,{Xi)) := ix{{Xi), A~^). Also in this case, ii{\i{A, (Xi)), B) = 
MiXi), A-^), B) = A-^B) is not equal, if n > 3 and AB 7^ BA, to Xi{A, B)) = 

n{lj,{{Xi),B),A-^) = id{{Xi),BA-^). On Foon(M) it is clear that the actions A and A/ 
coincide. 

It was proposed in |5] that one could use the inverse left action on Foon(-^) and the 
left action on Foon(^) to induce, respectively, left and right actions on Q. However this 
is not possible for the following reason (which basically is a repetition of what has been 
said above). Suppose q = {x,x;A) E Q and let F, F' e Foon(M), F,F' E Foon(M) 
are such that ^{F, F) = q and ^{F',F') = q. Then there is a 5 e SO(n) such that 
H{F,B) = F', fi{F,B) = F'. By using, for example, the left SO(ri)-action A on Foon(M) 
we get A(C,F') = A(C,/i(F,5)) = fi{F, BC^) and also /i(A(C,F),5) = fi{F,C^B). 
But ^(A(C, F'),F') = e(A(C, F), F) if and only if /i(A(C, F),B) = A(C, F') which thus is 
not true unless C^i? = BC^ . The case of the inverse left action (which is just the right 
action fi) on Foon(^) leads to the same conclusion. 

3.2 Distribution and the Control Problems 
3.2.1 Prom Rolling to Distributions 

Each point {x,x;A) of the state space Q = Q{M,M) can be viewed as describing a 
contact point of the two manifolds which is given by the points x and x of M and M, 
respectively, and an isometry A of the tangent spaces T\xM, T\^M at this contact point. 
The isometry A can be viewed as measuring the relative orientation of these tangent 
spaces relative to each other in the sense that rotation of, say, T\xM corresponds to a 
unique change of the isometry A from T\xM to T\xM. A curve t i— )■ A[t)) in 

Q can then be seen as a motion of M against M such that at an instant t, x{t) and x{t) 
represent the common point of contact in M and M, respectively, and A{t) measures 
the relative orientation of coinciding tangent spaces T\x{t)M, T\x(t)M at this point of 
contact. 

In order to call this motion rolling, there are two kinematic constraints that will be 
demanded (see e.g. [3], |1] Chapter 24, [8]) namely 

(i) the no-spinning condition; 

(ii) the no-slipping condition. 

In this section, these conditions will be defined explicitly and it will turn out that 
they are modeled by certain smooth distributions on the state space Q. The subsequent 
sections are then devoted to the detailed definitions and analysis of the distribution Pns 
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and on the state space Q, the former capturing the no-spinning condition (i) while 
the latter capturing both of the conditions (i) and (ii). 

The first restriction (i) for the motion is that the relative orientation of the two 
manifolds should not change along motion. This no-spinning condition (also known as 
the no-twisting condition) can be formulated as follows. 

Definition 3.13 An absolutely continuous (a.e.) curve 

q: I ^Q, 

t^{x{t),x{ty,A{t)), 

defined on some real interval / = [a, b], is said to describe a motion without spinning of M 
against M if, for every a.e. curve [a,b] — TM; t h-t- X{t) of vectors along t h- ?■ x{t), we 
have 

Vi(j)X(t) = =^ V.(,)(A(t)X(t)) = for a.e. t G [a,b]. (11) 

(See also |9] for a similar definition.) Notice that Condition (fTT]) is equivalent to the 
following: for almost every t and all parallel vector fields X{-) along x(-), one has 

(V(,(t),iW)^(t))X(t) = 0. 

(This is well defined as mentioned in the paragraph immediately below Eq. 

Since the parallel translation Pq{x) : T\x{o)M — )■ T\x{t)M along x(-) is an (isometric) 
isomorphism (here X{t) = Pq{x)X[0)), this shows that (fTTl) is equivalent to 

V(,(i),,(t))^(t) = fora.e. tG[a,6]. (12) 

The second restriction (ii) is that the manifolds should not slip along each other as 
they move i.e., the velocity of the contact point should be the same w.r.t both manifolds. 
This no-slipping condition can be formulated as follows. 

Definition 3.14 An a.e. curve I ^ Q; t ^ {x{t),x{t)] A{t)), defined on some real 
interval / = [a, 6], is said to describe a motion without slipping of M against M if 

A{t)x{t) = i(t) for a.e. t G [a,b]. (13) 

Definition 3.15 An a.e. curve I ^ Q; t ^ {x{t),x{t);A{t)), defined on some real 
interval / = [a,b], is said to describe a rolling motion i.e., a motion without slipping or 
spinning of M against M if it satisfied both of the conditions (fTTl ) . (IT3l ) (or equivalently 
(IT2l ) .(fT3l ) ). The corresponding curve t i— )■ {x{t), x{t); A{t)) that satisfies these conditions is 
called a rolling curve. 

It is easily seen that t h-> q(t) = {x(t),x{t); A{t)), t G [a, &], is a rolling curve if and 
only if it satisfies the following driftless control affine system 

r x{t) = u{t), 

(S)h } S:{t) = A{t)u{t), for a.e. t G [a, 6]. (14) 

( '^(u{t),Ait)uit))A{t) = 0, 
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where the control u belongs to 1/({M), the set of measurable TM- valued functions u 
defined on some interval / = [a, b] such that there exists a.c. y : [a,b] ^ M verifying 
u = y a.e. on [a, b]. Conversely, given any control u G U{M) and go = (^^o, ^o! ^o) ^ Qi 
a solution g(-) to this control system exists on a subinterval [a, b'], a <b' <b satisfying 
the initial condition q{a) = Qq. The fact that System (fT^ is driftless and control affine 
can be seen from its representation in local coordinates (see (I106p in Appendix Rl) . 
We end up this subsection by the following simple remark. 

Remark 3.16 In many cases, it is more convenient to work in the extended state space 
T*{M)i^T(M) rather than in (its submanifold) Q because t^t*{m)®t(m) ^ vector bundle. 
Since the above constraints of motion ( fTTj) and (H^j) can also be formulated in this space 
in verbatim, we will sometimes take this more general approach and then restrict to Q. 

3.2.2 The No-Spinning Distribution "Dns 

In this section, we build a smooth distribution Dns on the spaces Q and T*M (g> TM 
which plays the role of modelling the no-spinning condition for the rolling, see f lTT]) . We 
will also study the geometry related to this distribution. For more general constructions 
and some more general results than the ones in this section, see [13], |15| . 

We begin by recalling some basic observations on parallel transport. As noted in 
Proposition 12. 1| if one starts with a (1, l)-tensor Aq G TI\(^xo,xq){M x ^) and has an a.c. 
curve t I—)- {x{t),x{t)) on M x M with a;(0) = Xq, £(0) = Xq, defined on an open interval 
/ 9 0, then the parallel transport A{t) = Pq{x,x)Ao exists on / and determines an a.c. 
curve. But now, if Ao rather belongs to the subspace T*M (g) TM or Q of T/(M x M), 
it will actually happen that the parallel translate A{t) belongs to this subspace as well 
for all t ^ I. This is the content of the next proposition. 

Proposition 3.17 Let t i— )■ (x(t),x(t)) be an absolutely continuous curve in M x M 
defined on some real interval I 3 0. Then we have 

Ao G T*M (g)TM ^ A{t) = Po*(x, x)Ao G T*M ® TM Wt G /, 
AoeQ =^ A{t) = P'o{x, x)Ao G Q Vt G /, 

and 

Po*(x, x)Ao = P'o{x) o Ao o pO(x) Vt G /. (15) 

Proof. Let Y G T|^.(o)M, Y G T\s,io)M and let Y{t) = P/^ix)Y, Y{t) = PqH^)^ be 
their parallel translates along t H- x(t) and t H- x{t) respectively. Similarly, choose 
u G T*\x(o)M and denote uj(t) = Pq{x)u its parallel translate. Then Y{t), Y{t) and 
u{t) can be viewed as a curves in T(M x M) and T*{M x M) using the canonical 
inclusions T\^^t)M,Ty^t)M C r|(,(t),£(t))(M x M), T*U(t)M C T*\^,^t),m)iM x M). 

With Ao G T*M®TM|(,(o),£(o)) C Tl{M x M) |(,(o),£(o)) and A{t) = P^{x,x)Ao G 
Tl{M X M)\{x{t),x{t))i we have, for a.e. t (the contractions that use are obvious), 

V(,(,),,(,))(A(X-)) = (V(,(,),,(,))A(-))a;(t) + A(t)(V,(i)a;(-)) = 0, 
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and similarly ^ (^±(^t) i:{t))i^i')^ (')) ~ ^- implies that A{t)u{t), A{t)Y{t) (as elements 
of Tl{M X M)) are parallel io t ^ {x{t),x{t)) with initial conditions Aquj = and 
AqY = since Aq G T*M ® TM. By the uniqueness of solutions of ODEs, this 
shows that A{t)u:{t) = and A(t)Y(t) = for all t G / i.e., since Y,u were arbitrary, 
A{t) G T*M ® TM for all t G /. 

Suppose next that Aq G Q\(x{o),x{o)) and denote A(t) = Pq{x,x)Ao. Then Aq G 
T*M ® TM and, by what we just proved, A{t) eT*M ® TM for all tel. It follows 
that A[t)Y{t) G T|£(()M and thus taking its norm w.r.t g allows us to compute a.e. 

^ \\A{t)Y{t)\\] = 2^((V(,.(,),,(,))A(-))r(t) + Ait)V,^t)Yi-),A{t)Y{t)) = 0. 

The initial condition for ||(A(t)F(t)||^at t = is ||(y4(0)F(0)||^ = since = A{0) 

is an isometry (and Y{0) = Y). Since ||F(t)||_ also satisfies ^ ||^(i)||g = and the 
initial condition ||r(0)||^ = we see that \\A{t)Y{t)\\l = ||F(t)||~ for alU G / 

(since the maps t i— ||A(t)y(t)||^, t H- ||l^(t)||~ were a.c). Since the parallel translation 
Pq(x) : T\x{o)M —J- T\x{t)M is a linear (isometric) isomorphism for every t, this proves 
that A{t) : T|a;(t)M — )■ T\^(^t^M is an isometry for every t. Because t i-> det{A{t)) 
is a continuous map / — ?■ { — 1,+1} and det(yl(0)) = det(74o) = +1, it follows that 
det(A(t)) = +1 for all t. Hence A{t) G Q for all t. 

Finally Eq. (fT5|) is proved as follows. Consider -B(t) := Po{x) o Aq o P^[x), which 
is an a.c. curve in T*M ® TM(or even in Q if ^ Q) along t i— ?■ {x{t),x{t)). Now 
B{0) = Aq and, for Xq G T|^(o)M, X(t) := Po{x)Xo, we have 

=V,(,)(P*(£)(^^o)) = V,(,)(5(t)X(t)) 
= (V(.,,)(,)i?(t))X(t) + B{t)Vxit)X{t) = (V(,^^)(,)i?(t))X(t), 

from which it follows, since Xq was arbitrary, that ^ (^x S:)(t)^i^) ~ f*^^ ^-^^ t E I. Thus 
t (— )■ y4(t) and t ^ B{t) solve the same initial value problem and hence (being a.c.) are 
equal A{t) = B(t) i.e., 

P^{x,x)Ao = P^{x)oAooP^{x), VtG/, 
which is what we wished to prove. 

□ 

Let T(M X M) x^^^;^ (T*(M) (g) T(M)) be the total space of the product vector 
bundle t^t(^mxM) ^ Mxm'^t*{m)®t{m) '^^^'^ ^ ^ ^"^^ define certain lift operations 

corresponding to parallel translation of elements of T*M ® TM. 

Definition 3.18 The No-Spinning lift is defined to be the map 

^NS : T{M X M) x^,^^, {T*{M) ® T(M)) ^ T(T*(M) ® T(M)), 
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such that, if g = {x,x]A) e T*{M)®T{M), X e T\^M, X e Tj^M and t ^ {x{t),x{t)) 
is a smooth curve on in M x M defined on an open interval I 3 s.t. x(0) = X, x(0) = X, 
then one has 

^Ns((X,X),g) = ^^lP^ix,x)A e T|,(T*(M) ® T(M)). (16) 

The smoothness of the map =SfNs can be easily seen by using fiber or local coordinates 
(see Appendix Rl). We will usually use a notation ^ns(^)|(j for J!yt^s{X,<l) when X E 
7'|(x,i)(M X M) and q = {x,x; A) G T*{M)^T{M). In particular, when X G VF(M x 
M), we get a /z/fed vector field on T*(M) ® T(M) given by g ^ ifNs(^)|<?- The 
smoothness of ^Ng(X) for X G VF(M x M) follows immediately from the smoothness 
of the map =^ns- Notice that, by Proposition 13.171 the No-Spinning lift map =SfNs 
restricts to 

^Ns : T{M X M) x^,^^, Q ^ TQ, 

where T(M x M) 

^MxA/ Q total space of the fiber product '^j'(^mxM) MxM ^Q' 

We now define the distribution "Dns on T*{M) ® T{M) and Q capturing the no- 
spinning condition (see Eq. f|TT]) ). 

Definition 3.19 The No-Spinning (NS) distribution Dns on T*{M) (g) T(M) is a 2n- 
dimensional smooth distribution defined pointwise by 

V^skx,x;A) = ^NS(T|(.,£)(M X M))| 

(x,x;A) ; 

(17) 

with (x,x;A) G T*(M)(g)T(M). Since PnsIq C r(Q) (by Proposition ElZ]) this distribu- 
tion restricts to a 2n-dimensional smooth distribution on Q which we also denote by Dns 
(instead of PnsIq)- 

The No-Spinning lift J^ns will also be called PNS-lift since it maps vectors of M x M 
to vectors in Pns- 

The distribution is smooth since J^^^si^) is smooth for any smooth vector field 
X G VF(M X M). Also, the fact that the rank of Dns exactly is 2n follows from the 
next proposition, which itself follows immediately from Eq. (fT6l) . 

Proposition 3.20 For every q = {x, x; A) G T*M (g) TM and X G T\^^^£)M x M, one 
has 

(^t*m®tm)* (■^Ns(Ar)lg) = X, 
and in particular (7rQ)*(=^Ns(-^)|g) = X \^ q e Q. 

Thus (tt^.m®™)* (^^sp. ttq) maps 'Dns|(x,x;A) isomorphically onto T|(^^i)(M x M) 
for every (x,x;y4) G T*M TM (resp. {x,X]A) G Q) and the inverse map of 

(^r*M®TM)*l2?NsU (^^Sp. (7rQ),|2,^s|J is X ^Ns(^)|g- 
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Remark 3.21 It should now be clear that an a.c. map t i— )■ q{t) = (x{t), x{t)] A{t)) in 
T*M ®TM or Q satisfies ( [TT|) if and only if q is tangent a.e. to Dns ie-. for a.e. t it holds 
that q{t) G V^s\q{t)- 

The following basic formula for the lift will be useful. 
Theorem 3.22 For X G T|(^.,£)(M x M) and A G r(7r2..^^j55^jv^), we have 

^NsWUi^^,,, = MX) - KVx^)Uk.,„, (18) 

where u denotes the vertical derivative in the vector bundle t^t*m®tm ^"'^ ^* '^^P 

T(M X M) ^ T(T*M O TM). 

Proo/. Choose smooth paths c : [—1, 1] — )■ M, c : [—1, 1] — )■ M such that (c(0),c(0)) = 
X and take an arbitrary / G C°°(T*M ® TM). Define i(t) = P^{c, c)A|(^,£). Then 

ifNsWU|^^,,,=i(0) = ^(|). 

Also, it is known that (see e.g. 128], p. 29) 

P°(c,c)(A|(,(i),a(j)) = +tVyA + t2F(t), (19) 

with t ^ F{t) a C°°-function ] - 1, 1[^ T*\^M (g) Tj^M. On the other hand, one has 

hm ^^^Q^"^' ^^"^'^"-"^ ^ ^^Q^"^' ^^^^^ ^ ^'^Q^^^' ^^^^^^^ ~ g)^l(^.^)) 

= liml^ A/(P*(c,c)A|(.,,) + sP*(c,c)VxA + s2p*(c,c)F(t))ds 
ds s=o 

□ 

We shall write Eq. (fTSl) from now on with a compressed notation 

^Ns(X)U = A(X) - iy{V^A)\A. 

Remark 3.23 If A G '^{T^T'{AmT{M)) ^nd q := v4|(^^£) G Q (e.g. if A G r(7rQ)), then on 
the right hand side of ([H]), both terms are elements of T\q{T* M (g)TM) but their difference 
is actually an element of Tl^Q. 

Also, it is clear that Eq. (TTHj) only indicates the decomposition of the map w.r.t to 
the direct sum decomposition 

T(T*M ® TM) = Dns ®t*mc,tm Vi^T^i^m)^ (20) 
when A G T{n^,f^^,j^^^^^^^) and 

TQ = V^s®QV{7rQ), (21) 

when A G r(7rQ) respectively. 
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As a trivial corollary of the theorem, one gets the following. 

Corollary 3.24 Suppose t t-^ {x{t),x{t); A{t)) is an a.c. curve on T*M ®TM or Q 
defined on an open real interval /. Then, for a.e. t E I , 

Hence t {x{t),x{t); A{t)) is tangent to V^s at to G if and only if (^x{to),£{to))^ ^ 0- 
3.2.3 The Rolling Distribution Pr 

We next define a sub distribution of which will correspond to the rolling with 
neither slipping nor spinning. Recall that the no-spinning distribution defined on 
Q models the fact that the admissible curves t i— )■ q{t) = {x{t),x{t)] A{t)) inscribed on 
Q, i.e., the curves describing the motion of M against M, must verify the no-spinning 
condition (fTT]) . The latter is equivalent to the condition that 1 1— ?■ q(t) is tangent (a.e.) 
to I^NS; Qit) = •^Ns(3;(t), 5'(t)) for a.e. t. As regards the rolling of one manifold 
onto another one, the admissible curve g(-) must also verify the no-slipping condition 
(fT3|) that we recall next. Since g(-) is tangent to X'ns, we have A(t) = Pq{x,x)A{0), 
and hence the no-slipping condition (fT3|) writes A(t)x{t) = x(t). It forces one to have, 
for a.e. t, 

g(t)=^Ns(iW,A(t)i(t))|,(,). 

Evaluating at t = and noticing that if go '■= Q'(O), with go = {xo,Xo', Aq) G Q and 
x(0) =: X G T\xqM are arbitrary, we get 

m='^NsiX,AoX)\g,. 

This motivates the following definition. 

Definition 3.25 For g = (x, x; A) G Q, we define the Rolling lift or I^R-lift as a bijective 
linear map 

jSfR:TUMxQ|(,,£)^T|,Q, 

given by 

^n{X,q) = ^m{X,AX)\,. (22) 

This map naturally induces ^r : VF(M) VF{Q) as follows. For X G VF(M) we 
define J^^{X), the Rolling lifted vector field associated to X, by 

^r(X) : Q ^ T{Q), 

q^^K{X)\g, 

where ^R(X)|,:=ifR(X,g). 

The Rolling lift map =SfR allows one to construct a distribution on Q (see [7]) re- 
flecting both of the rolling restrictions of motion defined by the no-spinning condition, 
Eq. (fTTj) . and the no-slipping condition, Eq. f|T3|) . 
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Definition 3.26 The rolling distribution on Q is the n-dimensional smooth distribu- 
tion defined pointwise by 

'Dn\{x,x;A) = ^R(T|,.M)|(,,i,^), (23) 

for (x, x;A)eQ. 

The Rolling lift will also be called PR-lift since it maps vectors of M to vectors 
in Pr. Thus an absolutely continuous curve t i— q{t) = {x{t),x{t)] A{t)) in Q is a 
rolling curve if and only if it is a.e. tangent to "Dr i.e., q{t) G I^R|g{t) for a.e. t or, 
equivalently, if q{t) = ^Yi{x{t))\q(t) for a.e. t. 

Define ttq^m = P^i o ttq : Q ^ M and notice that its differential (ttq^m)* niaps 
each I^r|(x,x;A), {x,x;A) G Q, isomorphically onto T\xM. This implies the following 
standard result. 

Proposition 3.27 For any go = {^o,Xo;Aq) G Q and absolutely continuous 7 : [0, a] — j- 
M, a> 0, such that c(0) = xq, there exists a unique absolutely continuous q : [0,a'] — )• Q, 
q{t) = (7(t), 7(t); with < a' < a (and a' maximal with the latter property), which 

is tangent to Dr a.e. and g(0) = go- We denote this unique curve g by 

and refer to it as the rolling curve with initial conditions (7, go) or along 7 with initial 
position go. In the case that M is a complete manifold one has a' = a. 

Conversely, any absolutely continuous curve g : [0,a] — )■ Q, which is a.e. tangent to 
Pr, is a rolling curve along 7 = ttq a/ ° Q i-^-, has the form qv^{l, ^(O))- 

Proof. We need to show only that completeness of {M,g) implies that a' = a. In fact, 
X{t) := Ao/o P°(7)7(s)ds defines an a.e. curve t h-> X{t) in T|^(,M defined on [0,a] 
and the completeness of M implies that there is a unique a.e. curve 7 on M defined on 
[0,a] such that X(t) = P°(7)7(s)ds for all t G [0,a] (see also Remark 13.291 below). 
Defining A(t) = P^i^y) o Aq o P°(7), t g [0, a] (parallel transports are always defined 
on the same interval as the a.e. curve along which the parallel transport takes place) 
we notice that t ['-f[t),^[t)] A{t)) is the rolling curve along 7 starting at go that is 
defined on the interval [0, a]. Hence a' = a. 

□ 

Of course, it is not important in the previous result that we start the parametrization 
of the curve 7 at t = 0. 

Remark 3.28 It follows immediately from the uniqueness statement of the previous 
theorem that, if 7 : [a,b] M and cu : [c,d] M are two a.e. curves with 7(6) = uj(c) 
and go G Q, then 

qv^ {uj U 7, go) = qvA^^ ?©r(7, 9o)(&)) U qv^il^ Qo)- (24) 
On the group ^l^^iM) of piecewise differentiable loops of M based at xq one has 

g2?j,(a;.7,go) = qv^{uJ,qvn{l,<lo){l))-qvnh,qo), 
where 7,0; G ^lxo{M). 
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Specializing to {M,g) and {M,g), we will write in the sequel A^.^ and A^.^ for A^^ 
and AJ^ respectively, where xq G M, xq G M. 

Remark 3.29 It follows from Proposition 13.171 that, for go = {xo,Xo]Aq) and an a.c. 
curve 7 starting from xq, the corresponding rolling curve is given by 

<lvA^,qom = (7(t),A7;(ylooA.„(7))(t);P*fe'(^ooA.„(7))) oAoopO(7)). (25) 

In the case where the curve 7 on M is a geodesic, we can give a more precise form 
of the rolling curve along 7 with a given initial position. 

Proposition 3.30 Consider go = (^^Oi^^oi^o) E Q, X E Tl^^M and 7 : [0,a] — )■ M; 
7(t) = exp^^{tX), a geodesic of {M,g) with 7(0) = Xq, 7(0) = X. Then the rolling curve 
Qvnil^lo) = (7,7cr(7,9o);^i?r(7,9o)) : [0,a'] ^ Q, < a' < a, along 7 with initial 
position go is given by 

7i5r(7, qo){t) = ^^^{tAoX), ^2,^(7, go)(t) = P^ilMl, go)) o Ao o pO(7). 
Of course, a' = a if M is complete. 

Proof. Let < a' < a such that 7(t) := e5cp£^(tyloX) is defined on [0,a']. Then, by 
proposition [SHI q{t) := (7(t), 7(t); v4(t)) with A(t) := Po*(7) 0^0° ^"(7), t G [0,a'], is a 
curve on Q and A{t) is parallel to (7, 7) in M x M. Therefore t i-> q{t) is tangent to "Dns 
on [0,a'] and thus q{t) = J^-^s{i{t)jl{t))\q{t)- Moreover, since 7 and 7 are geodesies, 

A{tm) = (Po*(7) o Ao)(P,°(7)7(t)) = Po*(7)(^^) = lit), 
which shows that for t G [0, a'], 

qit) = ^Nsm),Aitm))\m 
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Hence t ^ q{t) is tangent to i.e., it is a rolling curve along 7 with initial position 
g(0) = (7(0),7(0); A(0)) = (xo,a;o; Ao) = go- 

□ 

Remark 3.31 If 7(t) = exp^^{tAoX) and go = {xo,Xo; Aq), the statement of the propo- 
sition can be written in a compact form as 

Av^{^,qo){t) = P^{s ^ exp(,^,,.^)(s(X, AoX)))Ao, 

for all t where defined. 

The next proposition describes the symmetry of the study of the rolling problem of 
{M,g) rolling against {M,g) to the problem of {M,g) rolling against {M,g). 
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Proposition 3.32 Let be the rolling distribution in Q := Q{M,M). Then the map 

L : Q ^ Q; l{x, x; A) = (x, x; ^4""'^) 
is a diffeomorphism of Q onto Q and 

L^Vyi = "Dr. 

In particular, l{Ot)M) = ^5^(^(5))- 

Proof. It is obvious that i is a diffeomorphism (with the obvious inverse map) and for 
an a.c. path q{t) = {'j{t),^{t); A{t)) in Q, {l o q){t) = {^{t),'j{t); A{t)~^) is a.c. in Q 
and for a.e. t, 

4(t) = A{tm) ^ i^{t) = A{t)-mt) 

A{t) = P*(7) ° ^(0) o P0(7) [Aity^ = P*(7) ° ^(0)-^ o P0(7) 

These simple remarks prove the claims. 

□ 

Remark 3.33 Notice that Definitions 13.251 and 13.261 make sense not only in Q but also 
in the space T*M TM. It is easily seen that defined on T*M TM by Eq. 1^ 
is actually tangent to Q so its restriction to Q gives exactly Pr on Q as defined above. 
Similarly, Propositions IX77llX3(?] and IT^ still hold if we replace Q by T*M®TM and Q 
by T*M ® TM everywhere in their statements. 

3.3 Lie brackets of vector fields on Q 

In this section, we compute commutators of the vectors fields of T*M®TM and Q with 
respect to the splitting of T{T* M®TM) (resp. TQ) as a direct sum T^^s®y{T^T*M®TM) 
(resp. Dns ©^(^q)) as given in Remar k l3 . 2 3 1 above . The main results are Propositions 
I3.45| 13.451 and 13.471 These computations will serve as preliminaries for the Lie bracket 
computations relative to the rolling distribution "Dr studied in the next section. It is 
convenient to make the computations in T*M ® TM and then to simply restrict the 
results to Q. 

3.3.1 Computational tools 

The next lemmas will be useful in the subsequent calculations. 

Lemma 3.34 Let {x,x;A) e T*M (g) TM ( resp. {x,x]A) G Q). Then there exists 
a local 7ry.^^^j,j^;^-section (resp. TTg-section) A around (x,x) such that = A and 

= for all X e r|(^,£)(M x M). 

Proof. Let U be an open neighborhood of the origin of T|(j. ,j)(M x M), where the 
^-exponential map exp : U — )■ M x M is a diffeomorphism onto its image. Parallel 
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translate A along geodesies t i— )■ exp{tX), X G f/, to get a local section A of T*{M) ® 
T{M) in a neighborhood of x = (x, x). More explicitly, one has 

A\y = P^{t^exp{t{^^)-\y)))A, 

for y ^ U. If (x, G this actually provides a local TTg-section. Moreover, we 
clearly have Vyi = for all X G T|(^,£)(M x M). 

□ 

Notice that the choice of A corresponding to (x, x; A) is, of course, not unique. 

Lemma 3.35 Let A be a smooth local TTj-.jyj^^^^-section and v4|(a;£) = A. Then, for any 
vector fields X,Y e VF(M x M) such that = {X,X), F|(^,£) = {Y,Y), one has 

([Vx, V^]i)|(,,£) = + + (V[x^^]i)|(,,,). (26) 

Here [Vj^, Vy] is given by V^^o Vy — Vy o V^^ and is an M-linear map on the set of local 
sections of Hrp,j^j^rpj^ around (x,x). 

Proof. For an arbitrary Z G VF(M), which we may interpret as a vector field on M x M 
as usual, we calculate 

([V^, Vy]i)Z = Vx((Vyi)Z) - (Vyi)(Vx^) - Vy((V^i)Z) + ( V^i) ( Vy Z) 
= Vx(Vy(iZ) - iVyZ) - (Vyi)(VxZ) 

- Vy(Vx(iZ) - AVj,Z) + (Vxi)(VyZ) 
= [V^, Vy](iZ) - (Vxi)(VyZ) - iVx(VyZ) - ( Vy i) ( V^Z) 

+ (Vyi)(VxZ) + iVy(VxZ) + (Vxi)(VyZ) 
= [Vy,Vy](iZ)+i[Vy,Vx]Z 

=:R(X,F)(iz) +%^y](iz) + i(:R(F,x)z) + iV[y_^]Z 

= - A(R(X,Y)Z) + R(X,Y){AZ) + (V[x,y]i)Z, 
and evaluating the above quantity at (x,x), we get 

([Vx, Vy]i)Z|(,,,) = -A{R{X,Y)Z) + R{X,Y){AZ) + (%^y]i)Z| 
Since the value Z\x can be chosen arbitrarily in T\^M, the claim follows. 

□ 

We next define the actions of vectors ^ns Wig G T\g{T*M®TM), X G T|(^,£)(Mx 
M), and 1^(5)1, G 

'^T* MiS)TM^ ' ^ ^ -^ll'-^ ® ^Ix-^) Oil certain bundle maps instead 
of just functions (e.g. from C°°{T*M ® TM)). Recall that if : E -> iV is a vector 
bundle and y G A^, u G E\y = ?7~^(y), we have defined the isomorphism 

: E\y ^ VUV)-, '^vUv){f) = ^^\j{u + tv), WfeC'^iE). 

We normally omit the index 77 in z/^, when it is clear from the context, and simply write 
i> instead of z/^ and it is sometimes more convenient to write z/(f)|„ for u\u{v). By using 
this we make the following definition. 
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Definition 3.36 Suppose 5 is a smooth manifold, rj : E ^ N a vector bundle, r : B ^ 
N and F : B E smooth maps such that rj o F = t. Then, for 6 G 5 and V G V\b{r), 
we define the vertical derivative of F as 

VF:=z/|-;,)(F,V) G£;|,(fe). 

This is well defined since -F^,V G In this matter, we will show the following 

simple lemma that will be used later on. 

Lemma 3.37 Let be a smooth manifold, t] : E ^ N a vector bundle, r : B ^ N a 
smooth map, C C i? an immersed submanifold and F : O ^ E a smooth map such that 

7] o F = t\o- 

(i) Then for every G O, there exists an open neighbourhood V of 6o in O, an open 
neighbourhood V of in B such that V C V and a smooth map F : V ^ E such 
that 7] o F = T\y and F\v = F\v- We call F a local extension of F around bo. 

(ii) Suppose T : B ^ N \s also a vector bundle and F is any local extension of F around 
bo as in case (i). Then if f G -B|r(bo) is such that I'lboiv) G TlboO, one has 

where on the right hand side one views t t—^ F{bo + tv) as a map into a fixed 
(i.e. independent of t) vector space E\F{bo) and the derivative ^ is just the classical 
derivative of a vector valued map (and not a tangent vector). 

Proof, (i) For a given bo G take a neighbourhood W of yo := t(6o) in such that 
there exists a local frame t^i, . . . , f ^ of 77 defined on W (here k = dim E — dim A^) . Since 
?7 o F = rlo, it follows that 

k 

F{h) = Mb)ih\rib), V6 G r-\W) n O, 

i=l 

for some smooth functions /j : t~^{W) fl O — M, z = 1, . . . , /c. Now one can choose 
a small open neighbourhood V of bo in O and an open neigbourhood V of 60 in -B 
such that V G V G t~^{W) and there exist smooth /i, . . . , : — )■ M extending the 
functions fi\v i.e. = fi\v, i = 1, . . . , k. To finish the proof of case (i), it suffices to 
define F : V ^ E hy 

k 

F{b) = Y,mv^U), v6g^. 

1=1 

(ii) The fact that t H- F{bo + tv) is a map into a fixed vector space E\F(^bo) is 
clear since F{bo + tv) G = E\r(bo+tv) = E\r(bo)- Since F\v = F\v and 
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i^lboi^') ^ ^Ifeo^' have F*z/|b(,(t;) = F^,u\hg{v). Also, t H- 60 + tv is a curve in -Elrifeo)' 
and hence in E', whose tangent vector at t = is exactly i/|;„)(f). Hence 

^\F{bo)it^\boiv)F) = F^u\b,,iv) = F^u\boiv) = ^\^F{bo + tv). 

Here on the rightmost side, the derivative =: T is still viewed as a tangent vector of 
E at F{bo) i.e. t h-> F{bQ + t^;) is thought of as a map into E. On the other hand, if 
one views t t— )■ F{bo + tf ) as a map into a fixed linear space E\r{bo), its derivative =: D 
at t = 0, as the usual derivative of vector valued maps, is just D = u'^^^^-^{T). In the 

statement, it is exactly D whose expression we wrote as ^\^F(bQ +tv). This completes 
the proof. □ 

Remark 3.38 The advantage of the formula in case (ii) of the above lemma is that it 
simplifies in many cases the computations of r-vertical derivatives because t H- Fib^ + tv) 
is a map from a real interval into a fixed vector space E\F{ba) and hence we may use certain 
computational tools (e.g. Leibniz rule) coming from the ordinary vector calculus. 

Let O be an immersed submanifold of T*M ® TM and write txq := t^^'M^tmIo- 
Then if T : O ^ T^(M x M) with tt^^^^xM) oT = tio (i.e. T G C^{TTo^n^>^^^^M))) 
and if g = {x,x]A) G O and X G T|(^_£)(M x M) are such that ^t^s(^)\q e T\gO, 
we next want to define what it means to take the derivative ^-^s{^)\qT- Our main 
interest will be the case where k = 1, m = i.e. T^(M x M) = T(M x M), but some 
arguments below require this slightly more general setting. 

First, for a moment, we take O = T* M ®TM . Choose some local Tr^.^^^^jy^-section 
A defined on a neighbourhood of (x, x) such that = A and define 

^Ns(X)|,T := Vx(T(i)) - v{V^A)\,T G r^|(.,,)(M x M), (27) 

which is inspired by Eq. (fT8|) . Here as usual, T{A) = T o A is a locally defined 
(A;, m)-tensor field on M x M. 

Notice that this does not depend on the choice of A since if oJ G '^{j^t'^i^mxM)) ^"^^ 
if we write {TuJ){q) := T(g)cj|(^. ,£.) as a full contraction for q = [x, x; A) G T*M ® TM, 
whence TU G C°°{T*M TM), we may compute (where all the contractions are full) 

{^^s(X)\,T)uJ={Vj^iTiA)))uJ - (^|o^(^ + tVj^A))uJ 

=Vx(T(i)u) -T(g)VxcU- ^|o(T(A + tVxi)cU) 
=V^((Ta;))(i)) - ^|o(^^)(^ + ^Vxi) - T{q)V^uJ 



I.e. 

(^Ns(X)|,T)cJ =^ns(X)UTu) - T{q)Vj^, (2^ 
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for all uj G '^{'^r^^i^My^M)) and where =SfNs(-'^)|g on the right hand side acts as a tangent 

vector to a function Tu G C°°{T*M ® TM) as defined in subsection I3.2.2I 

Now the right hand side is know to be independent of any choice of local extension 
A oi A (i.e. = A), it follows that the definition of ^-^^{X)\qT is independent 

of this choice as well. Alternatively, we could have taken Eq. fl25]) as the definition of 

Now if (9 C T*M ® TM is just an immersed submanifold, we take the formula fl28|) 
as the definition of ^Ns(^)|g^- 

Definition 3.39 Let O C T*M(g)TM be an immersed submanifold and q = {x,x;A) e 
0,Xe r|(^,£)(M X M) be such that ^m(X)\g G T\gO. Then for T : C ^ T^(M x 
M) such that '^t'={MxM) °T = ttq, we define ^■^s{X)\gT to be the unique element in 
TI^\{x,x){M X M) such that Eq. (I2H1) holds for every uJ G '^{'^t^^mxM))' ^""^ ^^^^ the 
derivative of T with respect to ^^s{X)\q. 

We now to provide the (unique) decomposition of any vector field of T*M ® TM 
defined over O (not necessarily tangent to it) according to the direct sum (120|) i.e. 

T{T*M ® TM) = V^s © ^(vrT^.M«TM)- 

Proposition 3.40 Let X G ^"^(Trc), vry^j.*^^^^^,^)) be a smooth bundle map (i.e. a 

vector field of T*M (g) TM along O) where O C T*M (g) TM is a smooth immersed 
submanifold. Then there are unique smooth bundle maps T G C°°(7rc), vr^j^^jx^-f^), U G 
' '^T* Mi)f>TM) ^^'-h that 

A'|, = ^Ns(T(g))|, + z/(t^(g))|„ g G O. (29) 

Proof. First of all, there are unique smooth vector fields 

X^.X"" G '^"^(tto, 7rj,(y.^^j,jyj)), 

of T*M ® TM along C such that 

X^\g G 2^Ns|g, '^"Ig e ^l<?(^T*Mcg)TM)' 

for all g G C and X = X^' + X" . Then, we define 

'"^ - "ig V- iq;, 



^(?) = {^T*KmTM)*^X U{q) = u\-\X^^ 



where q = {x,x; A) ^ O and z/|g is the isomorphism 

T*\,M®TUM ^ l^Uvr^*M®TM); ^ ^ HB)^. 
This clearly proves the claims. □ 

Remark 3.41 The previous results shows that to know how to compute the Lie brackets 
of two vector fields X,y e VF(C) where O C T*M®TM is an immersed submanifold (e.g. 
O = Q), one needs, in practice, just to know how to compute the Lie brackets between 
vectors fields of the form q t-^ J^^s{T{q))\g, ^m(S{q)) and q H- i'{U{q))\g,u{V{q))\g 
where X\g = ifNs(T(g))|, + iy{U{q))\g and y\g = ^Ns(^(g))|, + i^{V{q))\g as above. 



34 



Remark 3.42 Notice that if C C T*M (g) TM is an immersed submanifold, q = 

{x,x;A) G O, X E T\qO and T G C^{'Ko,T^rpk f^j^.^^^^^), then we may define the deriva- 
tive XT e T^{M X M) by decomposing X = ^NsWIg + i^iU)\g for the unique X G 

T|(,,£)(M X M) and f/ G (T*A'f ® TM)| 

We finish this subsection with some obvious but useful rules of calculation, that will 
be useful in the computations of Lie brackets on (9 C T*M ® TM and we will make 
use of them especially in section [71 

Lemma 3.43 Let O C T*M (g) TM be an immersed submanifold, q = {x,x;A) G O, 
T G C'^iTTcTT^k^f^MxM))' ^ ^ (O) , h G C°°(R), X G r|(^,£)(M X M) such that 
^m(X)\g G r|gO and finally U G (T*M x TM)|(^,£) such that z/(f/)|^ G T|gC Then 

(i) ^NsWUFT) = (^Ns(X)|,F)T(g) + F(g)^Ns(X)|,T 

(ii) ^NsW|,(/ioF) = /i'(F(g))ifNsW|,F 

(iii) i^iUUFT) = {v{U)UF)T{q) + F{q)v{U)UT 

(iv) Kf/)W/^°i^) = /^'™)Kf/)l.i^ 

If T : O ^ TM C T(M x M) such that T{q) G T|^M for all q = (x, A) G C and 
one writes (see Remark 13.441 below) 

(■)T(-) : O ^ TM C T(M x M); g = (x, x; A) ^^ AT{q), 

then 

(v) ^Ns(X)|,((-)T(-)) = A^NsWI.T G T|,M 

(vi) i.(f/)|,((.)T(.)) = UT{q) + Ai.(f/)|,T G T|,M, 

where ^^s(X)\,T,u{U)\,T G T|,M. 

Finally, if F G VF(M) is considered as a map O TM; {x', x'; A') ^ Y\^, and if we 
write X = (X, X) G T|^M © Tl^M, then 

(vii) ^m(X)UY = VxY. 

Remark 3.44 (a) In the cases (v) and (vii) we think of T : O — TM, to adapt to 
our previous notations, as a map T : O — )■ pr^(TM) where pr^^ : M x M — )■ M is 
the projection onto the first factor. Here ptKtttm) is a vector subbundle of tt^j^^jj^^^-) 

which we wrote, slightly imprecisely, as TM C T(M x M) in the statement of the 
proposition. Thus T(g') G T|^./M for all q' = {x',x';A') G O just means that 

pr^(7rTM) oT = TTo. 

(b) We could write a more extensive list of rules of computation by noticing that ^Ns(^)|g 

and i^{U)\q act by Leibniz-rule to any contraction of T and S where T G C°°{7io, vr^*: {mxM))' 
S G C°^{TTa,Trrpk' The rules (i)-(vii) are, though, sufFicient for our needs. 
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Proof. In what follows, we choose a small open neighbourhood V oi q'mO, a small open 
neighbourhood V" of g in T*M (g) TM such that V CV a smooth T : V ^ T{M x M) 
such that T\v = T|y and t^t{^mxM) ° T = t^t'M^tmIv ^"^^ ^ smooth map F : — )■ M 
such that F\v = F\v- These are provided by Lemma [3.371 

For the case (i) we take some UJ G r(T™(M x M)) and compute 

{^m(X)\g{FT))uJ = ^^s(X)UFTuJ) - F{q)T{q)Vj^ 
=^Ns(X)|,(F)T(g)a;|(,,,) + F(g)^Ns(X)|,(TcZ;) - F{q)T{q)V^u; 
= {^^s(X)UF)Tiq) + F(g)^NS (X)|,T) 



{x,x) • 



For (ii), take t ^ T{t) = (7(t),7(t); A{t)) be any curve in O with 1(0) = q, 1(0) = 
■^Ns{^)\q- Since ^Ns(-'^)|g £ T\qO = T\qV, we may compute that 

^Ns(^) Uh o F) = ^Ns(X) |,(/i o F) 
= ^lo(^ ° - ^lo(^ o F) (A + tV^A(-)) 

=/i'(F(g))ifNs(X)UF) = h'{F{q))^^s(XMn- 
To prove (iii), notice that (FT)|y = (FT)|y and hence 

u{UMFT) = uiUUFT) = ±lF{A + tU)f{A + tU) 

= (^lo^(^ + tU))f{q) + ^(g)^lo^(^ + tU) 
= iuiU)UF)Tiq) + FiqMU)Uf = (z/(t/)|,F)T(g) + F(g)z/(t/)|,T. 
To prove (iv), take a curve T in O with r(0) = q, r(0) = i^(f/)|g and compute 

uiUUhoF) = A|^/,(F(r(t))) = h'{F{q))^^lF{T{t)) = h'{F{q)MU)UF). 

Let us prove (v) and (vi). We take a small open neighbourhood V of q in O, a small 
open neighbourhood of g in T*M ® TM such that V G V a smooth T : V ^ TM 
such that T\y = T\y and T(g') G T|a;/M for all q' = {x',x'; A') G V. Such an extension 
T of T is provided by Lemma [3.371 by taking Bq = q, t = '^t'M^tm^ V ~ wH'^tm) 
with pr^ : M X M = M the projection onto the first factor (see also Remark 13.441 
above). Then taking t i-> r(t) = (7(t),7(t); A{t)) to be any curve in O with r(0) = q, 
r(0)=^Ns(^)U wehave 

^ns(X)|,((.)T(-)) = =2'ns(X)U(-)T(-)) 
=Vx(A(-)r(A(-))) - f^liA + tV^A{.))f{A + tV^A(-)) 

=(VxA(-))T(g) + AVx(T(A(-))) - (VxA(-))r(g) - ^^|o^(^ + t^xM')) 
=AifNs(X)|,T = A^Ns(X)|,T 
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where the first and the last steps follow from the facts that ({■)T{-))\y = ((•)T(-))|y 
and T\v = T|y. This gives (v). 

To prove (vi) we observe that {■)f{-) : V -> TM satisfies {{■)f{-))\v = {{■)T{-))\v 
which allows us to compute 

HUM-m-)) = u{UU{-)f{.)) = + tU)f{A + tU) 

= (^|^(A + tU))f{q) + ^^|o^(^ + tU) = UT{q) + Au{U)Uf 
=UT{q) + Av{U)\,T. 

Finally, we prove (vii). Suppose that Y G VF(M). Then the map O — > TM; (x', x'; A') H- 
Y\xi is nothing more than Y o pr^^ o tto where pr^ : M x M — )■ M is the projection 
onto the first factor. Take a local 7rj.,j^^^yjy:^-section A with = A. Then since 

F o pr^ o TTo = y o pr^ o 7r^*jv/®TMlc' have 

^m{X)\q{Y o pri o TTo) = ^^s{X)\q{Y o pri o tt^^m^t^) 

But (F o pr^ o -Kr^.MiisTM ° = ^U' = (^,0)|(a;,i) for all (x', x') and (F o pr^ o 

T^T''M®TM)i^ + tVx^) = Y\x for all t and hence 

^m{X)\,{Y o pn o TTo) = V(^,^)(r, 0) - = VxY. 

□ 

3.3.2 Computation of Lie brackets 

We now embark into the computation of Lie brackets. 

Proposition 3.45 Let O C T*M ® TM be an immersed submanifold, T = {T,f),S = 

iS,S) G C^i7ra,n^(^M>cM)) with ^Ns(T(g))|„ ifNs(^(g))|, e r|,0 for all g = (x, x; A) G 
O. Then, for every q E O, one has 

[^NS (T( ) , =^Ns )] I , =ifNs (=5^ks (T(g) ) I - 

+ iy{AR{T{q), S{q)) - R{f{q),S{q))A) (30) 

with both sides tangent to O. 

Proof. We will deal first with the case where O is an open subset of T* M ®T M . Take a 
local T^T^M^TM^ section A around (x,x) such that = A, VA|(a,^£) = 0; see Lemma 

13.341 In some expressions we will write g = A for clarity. 
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Let / G C°°{T*M (g) TM). By using the definition of ^ns and u, one obtains 



ifNs(T(A))U^Ns(5(-)(/))) 



T(A)(5(i)(/(i))-A|^/(i + tV^^^^i)) 
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Here, we use the fact that Vj^A = for all X G T|(a:^£)(M x M) and the fact that ^ 
and T(A) commute (as the obvious vector fields on M x M x M with points {x,x,t)) 
to write the last expression in the form 

T{A)(S{A){f{A))) - ±lT{A){f{A + tVs^A)^)) " ^lo^(^)(/(^ + ^V^(A)^)) 

+ ^lo/(^ + ^^^5(A)(V^(A)^))). 

By interchanging the roles of T and S and using the definition of commutator of vector 
fields, we get from this 

= [T(i),:S(i)]|,(/(i)) + g^Jj{A + 3tV^(^)(V^(^)i))) 

52 _ _ _ 

^/(A + stV^(^)(V^(^)A))) 



= [T{A),S{A)Uf{A)) + ^KiV^(A)(VT(i)i))U/) 

-^lo^(^V^(A)(V5(A)^))W/) 
= [T(i), S(i)]|,(/(i)) + KV5(^)(V^(A)^))W/) - KVT(A)(V^(A)i))W/) 

= [T(i), 5(i)]|,(/(i)) - z/([V5.(^), V^(^)]i))|,(/). 
Using Lemma 13.351 we get that the last line is equal to 

[T(i),:s(i)]i(.,,)(/(i)) 

- KV[T(A),5(A)]|(.,,/ - ARiT{A), SiA)) + R{fiA), S{A))A)Uf), 

from which, by using the definition of =^ns; linearity of z/(-)|g and arbitrariness of 
/ G C^{T*M ® TM), we get 

[=S^'ns(T(-)),^ns(:^(-))]|, = ^Ns([T(i),:S(i)])|, 
- v{AR{T{A), S{A)) - R{f{A), S{A))A)\,. 
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Finally, 

A|^:s(A + tv^) = A|^:s(A) = o, 

=0 
=0 

since T{q),S{q) G T|(^,i)(M x M) and hence by Eq. (??), 

[T{A),S{A)] = V^(,)(5(i)) - V^(,)(T(i)) = ^Ns(T(g))|,5 - ^Ns(:S(g))|,T. 

The claim thus holds in this case (i.e. when O is an open subset of T*M TM). 

Now we let O C T*M ® TM to be an immersed sub manifold and T,S : O ^ 
T{M X M) are such that, for all q = {x,x]A) G O, T{x,x] A), S{x,x]A) belong to 
T|(,,£)(M X M) and ^Ns(T(g))|„ ^Ns(5(g))|, belong to T\^0. 

For a fixed q = {x, x] A) G O, we may, thanks to Lemma [3.371 (taking r = t^t*m®tm^ 
7] = 7r^(jvfxM)' ^0 = Q and F = T or F = S there) take a small open neighbourhood 
of g in O, a neighbourhood V of q in Q such that V G V and some extensions T, S* : 

-> T(M X M) of T|y,;S|^/ with f{x',x';A'),'^{x',x';A') G T|(^.,£,)(M x M) for all 

(x',x';A') G ^. Then since ^Ns(T(-))|y = ^Ns(t(-))|y, ^Ns(5(-))k = i^'Ns(^(-))k, 
we may compute, because of what has been shown already, 

[^^s{T),^m(S)]U = [^Ns{f)\v,^Ns{^)\v]U = ([^Ns(t),^Ns(^)]|y)|, 
=^Ns(=^Ns(T(g))|,^ - ^^s(S{q))Uf)l + u{AR{T{q), S{q)) - R{f{q), S{q))A) |^, 

where in the last line we used that T{q) = T{q) = (T(g),T(g)), S{q) = S{q) = 
iSiq),Siq)). _ 

Take any u G '^{'^tjj^^mxM))- Since ^^siT{q))\q G T\qO = T\qV by assumption and 

since (507)1^ = {Suj)\v, we have ^^s(T{q))\q{Suj) = ^-!<is{T{q))\q{Suj)\v- But then Eq. 
(128|) i.e. the definition of ^j<ss{T{q))\qS implies that 

{^^s{Tm,Sp = ^^s{T{q))\q(SuJ) - S{qW^^q)UJ 



-^ns{T{q))\q{Su;) - S{q)Vr.^.uJ = (^Ns(T(g))|,^) 



i.e. ^Ns(T(g))|,^ = ^miT{q))\qS and similarly ^Ns(^(g))|,T = ^^s{S{q))\qT. This 
shows that on O we have the formula 



[^^s{T),^^s{S)]\q=^m{^Ns{T{q))\qS - ^^s{S{q))\qT 

+ iy{AR{T{q), S{q)) - R{f{q), S{q))A) 



9 



where both sides belong to T\qO (since the left hand side obviously belongs to T\qO). 

□ 
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Proposition 3.46 Let O C T*M (g) TM be an immersed submanifold, T = {T,f) e 
C°°{t^o,t^t(MxM))' U e C°°{'Ko,'^T*hmTM) such that, for all q = {x,x;A) G O, 

^Ns(T(g))|,er|,o, u{U{q))UeT\,0. 

Then 

[^Ns(T(-)),Kf/(-))]l. = -^Ns(Kf/('?))l.^)l. + K-^Ns(T(g))|,f/)|„ 
with both sides tangent to O. 

Proof. As in the proof of Proposition 13 .45| we will deal first with the case where O is an 
open subset of T*M ® TM. Take a local t^t^m^tm] section A around (x, x) such that 
^|{a;,i!) = VA|(a;^£) = 0; scc Lemma [3.341 In some expressions we will write q = A ioT 
clarity. 

Let / e C°^{T*M (g)TM). Then ^Ns(T(A))|^(z/(f/(-))(/)) is equal to 
nA){uiUiA)Uf))-^X'iUiA + tV^^^^^^ 



which is equal to T(A) (z/(?7(A)) |^(/)) once we recall that Vj^^y^^A = 0. In addition, 
one has 

^LnA + tU{A)){fiA + tU{A))) 



dt 
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\f(A + tUiA) + sV 

T{A+tU{A)) 

{A + tU{A))) 

= d^lo^(^ + ^UiA)) {/{A + tUiA))) - g^p{A + tU{A) + stV^^^_,,^^^^^{U{A)))., 

since V7^(^+^f/(^))v4 = 0. 

We next simplify the first term on the last line to get 

fXT{A + tU{A)){f{A + tU{A))) 

=Kf/(g))I.T)(/(i))+T(A)(Kt/(i))U(/)) 

and then, for the second term, one obtains 
dsdt 

d , , , /d 



' ^ MAU{A))\, + sM,u{Vt.^^^{U{A)))\ 



"ds '° V ^ ^ r{A)i 

-fA^nA)iuiA)))\, = z/(Vy(^^([/(i)))|,/. 
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Therefore one deduces 

[j5^Ns(r(-)),Kt^(-))]U/) = +Kv^(^)(f/(i)))IJ 

= - AMUiA))\,T){f) + //(V^(^)(t/(i))) |^(/) 
= - ^^s{HU{A))\,TMf) + z/(V^(^)(t/(i))) |^(/), 

where the last hne follows from the definition of and the fact that 
^u(u{A))\,T^ = 0- Finally, Eq. ([27]) implies 

VT(,)(f/(i)) = VT(,)(f/(i)) - uiVT(0UU = ^Ns(T(A))|,t/. 

=0 

Thus the claimed formula holds in the special case where O is an open subset of T*M® 
TM. 

More generally, let O C T* M ®TM be an immersed submanifold, and T = {T,T) : 
O T{M X M) = TM X TM, [/ : C ^ T*Af x TM as in the statement of this 
proposition. 

For a fixed q = (x, x; A) G O, Lemma [3.371 implies the existence of a neighbourhood 
of g in C, a neighbourhood ^ of g in T*M®TM and smooth T -.V ^ T{M xM),U : 
V ^T*M®TM such that T(x, x; A) G T|(^,£)(M x M), U{x,x]A) G (T*M®TM) 
and T|y = T|y, f/|y = U\v (for the case of an extension U of f/, take in Lemma [3.371 

In the same way as in the proof of Proposition ??, we have [^^Q,{T)^v{Uy\\q = 

[^Ns(r), i'{U)]q and ^■!sss{T{q))\qU = ^■!^siT{q))\qU. Hence by what was already shown 
above, 

[ifNs(T),Kf/)]|, = -^Nsil^iUiq))\qf)\q + ui^ns{nq))\qU)\q. 

We are left to show that z/(f/(g))|gT = z/(t/(g))|gT and for that, it suffices to show 
that iyiuiU{q))\qf)y^^^ = u{u{U{q))\qT)\^^^y Indeed, if / G C^{T{M x M)), then 

uiuiu{q))\qf)y^^^f ={fMum,)f = '^{umM = ^^^^^ 

={TMuiq))U)f = u{u{um,T)\mf^ 

where at the 3rd equality we used the fact that (/ oT)\y = (/ o T)\y and v{U{q))\q G 
T\qO = T\qV. This completes the proof. 

□ 

Finally, we derive a formula for the commutators of two vertical vector fields. 

Proposition 3.47 Let O C T*M®TM be an immersed submanifold and U,V e 

C^{tio.t^t*m^tm) be such that u{U{q))\q,u{y{q))\q G T\qO for all qeO. Then 

HU{-))MV{-))]U =MU{<D)UV - v{V{q))\qU)\q. (31) 
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Proof. Again we begin with the case where O is an open subset of T*M ® TM and 
write q = (x, x; A) E O simply as A. Let f eC°°{T*M'S) TM). Then, 

uiU{A)Uu{Vmf)) = ^^\,i^{V{A + tU{A))U^,uiA){f) 

+ ^^^"^^ + '^^"^ + ^^^^^^^ 
=^lo^*'^K^Io(^^^^) + ^^(^ + '^(^)))) L 

=/.i.(Kf/(A))|,V^)|, = u{u{U{A))UV)\J. 

from which the resuh follows in the case that O is an open subset of T*M (g) TM. 

The case where O is only an immersed submanifold of T*M ® TM can be treated 
by using Lemma 13.371 in the same way as in the proofs of Propositions I3.45[ 13.461 

□ 

As a corollary to the previous three propositions, we have the following. 

Corollary 3.48 Let O C T*M®TM be an immersed submanifold and X,y E VF(C»). 
Letting for g G C, 

to be the unique decompositions given by Proposition 13.401 Writing T = {T,T), S = (S, S) 
corresponding to T(M x M) = TM x TM, we get 

[X, y]U ={^Mxus)\, + uixuv)\,) - {^^s{y\jT)\, + uiy\,u)U) 

+ v{AR{T{q), S{q)) - i?(f (g), S{q))A) \, 
(for the notation, see the second remark after Proposition I3.40p . 

Proof. We will assume that T, S", t/, V are, temporarily in the course of computations 
below, extended by Lemma [3.371 to an open neighbourhood O of g in T*M ® TM . By 
abuse of notation, we don't give new names for them. Then Propositions 13.451 13.46l and 
13.471 we obtain 

[A',3^]|,=[^Ns(T(0),^Ns(^(0)]l,+ [^Ns(T(0),KV^(0^ 

+ [v{U{-))^^s{SmU+HU{-)),v{Vm, 
=^^s{^^s{T{q))S - ^^s(S{q))T)U 
+ v{AR{T{q), S{q)) - R{f{q), S{q))A)\, 
- ifNs(^^(^(g))|,T)|, + z/(^Ns(T(g))|,r)|, 
+ ^^s{iy{Uiq))US)U - u{^MS{q))\,U)\, 
+ u{u{Um,V-iy{V{q))UU)U 

=^Mx\,s - yUT)\, + u{xuv - yuu)\g 

+ u{AR{T{q), S{q)) - R{f{q), S{q))A)U. 
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□ 



4 Study of the Rolling problem {NS) 

We next parameterize the set of all absolutely continuous curves which are tangent to 
the distribution Dns as a driftless control affine system. 

An a.c. curve t t— q{t) = {x{t),x{t)] A{t)) in Q describes a rolling motion of M 
against M without spinning if and only if q{t) = ^]<(siiit) ^{t))\q{t) for a-e- t. This can 
be expressed equivalently by saying that g(-) is a solution of a control affine driftless 
system 

r x{t) = u{t), 

(E)^5 <£{t)=u{t), , for a.e. t e [a, 6], (32) 

i V(,W,^(t))^(-) = 

where the control (n, n) belongs to the set U{[a,b], M) x U{[a,b], M). The fact that 
System fl32l) is driftless and control affine can also be seen from its representation in 
local coordinates; see f ll06p in Appendix \M 

In the rest of the section, we investigate the structure of the reachable sets associated 
to (T,)ns and relate them to the holonomy groups of the Riemannian manifolds {M,g) 
and {M,g). 

4.1 Description of the Orbits of (S)7V5^ 

We begin this section by recalling some standard definitions and introducing some 
notation concerning the subsequent subsections. If {N, h) is a Riemannian manifold, 
then the holonomy group H^'\y of it at y is defined by 

and it is a subgroup 0(T|j;A^) of all /i-orthogonal transformations of T\yN. If is 
oriented, then one can easily prove that H^''\y is actually a subgroup of SO(T|yA^). If 
F = {Yi)^^i, n = dimA^, is an orthonormal frame of A^ at y we write 

This is a subgroup of SO(n), isomorphic (as Lie group) to H^'^\y. Lie algebra of the 
holonomy group \y (resp. \f) will be denoted by i)^ \y (resp. f)^ |f). The Lie 
algebra i)^'' \y is a Lie subalgebra of the Lie algebra so(T|j^A^) of /i-antisymmetric linear 
maps T\yN — )■ T\yN while is a Lie subalgebra of so(n). 

In this setting, we will be using the notations H\x = H^\x and ^^1^ = H^\x respec- 
tively for the holonomy groups of (M, g) and (M, g) at x & M and x G M. If F and 
F are respectively orthonormal frames of M and M we use H\f and H\p respectively 
to denote H^\f and H^\p. The corresponding Lie algebras will be written as f)|a;, i)\x, 

hip, ^\f- 
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We now describe the structure of the orbit (9x)ns(^o) of ^^ns through a point 
(xo, Xq] Aq) G Q as follows. 

Theorem 4.1 Let go = ixo,^o;Ao) E Q. Then the part of the orbit Cx)Ng(go) of ^^ns 
through go that lies in the vrg-fiber over (xo,Xo) is given by 

Ccns(9o) n g|(.o,xo) = {hoAooh\he HU,, h G H\~^} (33) 
=: Hy, o Ao o H\-^, 

and is an immersed submanifold of the fiber Q\{xo,xo) = 7rQ^(xo,Xo)- 

Moreover, if F, F are orthonormal frames at xq, xq, as above, then there is a diffeo- 
morphism (depending on F and F) 

Ov^silo) n Q|(..„,xo) = H\pM^piAo)H\-/, (34) 

where the groups on the right hand side are Lie subgroups of SO{n). 

In the previous statement, we have used the following notation. If G is a group and 
S" is a subset of G, then := {g^^ \ g G S}. Of course = G but, in Eq. (1331) . it 
is somewhat more convenient to leave H\~^ and not to replace it by H\xg. 

Proof. Notice that qi = {xo,Xq;Ai) G OTy^^iqo) H 7rQ^(xo,Xo) if and only if there is a 
piecewise path t q{t) = {x{t),x{t); A{t)), t G [0, 1], with g(0) = go, g(l) = gi and 
tangent to Pns- This is, on the other hand, equivalent, by the definiton of PnSj to the 
fact that A{t) = Pq{x,x)Ao. It is also clear that t H- {x{t),x{t)) is a piecewise loop 
of M X M based at (xo,Xo) i.e., it belongs to Q(^xo,xo){M ^ ^) which can be identified, 
in a natural way, with f2^o(M) x Qj.g[M). By these remarks, Eq. f|T5l) and the above 
definition of the holonomy groups, we get 

C©^s(go) n7rQi(xo,Xo) = {Po{x)Ao \ x G %o,xo)(^ x M)} 
={P^{x,x)Ao I X G fi,o(M),x G n^,{M)} 

={P^{x) o Ao o P^{x) I X G fi..o(M),x G n^M)} = H\x, o Ao o 

We next prove that H\xo 0^0° ^\xo immersed submanifold of Q\{xa,xo)- Let 

/ : H\xo X H\xo Q\{xo,xo) be a map given by /(/i, h) := h o Aq o h'^. The map / is 
clearly smooth, when we consider H\xo (resp. H\xo) as a Lie subgroup of SO(T|^gM) 
(resp. SO(T|fQM)). Moreover, denote G = H\x^ x -ff|x-o and consider the smooth (left) 
group actions fi : G x Q\(xo,xo) Q\{xo,xo) and m : G x G ^ G of G on Q\(xo,xo) 
itself given by fi{{h, h),A) = ho Ao h~^, m{{h, h), {k, k)) = {hk, hk). Then we see that 

niCh, h), fCk, k)) = ho{koAoo k~^) o h'^ 
= {hk) o Ao o {hky^ = f{hk,hk) = f{m{{h, h),{k,k))), 

which shows that / is G-equivariant map. Since G acts transitively (by the action m) 
on itself, it follows that / has constant rank (see jTT] Theorem 9.7). 
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Unfortunately / is not injective but there is an easy solution to this obstacle. Notice 
that K := /"^(Aq) is a closed subgroup of G, hence G/K (the right coset space) is 
a smooth manifold and / induces a smooth map / : G/K — )■ Q|(xo,£o)' which is still 
G-equivariant, when one uses the (left) G-action fn on G/K induced by m. Now / is 
injective and constant rank, hence an injective immersion (see [T7] Theorem 7.14) into 
Q\(xo,xo)- But the image of / is exactly H'l^g oAqo H\-^. 

Moreover, given orthonormal frames F and F, we clearly see that 

hoAooh^M pp{h)Mpp{Ao)MF,F{h) 
gives the desired diffeomorphism 

H\,, o Ao o H\^^ ^ H\pMp^p{Ao)H\~\ 

□ 

Corollary 4.2 If M and M are simply-connected, then each vrg-fiber Cdns(q'o) n(5|(a:,£). 
with {x,x) E M X M, of any orbit (9x)ns(?o). = {xo,xo] Aq), is a compact connected 
embedded smooth submanifold Q. In particular, if a DNS-oi'bit is open in Q then it is equal 
toQ. 

Proof. Without loss of generality we may assume that (x, x) = (xo,Xo). By Theorem 
3.2.8 in [13] (in this relation, see also Appendix 5 in [l5]), the simply connectedness 
assumption implies that i?|xo -f^Uo are respectively (closed and hence) compact 
connected Lie-subgroups of SO{T\xoM) and SO(T|£qM). 

Now (9x'ns(Q'o) Q\{xo,xo) is compact (as a subset of Q) and connected since it is a 
continuous image (by the map / in the proof of Theorem 14. ip of the compact connected 
set H\xo X H\xg, Finally notice that a compact immersed submanifold is embedded. 

The last claim follows from the fact that an open orbit Oxi^^iqa) has a open fiber 
^I'ns(^o) I~I Q\(xo,xo) in Q\{xo,xo)- This fiber is also compact by what we just proved and 
hence Ov^^{qo) n Q\^xo,xo) = Q\ {xo,xo) by connectedness of Q\[xo,xo)- This clearly implies 
that Q = Ci,^3(go). □ 

The next corollary gives the infinitesimal version of Theorem 14.11 
Corollary 4.3 Let go = {xq, xq; Aq) E Q. Then 

T\,,Ov^,{qo) r\V\g,{TTQ) = u{{k o Ao - Ao o k I kEi)\xo.kEl)\x,})Uo (35) 

=: //((il^ooAo-Aoot^l^JIgg, 

where l)\xo, ^\xo are the Lie algebras of the holonomy groups H\xo, H\xo of M, M. 
Proof. As in the previous proof, consider the map 

/ : H\x„ X H\xo Ov^^iqo) H 7rg^(xo,Xo), 
{h, h) ^ho Aqo h^^, 
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which is known to be a submersion by the previous considerations. We deduce that 

But it is obvious that /*|(;xf,(^; k) = v{k o Aq — Aqo k)\q^^^ which then proves the claim. 

□ 

Remark 4.4 By the previous corollary and the Ambrose-Singer holonomy theorem (see 
[13] , |T5]). we have for go = {^OiXq] Aq) G Q, 

TUoOv^si,.)^yU^Q) ={P{'(c)^U(X,y)Poi(c)Ao - AoP{'(c)i?U(X,F)Poi(c) | 

X e M, X G if, X, y G T|^M, X, f G T\s,M, 
cgC;„([0,1],M), c(0)=Xo, c(l) = a;, 

cgC;,([0,1],M), c(0) = £o, £(!) = £}, 

where Cp^([0, 1], M) (resp. Cp„([0, 1], Af)) is the set of piecewise continuously differen- 
tiable maps [0, 1] M (resp. [0, 1] M). 

Theorem 14. 1 1 shows that, since M, M are connected, all the vrg-fibers of the reachable 
set (!?7Pj^g(go) are diffeomorphic i.e., 

n7rQ^(xo,Xo) = C'cns('?o) n7rQ^(a;i,Xi), 

for every G M x M. This follows from the fact that if points x, ?/ G M, then 

(since M is connected) H\x and if |j, are isomorphic, the same observation holding in 
M. We will now prove that the reachable set O-D^^iqo) has actually a bundle structure 
over M X M. 

Proposition 4.5 For go = (xo,xo;Ao) G Q, denote 7roT,^giqo) ■= '^Qlo-u^^iqo)- Then 
^Cxins(9o) • ^i'ns(5'o) — > M X M is a smooth subbundle of ttq with typical fiber H\£^ o Aqo 
H\~^ and Ox>^g{qo) is a smooth immersed submanifold of Q- 

Proof. The surjectivity of Tro-v-^^igo) onto M x M follows immediately from the connec- 
tivity of M, M. 

Choose local charts (0, U) and (0, If) of M and M around Xo, Xo centered at Xo, Xo 
(i.e., 0(xo) = 0, </'(xo) = 0) and so that (piU) and 0(f/) are convex. Then, define 

-^iU) ■■ xU)^iUxU)x {H\,, o Ao o H\-J) 

(x,x;A)^ ((x,x),P°(t^ (0-i(t0(x)),0-i(t0(x))))A), 

where we notice that, since A = Pq{c, c)Ao = Pq{c) o Ao o P{'(c) for some piecewise 
paths c : [0, 1] — M and c : [0, 1] — )■ M with c(0) = Xo, c(0) = Xo, one has 

p°(t^(0-i(t0(x)),ri(t0(x))))A 

= Po^(t ^ r\4{x))) oAop^{t^ r'mx)))) 

= P^{t ^ r\4{x))) o Po^(c) o Ao o P°(c) o pO(t 0-i(t0(x)))). 
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The concatenation of the path c and t ^ cf) ^{t(j){x)) is a piecewise loop of M based 
at xq and the concatenation of c and t i-^ {t(j){x)) is a piecewise loop based of M 
at xo- Thus po(t ^ )))) A is an element of H\j:q o Aqo H\^^. 

It is clear that Tj-^^) is a smooth bijection onto {U x U) x [H\xo o Aq o H\~^y Its 
inverse map is given by 

which is clearly smooth into Q with image contained in Ovj^^iQo) and hence it is smooth 
into Cx)j^g(go) by the basic properties of an orbit. This shows that O-ri^^igo) is a smooth 
bundle. 

Since the maps 7^(0^) defined on t^q^{U x U) by the same formula as are 
diffeomorphisms (by an identical argument as above) onto [U x U) x tXq^{xq,Xq), we 
see that (go) ^ smooth (immersed) subbundle of ttq. 

□ 

We may now also prove that ttq : Q ^ M x M cannot be equipped with a principal 
bundle structure leaving the distribution Pns invariant except in special cases. 

Theorem 4.6 Generically, in dimension n > 3, ttq cannot be equipped with a principal 
bundle structure which leaves "Dns invariant. 

More precisely, if n > 3 and F, F are oriented orthonormal frames of M and M at xq 
and Xq, respectively, and if H\f C SO(n), H\p C SO{n) are the holonomy groups with 
respect to these frames, then H\pr]H\p ^ {idRn} implies that there is no principal bundle 
structure on ttq which leaves Pns invariant. 

Especially this holds if M (resp. M) has full holonomy SO(n) and M (resp. M) is not 

flat. 

Proof. Suppose fi : G x Q ^ Q is a. left principal bundle structure for ttq leaving 
Dns invariant. Notice that G is diffeomorphic to the vrg-fibers i.e., to SO(n) (but, 
of course, does not need to be isomorphic to it as a Lie group). The fact that for 
al\ g E G we have (/ig)*'PNS C "Dns is clearly equivalent to {^g)^^Tsss{.^, ^)\q = 
^m{X,X)\f,(g,g) for all q = {x,x;A) e Q and X e T|^M, X G Tj^M. But this 
means that for all g E G, {x,x;A) G Q and a.c. paths 7, 7 starting at x, x respec- 
tively, we have ^{g,qD^^{q)(t)) = qD^g{fi{g,q))(t) where qvt^g{q) is the unique solution 
to q(t) = =SfNs(7(^), 7(^))|g(t), Q'(O) = q- Since we know that if g = {x,x;A) G Q, then 
Qv^Mit) = (7W,7W;n*(7) A°(7)) for all t, we get that 

P*(7) ° A o pO(7)) = P*(7) o ^^{g, A) o pO(7). 

Let F, F be chosen as in the statement above. Define {xo,xo;Aq) E Q hj Aq = 
^ig{Xi, ■)Xi and choose B G H\f fl H\p, B 7^ idK". Choose loops 7, 7 based at Xq, 
Xo such that Mf,f{Pq{'i)) = B, MppiP^i'y)) = B. Since Mpp{Aq) = id^n by the 
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definition of Aq, we liave 

^ ' 

=M^AP^{^)oAooP^{^)) 

i.e., 

Ao = Po'(7)%oA°(7)- 
Applying to tliis wliat was done above, we get 

fi{g, Ao) = fi{g, Po'(7) o o P?{^)) = P^{^) o f^{g, Ao) o P^{^), e G 

i.e., 

Mpp{fi{g, Ao)) = BMpp{fi{g, Ao))B-\ geG. 

But h{G,Aq) = T!-Q^(xo,xo) wlience Aipp{^{G, Aq)) = SO{n) and tfius we liave found 
a -B G SO(n) wliich is not tlie identity idjjn such tliat G = BGB~^ for all G G SO(n) 
i.e., B belongs to the center of SO{n). But in dimension n > 3 the center of SO{n) 
is {idiRn}, contradicting the fact that B ^ idiR". This contradiction shows that the 
existence of a principal bundle structure on ttq that preserves Dns is impossible in 
this case. □ 

4.2 Consequences for Controllability 

From the previous characterizations of the reachable set of {T,)ns, we now derive con- 
sequences for the controllability of the control system {12) ns- 
We start with the following remark. 

Remark 4.7 All the results, except Theorem 14.61 of the previous section can obviously 
be formulated in verbatim in the space T*M ®TM instead of Q (i.e., we may replace Q by 
T*M (g) TM everywhere) and the statements hold true in this setting. However, Theorem 
O (formulated in T*M ®TM) then implies each orbit Ov^^{qo) of Pns in T*M ®TM, 
Qo = {xo,x; Aq) G T*M®TM , can have dimension of at most 2n + d\m.H\xQ + d^.r^\H\x^^ < 
ri^+n. Since the dimension of T*M®TM is n^ + 2n, the orbit O-D^^iqo) has a codimension 
of at least n. This shows that Pns (or the related control problem) is never completely 
controllable in T*M ® TM. 

Theorem 14.11 states that the controllability of Pns is completely determined by the 
holonomy groups of M and M . The next theorem highlights that fact at the Lie 
algebraic level. 

Theorem 4.8 The control system {Tj)ns is completely controllable if and only if, for 
every A G S0(?7,), the following holds: 

f) + A-^M = so(n), (36) 
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where f) and f) are respectively the Lie subalgebras of so(n) isomorphic (as Lie algebras) to 
the holonomy Lie algebras of V and V. 

Proof. Clearly, an orbit O-D^^^qo) = Q, where (xo,Xo;^o) = % is open subset 

of Q if and only if T|gOx)Ns(Q'o) = T\qQ for some (and hence every) q G (9x)ns(Q'o)- Thus 
the decomposition given by Eq. (12T]) implies that an orbit Oxi^^iqo) is open in Q if and 
only if V\q{'KQ) C T\qOv^^{qQ) for some q G O-D^^^qo). 

By connectedness of Q, we get that Pns is controllable i.e., Oxi^^iq^) = Q for 
some (and hence every) (xo;xo;^o) = ^ Q if and only if every orbit 0'D^^{q), 
(x, x\ A) = q E Q is open in Q. 

From now on, fix (xo,Xo) G M x M. Proposition 14.51 implies that every Pns orbit 
intersects every TTQ-fiber. Hence Dns is controllable if and only if V\q{TiQ) C T\qOT>^^{q) 
for every q = {xo,xo;A) G Q\{xo,xo)- By Corollary 14. 3| this condition is equivalent to 
the condition that, for every q = (xo,Xo; A) G Q\(xo,xo), 

Z/(hUo o^-^obUo) = VU^q)- 
Next, by Proposition 13. 7| one deduces that, for every q E Q, 

VlqiTTQ) = uiAiS0iT\,M)))\q 

and thus we conclude that Pns is controllable if and only if, for all q = {xq,Xo]A) G 

Q\(xo,Xo)y 

A-^o^|^„oA-f)Uo=50(rUM). 

Choosing arbitrary orthonormal local frames F and F of M and M at xq and xq, 
respectively, we see that the above condition is equivalent to 

Mp^p{A)-^[)\pMpp{A) - \)\f = so(n), VA G Q|(xo,xo), 

where 

i)\F = {Mrik) I A; G h}, = {Mp{k) \kei)}, 

are the holonomy Lie algebras as subalgebras of 5o{n) w.r.t. the frames F and F 
respectively. 

The proof is finished by noticing that {A4pp{A) \ A G Q\{xo,xo)} = SO(n) and that 
the orthonormal frames F, F were arbitrary chosen. 

□ 

Theorem 4.9 Suppose M,M are simply connected. Then (E)7V5 is completely control- 
lable if and only if 

f) + ^ = so{n) (37) 

where h,f) are the Lie subalgebra of so(n) isomorphic (as Lie algebras) to the holonomy Lie 
algebras of V and V respectively. 
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Proof. By Theorem 14.8^ necessity of the condition is obvious. 

Conversely suppose that the condition in Eq. (137|) holds. This condition implies 

that for (xo,Xo) G M x M there is an go = ixo,Xo', Aq) G Q\(xo,xo) such that 

Aq^ o oAo- tiUo = so{T\,,M). 

By Proposition 13.71 and Corollary 14.31 this means that T|gQ(9x)Ns(^o) ("I ^Igoi'^Q) = 
^lgo(^Q) and hence Tlg^Ox^Ns (^o) = by Eq. which implies that Cx)ns(9o) 

is open in Q. Corollary 14.21 then implies that Cx)ns(?o) = Q i-e., (J^)ns is completely 
controllable. □ 

There is a complete classification of holonomy groups of Riemannian manifolds by 
Cartan (for symmetric spaces, see [10]) and Berger (for non-symmetric spaces, see |13)). 
Hence the above theorems reduce the question of complete controllability of (S)7vs to 
an essentially linear algebraic problem. 

For instance, in the case where both manifolds are non-symmetric, simply connected 
and irreducible, we get the following proposition. 

Theorem 4.10 Assume that the manifolds M and M are complete non-symmetric, simply 
connected, irreducible and n ^ 8. Then, the control system (T.)]\fs is completely controllable 
if and only if either H or H \s equal to SO(ra) (w.r.t some orthonormal frames). 

Proof. Suppose first that H\f = S0(?7,). Choose any go = i^o^^o] Aq) G Q and define 
F = AqF (which is an orthonormal frame of M at Xq since Aq G Q) and compute, 
noticing that J^pp{Aq) = idRn, 

7rQ^(a;o,a;o) n ^^^.^(go) = H\pH\f = H\pSO{n) = SO{n), 

where the first diffeomorphism comes from Theorem 14.11 But the TTg-fibers of Q are dif- 
feomorphic to SO(n) and hence tTq^ {xq, Xq) nOx>^g{qo) = Hq^^xq, Xq). By connectedness 
of M, M it follows that Q = O-D^^iqQ). 

Assume now that both holonomy groups are different from SO(n). We also remark 
that if one holonomy group is included in the other one, then complete controllability 
cannot hold according to Eq. f l36l) . Using Berger's list, see |13| . and taking into account 
that 

Sp(m) C SU(2m) C U(2m) C S0(4m) 

where n = 4m, it only remains to study the following case: n = Am with m > 2, one 
group is equal to U{2m) and the other one to Sp(m) ■ Sp(l). Recall that 

dim ( U{2m) (Sp(m) ■ Sp(l)) ) < dim U{2m) + dim Sp(l) = Am^ + 3. 

^ V ' 

l/(2m)-Sp(l) 

On the other hand dim SO (4m) = 8m^ — 2m which is always strictly larger than 4m^ + 3 
for all m > 2. 

□ 



50 



Remark 4.11 If = 8, one is left with the study of the case where one of the holonomy 
groups is equal to Spin(7) and the other one is either equal to U(4) or to Sp(2) ■ Sp(l). 

As a corollary to Theorem 14.11 and Theorem 14.81 we get the following result of non 
controllability in the case where both manifolds are reducible. 

Proposition 4.12 Suppose that both {M,g) and {M,g) are reducible Riemannian man- 
ifolds. Then (T.)]\rs is not completely controllable. 

Proof. We need to show that, under the assumptions, there exists go = i^o] ^o! ^o) ^ Q 
so that the orbit Ovj^^iqo) is a proper subset of Q. 

Fix Xo G M and xq € M. Since (M, g) and (M, g) are reducible, there exist 
subspaces Vi, V2 C T\xoM and Vi, V2 C Tl^^M, with rii = dimiVi) > 1, rij = dim(Vi) > 
1 and such that H\^^{Vi) C Vi, H\£o{Vi) C Vi, for i = 1,2. 

Let Xl, . . . , X^_^ and Xf, . . . , X^^ be an orthonormal basis of Vi and an orthonormal 
basis of V2 respectively and, similarly, let Xl, . . . , X^^ and Xf, . . . , X?^ be an orthonor- 
mal basis of Vi and an orthonormal basis of V2 respectively . Here, Vi and Vi, i = 1,2, 
are equipped with the metrics induced by gfl^.^ and ^l^^ respectively. These vectors form 
orthonormal frames F and F of M and M at Xq and Xq respectively. 

It follows from the Ambrose- Singer Holonomy Theorem (cf. [13] Theorem 2.4.3, |15] 
Theorem 8.1) that the Lie algebras i)\p and of H\p and H\p respectively split into 
direct sums of Lie-subalgebras, 

1}\f = fli © h2 C 5o(ni) ©50(722), 
hli^ = ^1 © h2 C so(rai) ®so{n2). 

Without loss of generality, we assume that ni > rii. 

Finally, we define the linear map Aq : T\xqM T\xqM hj 

Ao{Xj) = Xj, j = l,..., ni, Ao{Xf) = Xl^^j, j = 1, . . . , ni - m, 

and 

Ao{X]) = J = ni - m + 1, . . . , ns. 

Thus, we have AipplAo) = id^,i and hence 

i)\F + Mp^piAo)-^[}\pMp^piAo) = 111 © fi2 + ^1 © il2. 

The latter linear vector space is necessarily a proper subset of so{n). In fact, if Eij 
is the n x ra-matrix with 1 at the i-th row, j-th column and zero otherwise, then the 
above linear space does not contain Eni — Ein G so{n). Therefore, the claim follows 
from Theorem 14.81 

□ 

Corollary 4.13 Suppose that {M,g) and {M,g) are equal to the Riemannian products 

(Ml X M2,gi © g2) and (Mi x Ms,^! © ^2), with dimM^ > 1, diniMj > 1, « = 1,2 
respectively. Then, {T.)j^s is not controllable on Q. 
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Proof. From the basic result on holonomy groups, we get the following decomposition 
H\, = H^^'l^, X H^"'}.,, where x = {xi,X2) G M, and = H^''l,, x H^''\i^,, 
where x = {xi,X2) € M. This shows that the actions of H and H on T\xM, T\xM, 
respectively, are both reducible. Thus, the claim follows from the previous proposition. 

□ 



5 Study of the Rolling problem (R) 

In this section, we investigate the rolling problem as a control system associated 
to a subdistribution "Dr of Dns defined as follows. 

5.1 Global properties of a T^R-orbit 

We begin with the following remark. 

Remark 5.1 Notice that the map ttqm : Q M \s \f\ fact a bundle. Indeed, let 
F = {Xi)1^-^ be a local oriented orthonormal frame of M defined on an open set U. Then 
the local trivialization of tiq^m induced by F is 

rp : t^q\i{U) ^Ux Foon(M); Tf{x,x; A) = (x, (AX^),^!), 
is a diffeomorphism. 

We also notice that since ttq M-fibers are diffeomorphic to Foon(^), in order that there 
would be a principal G-bundle structure for ttq^m, it is necessary (but not sufFicient) that 
Foon(^) is diffeomorphic to the Lie-group G. In section Owe consider special cases where 
there is indeed a principal bundle structure on ttq j\/ which moreover leaves invariant. 

From Proposition 13.301 we deduce that each "DR-orbit is a smooth bundle over M. 
This is given in the next proposition (the proof being similar to that of Proposition 

Proposition 5.2 Let go = {xo,xo;Ao) E Q and suppose that M is complete. Then 

^CIbr(<?o),M '■= ^<3,M|oi,j^(go) '■ ^) 

is a smooth subbundle of txq^m- 

Proof. We first show that TTo-c-^iqa),!^! is surjective. If x G M, there is a piecewise 
smooth path 7 : [a, 6] — )■ M from xq to x such that each smooth piece is a (yf-geodesic. 
By Proposition 13.301 and completeness of M it follows that there is a rolling path 
QVj^iliQo) '■ [O'lb] — Q along 7 with initial position go defined on the whole interval 
[a,b]. But then 'n'oT)-^{qo),M{<lv^il^(lo){b)) = x which proves the claimed surjectivity. 

Since "DRlg C T\qOv^{AQ) for every g G CDj^(go) and (ttq^m)* maps 'D^\q isomorphi- 
cally onto T\t,^ ^^(^q-^M , one immediately deduces that 'Ko-D-^{qo),M is also a submersion. 

This implies that each fiber {T^OT:,^ {qo),M)~^i'^) ~ ^t>^{Qo) ^'^q\i{x) , x G M, is a smooth 
closed submanifold of O-jy^lgo). 



52 



Choose next, for each x G M, an open convex C T|^.M such that exp^ is a 
diffeomorphism onto its image and G f/. Define 

q = {y,y]A) (y, {x,%^{-fy^^,q){l);Av^{-fy^^,q){l))), 

where jy^x '■ [0, 1] — ?■ M; 'Jy,x{t) = exp^((l — t) exp~^{y)) is a geodesic from y to x. It is 
obvious that is a smooth bijection. Moreover, restricting to OD^^qo) clearly gives 
a smooth bijection 

OvniQo) n 7r-\,(f/,.) ^ f/, X (C»i,j,(go) n 7r-\,(x)). 

The inverse of Tx, : Ux x TiQ\.f{x) — )■ 7^Q\fiUx) is constructed with a formula similar 
to that of Tx and is seen, in the same way, to be smooth. This inverse restricted to 
Ux X (C>x)R(go) n -n-Q^Mi^)) "^aps bijectively onto ^©^(go) n vrg^^j^^(f4) and thus is a 
smooth local trivialization of O-D^lqa). This completes the proof. 

□ 

Remark 5.3 In the case where M is not complete, the result of Proposition 15.21 remains 
valid if we just claim that 7^0T)^{qo),M is a bundle over its image M° := ttq j\/(Cx)r (go)), 
which is an open connected subset of M. 

Write M° := tTq j^^(C75j^(go))- Then using the diffeomorphism l : Q := Q{M,M) 
Q := Q{M, M); {x, x; A) (x, x; A'^) (Proposition one gets 

from which we see that tt^^ (q,,) a/ ^ bundle over its image M° since i|c)i,j^(go) • 

OT>^{qo) — )■ O:p^(i(go)) is a diffeomorphism and since by the previous proposition and the 
above remark T^o—ii-igo)) m i^ ^ bundle over its image, which necessarily is M°. Notice also 
that if M is complete, then M° = M. 

The next remark illustrates this point. 

Remark 5.4 In the previous proposition, the assumption of completeness of M cannot 
be removed. In fact, choose M = M^, M = {x G | ||x|| < 1} (with ||-|| the Euclidean 
norm). Then 

Q = MxMx S0(2), T{Q) ^ g x x x so(2) 
and is given by 

Vk\^x,x;A) = {(^^,^^^,0) I t; gM'}, 

as a subspace of T\(^x,x;A)Q = x x so(2). If xq = 0, xq = and Aq = id]R2 is 
the identity map T\oM = T\oM = we have that the orbit is equal to the 

2-dimensional submanifold of Q given by {(x,Aqx,Aq) \ \\x\\ < 1} and its image under 
the projection on the first factor, ttq^m is a proper open subset {x G | ||x|| < 1} of M. 
Thus ttq^mIot) {xo,xq;Ao) is not a bundle over M, since this map is not surjective. 
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Proposition 5.5 For any Riemannian isometries F G lso{M,g) and F E lso{M,g) of 
{M,g), {M,g) respectively, one defines smooth free right and left actions of lso(M,g), 
Iso(M, g) on Q by 

qo-F := {F-'^{xo),Xo;AooF^\f-i(xo)), F ■ Qq := {xq, F{xo); F^l^.^ o Aq), 

where go = (^^o, aio; ^o) G Q- We also set 

F-qo-F:= {F ■ qo) ■ F = F ■ {qo ■ F). 

Then for any go = (xq, Xq] Aq) G Q, a.c. 7 : [0, 1] -> M, 7(0) = Xq, and F G Iso(M, (7), 
F G Iso(M, 5f), one has 

^ ■ qvn (7, go) (t) ■ = gi^R o 7, F ■ go ■ F) (t) , (38) 

for all t G [0, 1]. In particular, 

F-OvM-F = OvAF-qo-F). 

Proof. The fact that the group actions are well defined is clear and the smoothness of 
these actions can be proven by writing out the Lie-group structures of the isometry 
groups (using e.g. Lemma III. 6. 4 in [28]). If go ■ F = go ■ F' for some F, F' G Iso(M, g) 
and go G Q, then F~^(xo) = F'~"'^(xo), F^l^^ = F^'l^.^ and hence F = F' since M is 
connected (see [28], p. 43). This proves the freeness of the right Iso(M, (7)-action. The 
same argument proves the freeness of the left Iso(M, ^)-action. 

Finally, Eq. (138!) follows from a simple application of Eq. (jSj). In fact, by Re- 
mark [3l29] the rolling curve qv^{l,qo) = (lAvnilyQo)', A-D^{-f,qo)) is defined by 

P^{%Al,qomMl^Qom = AoP°(7)7W, 
Av^il. qom = Pl>{lvAl, Qo)) o Ao o P°(7). 

First, by using ([8|), we get 

PtiF o 715,(7, ?o))^(P o 7^j7, go))(t) = F*F°(7i.,(7, qo))K'mv,{^, go)(t)) 
=F,AoP°(7)7W = (F,AoF,)(F-ip°(7)F,)F-S(t) 
= (F.AoF.)P°(F-io7)A(F-io7)(t), 

and since by definition one has 

PtilMF-' o 7, F ■ go ■ F))4i,jF-i o 7, F ■ go ■ F) 
= (F.AoF.)P°(F-io7)A(F-io7)(t), 

the uniqueness of solutions of a system of ODEs gives that 

F o 7i5j,(7, go) = 7Cr(F-^ o 7, F ■ go ■ F). 
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Hence 

F,Acj7, qo)F. = F,(P*(7i5h(7, ^o)) o Ao o P^{i))F, 
=Pl{F o 7^J7, go)) o (F.AoF,) o pO(F-i o 7) 

=Po*(7i.R,(i^"' o 7, F . go ■ P)) o (F.AoF*) o pO(F-i o 7) = Av^{F~^ o 7, P ■ go ■ P) 
which proves ( 138|) . 

□ 

Corollary 5.6 Let go = (xo, xq] Aq) G Q and 7, w : [0, 1] — j- M be absolutely continuous 
such that 7(0) = c<;(0) = Xq, 7(1) = i^(l)- Then assuming that gx)p(7,go). IVni^^Qo), 
gx)j^(ci;~^.7, go) exist and if there exists P G Iso(M,^) such that 

F ■qo = g©R(a;"^7,go)(l), 

then 

P ■ qv^{uj,qo){l) = goj,(7,go)(l)- 

Proo/. 

?Cr(7,?o)(1) = qvA^-(^~^-l,qo){i) = {qvni^,qvni^~^-l^qo){i))-qvni^~^-l^qo))i^) 
= (?Br(c^, F ■ qo).qvn{^~^-l, 9o)) (1) = qv^i^J, F ■ go)(l) = P ■ ^©^(0;, go)(l)- 

□ 

Proposition 5.7 Let tti : (Mi, (71) — )■ {M,g) and vr : (Mi,5fi) — )• {M,g) be Riemannian 
coverings. Write Qi = Q{Mi,Mi) and (^^r)i for the rolling distribution in Qi. Then the 
map 

U: Qi ^ Q; U{xi,Xi;Ai) = (7r(xi), 7r(xi); vr^l^j o Ai o {n^l^J'^) 
is a covering map of Qi over Q and 

n,(i?R)i = i?R. 

Moreover, for every gi G Qi the restriction onto C(x)p)i(gi) of 11 is a covering map 
Oiv^M ^ C)i^K(n(gi)). Then, for every q, G Qi, UiO^r^^M) = Ov^{U{q^)) and 
one has C(©R)i(gi) = Qi if and only if Ov^(Il{qi)) = Q. 

As an immediate corollary of the above proposition, we obtain the following result 
regarding the complete controllability of (Pr). 

Corollary 5.8 Let vri : (Mi, 5(1) {M,g) and tt : (Mi, 5(1) (M, ^) be Riemannian 
coverings. Write Q = Q{M,M), Pr and Qi = Q{Mi, Mi), (Pr)i respectively for the state 
space and for the rolling distribution in the respective state space. Then the control system 
associated to Dr is completely controllable if and only if the control system associated 
to ("Pr)! is completely controllable. As a consequence, when one addresses the complete 
controllability issue for the rolling distribution Pr, one can assume with no loss of generality 
that both manifolds M and M are simply connected. 
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We now proceed with the proof of Proposition 15.71 



Proof. It is clear that 11 is a local diffeomorphism onto Q. To show that it is a covering 
map, let qi = (xi, Xi; Ai) and choose evenly covered w.r.t vr, if open sets U and U of M , 
M containing vr(xi), Tf{xi), respectively. Thus 7r~^{U) = IJie/ ^« ^^'^ ^~^(^) = Uie/ ^« 
where Ui, i E I (resp. f/j, i E I) are mutually disjoint connected open subsets of Mi 
(resp. Ml) such that vr (resp. ii) maps each f/j (resp. tli) diffeomorphically onto U 
(resp. U). Then 

where 7rg|(f/j x Uj) for (i, j) E I x I are clearly mutually disjoint and connected. Now 
if for a given (z, j) G / x / we have {yi,yi, Bi), {zi,Zi;Ci) G 7rQj(f/j x f/j) such that 
n(?/i, yi; i?i) = Il{zi, Zi, Ci), then yi = Zi, yi = z\ and hence -Bi = Ci, which shows that 
n restricted to TX~^_^[JJi x ?7j) is injective. It is also a local diffeomorphism, as mentioned 

above, and clearly surjective onto T^'^iJJ x f/), which proves that t^^{U x t/) is evenly 
covered with respect to 11. This finishes the proof that 11 is a covering map. 

Suppose next that gi(t) = (7i(t), 7i(t); y4i(t)) is a smooth path on Qi tangent to 
(Pr)i and defined on an interval containing G M. Define g(t) = (7(t), 7(t); A(t)) := 
(nogi)(t). Then 

4(t) =7r,4i(t) = 7r,Ai(t)7i(t) = A(t)7r,7i(t) = A(t)7(t) 
m =7r,|^,(,) o P*(7iW) ° A(0) o P0(7i) o (vr,|,,(,))-i 

=P*(7W) ° ^*l7i{t) ° ^i(O) o (7r*|,,(*))"' ° A°(7) 
=P*(7W)oA(0)opO(7), 

which shows that g(t) is tangent to Pr. This shows that 11^(1)^)1 C and the 
equality follows from the fact that 11 is a local diffeomorphism and the ranks of (I^r)i 
and "Dr are the same i.e., = n. 

Let gi = (xi, Xi; y4i). We proceed to show that the restriction of 11 gives a covering 
0(X)p)i(gi) — )■ CDp^(n(gi)). First, since n*(PR)i = "Dr and 11 : Qi — Q is a covering 
map, it follows that n(0(x)p)i (gi)) = C^Cr (n(gi)). 

Let q := n(gi) and let [/ C Q be an evenly covered neighbourhood of q w.r.t. 11. 
By the Orbit Theorem, there exists vector fields Yi,...,!^^; G VF((5) tangent to "Dr 
and (til, . . . , Ud) G (L^([0, 1]))'^ and a connected open neighbourhood 1^ of (ui, . . . , u^) 
in (L^([0, l]))'^ such that the image of the end point map end(yj^...^y^)(g, is an open 
subset of the orbit O-o^ifi) containing q and included in the Il-evenly covered set f/. 
Let (Vi)i, i = l,...,d, be the unique vector fields on Qi defined by n*(yj)i = Yi, 
i = 1, . . . ,d. Since n^(2)R)i = Dr, it follows that (Fj)i are tangent to {T>^)i and also, 
Iloend^^Yi)i,...,{Ya)i) = end(yi,...,y^) o (n x id). It follows that end^^Yi)i,...,{Ya)i)iQ'i, W) is an 
open subset of 0^x>n)iili) contained in Il~^{U) for every q[ G {Il\o^j,^-f^{qi))~^ (q) ■ 

Since end((yj)j^....(y^)^) is continuous and W is connected, it thus follows that for 
each q[ G (II|c)^^ ^ {gi))~^{(l)^ the connected set end((y^)j^..._(y^)^)(gi, 14^) is contained in a 
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single component of Il~^{U) which, since U was evenly covered, is mapped diffeomor- 
phically by 11 onto U. But then 11 maps end((y^)^,,.,,(y^)^)(g^, W) diffeomorphically onto 
end(yj^...,y^)(g, W). Since it is also obvious that 

(n|o(i,j,)jqi))"^(end(y,,...,y,)(g,iy)) = |J end((y,),,...,(y,),)(g;, ly), 

we have proved that end(y^^,,,^y^)(g, W^) is an evenly covered neighbourhood of q in 

Finally, let us prove that for every qi G Qi, the following implication holds true, 
Ov,{Uiq^)) = Q =^ Oph)i(?i) = Qi^ 

(the converse statement being trivial). Indeed, if OTi^{Il{qi)) = Q, then, for every 
q ^ Q, Ovj^iq) = Q and, on the other hand, the fact that 11 restricts to a covering map 
— Ox>j^(Il{q[)) = Q for any q[ G Qi implies that all the orbits 0(^x>n)iiqi)^ 
q'l ^ Qii are open on Qi. But Qi is connected (and orbits are non-empty) and hence 
there cannot be but one orbit. In particular, 0(p^)^{qi) = Qi. □ 

5.2 Rolling Curvature and Lie Algebraic Structure of 
5.2.1 Rolling Curvature 

We compute some commutators of the vector fields of the form =2r(X) with X G 
VF(M). The formulas obtained hold both in Q and T*M ^ TM and thus we do them 
in the latter space. 

The first commutators of the PR-lifted fields are given in the following theorem. 

Proposition 5.9 If X,Y G VF(M), q = {xo,xo;A) G T*(M) ®T{M), then the 
commutator of the lifts Jf^{X) and ^^{Y) at q is given by 

[^r(X),^r(F)]|, = ^R([X,r])|, + v{AR{X,Y) - R{AX,AY)A%. (39) 

Proof. Choosing T{B) = (X, BX), S{B) = (F, BY) for B G T*(M) ® T(M) in propo- 
sition 13.451 we have 

[^r(X), ^r(F)] I, = ^Ns([^ + AX,Y + Ay])\, + iy{AR{X, Y) - R{AX, AY)A)\g, 
where 

[{X,AX),{Y,AY)]\ 

— ^ {X,AX) 

{Y,AY)- 

V iY,AY) 

{X,AX) 

= {VxY - VyX, Vax{AY) - V^x(i>^)) + V^o,Ax)Y - V(o,Ay)X 

+ V(X,0)(^^)|{a;o,xo) - V(y,o)(AX)|(3;o_£o), 

in which e.g. 

^AX{AY)U, = (V(o,AX)i)|(xo,xo)^'Uo +^|(xo,xo)(Vo>^)Uo = 0, 

V(o,AX)Y = 0, 

{AY)\ = (V(x,o)^)| + AVxYl^^ = AVxYl^^. 
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Therefore 

[^^{X),^^{Y)] I, =^Ns ((VxF - VyX, 0) + + (0, AVxY - AVyX)) |^ 
+ v{AR{X, Y) - R{AX, AY)A)\g, 

which proves the claim after noticing that, by torsion freeness of V, one has Vx^ — 
VyX = [X,Y]. □ 

Proposition 15.91 justifies the next definition. 

Definition 5.10 Given vector fields X, F, Zi, . . . , G VF(Af), we define the Rolling 
Curvature of the rolling of M against M as the smooth mapping 

by 

Rol(X, Y){A) := AR{X, Y) - R{AX, AY) A, . (40) 

Moreover, we use Rol, to denote the linear map A^T|^.M -> T*|^.M AT|£,M defined on 
pure elements of A^Tl^M by 

Rol^(X AY) = Ro\{X, Y){A). (41) 

Similarly, for k > 0, the smooth mapping 


V Rol(X, Y, Zi, . . . , Zfc) : T^T'Mt^TM ~^ '^T*M®TM^ 

by 

v'RoI(X, r, Zi, . . . , Zk){A) := AV'R{X, F, (■), Zi, . . . , Z^) 

- V'RiAX, AY, A{-), AZ,, . . . , AZ^). (42) 

Restricting to Q, we have 

Rol(X, y), v'RoI(X, F, Zi, . . . , Zfc)(A) e C^ing, ti^^m^tm), 
such that, for all (x, x; A) G Q, 

Ro\{X, Y){A),v'Ro\{X, y, Zi, . . . , Zfc)(yl) G A(5o(TUM)). 

Remark 5.11 With this notation, Eq. (13^ of Proposition 15.91 can be written as 

[^K{X),^K{Y)]\, = ^ni[X,Y])\, + u{Ro\iX,Y){A))\,. 

Remark 5.12 Recall that both R\.j., Rl^ are (real) symmetric endomorphisms on A^T|a,M 
and A^TI^M respectively. Since A : Tl^M — )■ Tj^M is an isometry, it follows that Roi^, 
defined in (??), is a (real) symmetric map A^Tl^M A^Tj^M. Here of course, we 
understand that A^T|^.M and A^Tj^M are endowed with the metrics induced in a natural 
way from g\x and g\.£. 
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In order to take advantage of the spectral properties of a (real) symmetric endo- 
morphism, we introduce the following operator associated to the rolling curvature. 

Recall that using the metric one may identify T*\xM A T\xM = so(T\xM) with 
A^T\xM as we usually do without mention. Given this, we make the following definition. 

Definition 5.13 If g = {x,x;A) G Q, let Rol^ : A^T\^M -> A^Tj^M be the (real) 
symmetric endomorphism defined by 

Ro\q := A^Ro\q. (43) 

In particular, eigenvalues of R\x, R\x and Rolg are real and the eigenspaces corresponding 
to distinct eigenvalues are orthogonal one to the other. 

Recall that, on a Riemannian manifold (A^, h), a smooth vector field t i— Y(t) along 
a smooth curve t i— )■ 7(t) is a Jacobi field if Y satisfies the following second order ODE: 

V5(,)V!5(.)F(-)=i?'^(7(t),l^(t))7(t)- 
The next lemma relates the rolling curvature Rol to the Jacobi fields of M and M. 

Lemma 5.14 Suppose that go = ixo,Xo;AQ) e T*M ®TM , 7 : [a, 6] M is a smooth 
curve with 7(a) = xq and that the rolling problem along 7 has a solution qv^{l-,%) = 
(7, 7©r(7, ?o); ^©r(7, Q'o)) on the interval [a, 6]. If t i-)- Y{t) is a Jacobi field of {M,g) 
along 7, then Y{t) = AT^i-^i^y, qo){t)Y{t) is a vector field along 7x1^(7,50) and, for all 
t e [a,b], 

+ Rol(7(t),F(t))(A^,(7,go)(t))7W. 
Proof. Since '^(^(t),^T>j^{'y,qo)it))^i^iii'y^^o)i') = Y is a Jacobi field, one has 

=Ai,j7,go)(t)V^wV^(.)F(-) = Ar,^{^,qomR{^{t),Y{m{t) 

=Ro\m,ymAvAi,Qo)mit) 

+ R{Ar,^{j,qomi{t),Ar,^{j,qo){t)Y{t))Ar,^{^,qo){t)^{t) 
from which the claim follows by using the facts that 

Ar,^{j,qo){t)i{t) = %^{j,qo){t) and Ar,^{j , qo) {t)Y (t) = Y{t). 

□ 

We will use Lemma [5. 141 to prove Theorem 15.401 
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Remark 5.15 Notice that if, in Lemma [5.141 it held that 

Rol(F(t),7(t))(A^,j7,go)W)7W =0, 

for all t E [a,b], then Y defined there would be a Jacobi field along ■yx>^{'j , qq) . Hence, Rol 
measures the obstruction for Y = Axi^{'j, qo)(t)Y(t) to be a Jacobi field of M, if Y(t) is a 
Jacobi field on M along 7. 

Before proceeding with the computations of higher order brackets of the vector fields 
^r(X), we prove the following lemma. 

Lemma 5.16 Let A E ^{-^T^MmM) ^' ^) ^ ® ^^'^^ ^^^^ M{x,x) = A 

and V^i = for all X e T|(^,£)(M x M). Then, for Xi, . . . , Xfc+2, F G VF(M), 

V(y,Ay)(v'Rol(Xi,X2,X3, . . .,Xk+2){A)) (44) 

fc+2 

=v'+'RoI(Xi, . . .,Xk+2,Y){A) + ^ v'RoI(Xi, . . . , VyX, . . .,Xk+2){A) (45) 

4=1 

Proo/. If A; = 0, we have V°Rol(Xi, X2)(i) = Rol(Xi, X2)(i) and since V(y,ay)A = 0, 
one gets 

V(r,Ay) Rol (Xi,X2)(i) = V(y,Ay) (iP(Xi, X2) - P(iXi,iX2)i) 

=AVy(i?(Xi,X2)) - {V^Y,AY)RiAX^,AX2))A 
=AVi?(Xi, X2, (■), >^) + Ai?(VyXi, X2) + Ai?(Xi, VyX2) 

- VR{AXi, AX2, A{-), AY) - RiAVyXi, AX2)A - R{AXi, AVyXs), 

where on the last line we have computed V (Y,AY){^Xi) = AVyXi. The case k > is 
proved by induction and similar computations. 

□ 

5.2.2 Computation of more Lie brackets 

Proposition 5.17 Let X,Y,Z E VF(M). Then, for q = {x,x;A) E T*M®TM, one 
has 

[^R(Z),i.(Rol(X,y)(-))]|, = -^Ns(Rol(X,r)(A)Z)|, + z/(v'Rol(X,F,Z)(A))|^ 

+ i/(Rol(VzX, Y){A))\^ + z/(Rol(X, VzY){A))\^. 

Proof. Taking T{B) = {Z, BZ) and U = Rol(X, Y) ioi B eT*M® TM in Proposition 
13.461 we get 

[^r(z),KRoI(x,f)(-))]|, 

= - ^Ns(^^(Rol(X, Y){A))\,{Z + {■)Z))\, + u{Vz+Az{Ro\{X,Y){A)))\,. 
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From here, one easily computes that 

z/(Rol(X, Y){A)MZ + {■)Z) = A|o(Z + (A + tRol(X, Y){A))Z) = Rol(X, Y){A)Z, 
and by Lemma I5.16[ one gets 

Vz+Az(Rol(X,r)(i)) = v'Rol(X,y,Z)(A) + Rol(VzX,F)(A) + Ro\{X,W zY){A). 

□ 

By Proposition 15. 9t the last two terms (when considered as vector fields on T*M ® 
TM) on the right hand side belong to VF|,^. 

Since for X, y e VF(M) and q = (x, x; A) e Q we have i/(Rol(X, G 
by Proposition 15. 9[ it is reasonable to compute the Lie-bracket of two elements of this 
type. This is given in the following proposition. 

Proposition 5.18 For any q = (a;, x; A) e Q and X, Y,Z,We VF(M) we have 

[uiRo\iX,Y)i-)),u{Ro\{Z,W)i-))]l 
=u{Ro\{X, Y){A)R{Z, W) - ^(Rol(X, Y){A)Z, AW)A - R{AZ, Rol(X, Y){A)W)A 
- R{AZ, AW)Ro\{X, Y){A) - Rol(Z, W){A)R{X, Y) + ^(Rol(Z, W){A)X, AY) A 
+ R{AX, Ro\{Z, W){A)Y)A + R{AX, AY)Ro\{Z, W){A)) |^. 

Proof. We use Proposition 13.471 where for U,V we take U{A) = Ro\(X,Y){A) and 
V{A) = Ro\{Z,W){A). First compute for B such that i^{B)\y e V\g{Q) that 

iy{B)\gU =u{B)\g{A ^ AR{X,Y) - R{AX, AY) A) 

= ^|o((A + tB)R{X, Y) - R{{A + tB)X, {A + tB)Y){A + tB)) 
=BR{X, Y) - R{BX, AY) A - R{AX, BY) A - R{AX, AY)B 

So by taking B = V{A) we get 

iy{V{A))\qU =Rol(Z, W){A)R{X, Y) - R{Ro\{Z, W){A)X, AY)A 

- R{AX, Ro\{Z, W){A)Y)A - R{AX, AY)Ro\{Z, W){A) 

and similarly for h'{U{A))\qV. □ 

For later use, we find it convenient to provide another expression for Proposition 
15.181 and, for that purpose, we recall the following notation. For A,B^ so(T\xM), we 
define 

[A B],, ■.= AoB-BoAe 3o{T\^M). 
Then, one has the following corollary. 
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Corollary 5.19 For any q = (x, x; A) E Q and X, Y,Z,W E VF(M) we have 

<^[KRoi(x,F)(-)),KRoi(^,i^)(-))]|, 

=A[R{X,Y),R{Z,W)]^^ - [R{AX,AY),R{AZ,AW)]^A 
- R{Ro\{X, Y){A)Z, AW)A - R{AZ, Rol(X, Y){A)W)A 
+ R{AX, Ro\{Z, W){A)Y)A + R{Ro\{Z, W){A)X, AY)A. (46) 

Proof. This is immediate by standard computations and the definition of Rol. □ 
From Proposition 13.461 we get the following proposition. 

Proposition 5.20 Let go = (a^o^^^o; ^o) ^ Q- Suppose that, for some X E VF(Af) and 
a real sequence (tn)^i s.t. tn 7^ for all n, lim„_>.ootn = 0, we have 

VW.^m(^n,,o)M C nOvM), Vn. (47) 

Then ^^siy,Y)\^^ E T\ggOT)^{qo) for every Y E T\^^M that is ^(-orthogonal to X\^g and 

every Y E Tl^^M that is ^-orthogonal to AoXla-^. Hence the orbit Ox>^{qo) has codimension 
at most 1 inside Q. 

Proof. Letting n tend to infinity, it follows from (H7|) that ^|go(^Q) C TlggO-D^^qo). 
Recall, from Proposition 13. 7| that every element of V^lgo(vrQ) is of the form u{B)\qg, 
with a unique B E Q\{xo,xo) satisfying AqB E 5o{T\xqM). Fix such a B and define a 
smooth local section 5* of so(TM) — )■ M defined on an open set W 3 Xq hj 

S\x = P^{t ^ exp,^itexp-^\x)))iA^B). 

Then clearly, S\xa = A^B and VyS* = for all Y E TI^qM and it is easy to verify that 
S\x G so{T\xM) for aWxEW. 

We next define a smooth map U : 7Tq^{WxM) T*M®TM by U{x,x]A) = AS\x. 
Obviously i>{U{x,x] A)) E V\(^x,x;A){'^q) for all {x,x]A). Then, choosing in Proposition 
I3.46| T = X + {■)X (and the above U) and noticing that 

u{U{Ao))UJ'=U{Ao)X = BX, 

one gets 

[^R(X),z/(f/(-))]l.o = -^Ns(5X)|,„ + KV(.w)(t/(i)))|,o (48) 

where = Aq. By the choice of S and A, we have, for all Y = {Y,Y) E 

T\^xo,xo)M X M, 

and hence the last term on the right hand side of (l48l) actually vanishes. 
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By definition, the vector field q i— )■ ^ji{X)\q is tangent to the orbit Ox>-^{qQ) and, 
by the assumption of Equation (H7|) . the values of the map q = {x,x]A) H- z/(f/(y4))|g are 

also tangent to Coj, (go) at the points $^j^(x)(tn, go), e N. Hence (($i?R{x))-t,J^i^(f/(-))l*4-j,{x)(tn,go) ^ 
T\qoOD^{qo) and therefore. 
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(('^'^am)-t„),'^(t^(-))k,^^(^){t„,,o)- ^(5)1.0 ^, ,^ , . 
n-5>oo t 



i.e., the left hand side of fHS]) must belong to T|ggOx>H (o'o)- -^^^ ^^^^ implies that 
^Ns(5^)|,o e T|,„02,Jgo), V5 s.t. u{B) G V^|,„(7rQ) 

i.e., 

^Ns(^so(rU„M)X)|,„ C T|,„Oi,^(go). 

Notice next that so{T\xgM)X is exactly the set X\j:^^ of vectors of T\xqM that are (7- 
perpendicular to Xl^^. Since G Q, it follows that the set AoSo{T\xgM)X is equal to 
AqXI;^^ which is the set of vectors of T\xgM that are ^-perpendicular to AqJ^Ixq- We 

conclude that ^ns(1^)|,o = -^RiY^o ' =^ns(^o>^)|,o ^ T\,,Or,M all Y G ^l^. 

Finally notice that since the subspaces X-^ x {0}, M(X, AqX) and {0} x (AqX)-^ of 
T\{xo,xo){M X ^) are linearly independent, their .ifNs-lifts at go are that also and hence 
these lifts span a (n — 1) + 1 + (n — 1) = 2n — 1 dimensional subspace of T\gfjOv^{qo)- 
This combined with the fact that Vlq^^iiQ) C T|qgOx)j^(go) shows dimOx)R(go) > 2ra — 
1 + dim l^|gg(7rQ) = dim(Q) — 1 i.e., the orbit OxirI^o) has codimension at most 1 in Q. 
This finishes the proof. 

□ 

Corollary 5.21 Suppose there is a point go = (a;o,a;o; Ao) G Q and e > such that for 
every X G VF(M) with \\X\\g < e on M one has 

Vl'fy^mMM C T{Ovn{qo)), \t\ < e. 

Then the orbit Ox)j^{qo) is open in Q. 

As a consequence, we have the following characterization of complete controllability: 
the control system (S)/? is completely controllable if and only if 

VgGQ, VUinQ)cTUOT>,{q). (49) 

Proof. For the first part of the corollary, the assumptions and the previous proposition 
imply that for every X G Tl^^M we have ^ns(^j ^)|go ^ T\qgOD^{qo) for every Y G X-^, 
Y G AqX-^. But since X is an arbitrary element of T\x(,M, this means that I^Nslgo 
^IgoC'oRXgo) and because T\g^^Q = V^s\qo © 't^l<7o(^Q)' ^e get T\g^^Q = T\qg{Ov^{qo))- 
This implies that O-jy^ (go) is open in Q. The last part of the corollary is an immediate 
consequence of this and the fact that Q is connected. □ 
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Remark 5.22 The above corollary is intuitively obvious. Assumption given by Eq. ( I49p 
simply means that there is complete freedom for infinitesimal spinning, i.e., for reorienting 
one manifold with respect to the other one without moving in M x M. In that case, proving 
complete controllability is easy, by using a crab-like motion. 

5.3 Controllability Properties of 
5.3.1 First Results 

Proposition 15.91 has the following simple consequence. 

Corollary 5.23 The following cases are equivalent: 

(i) The rolling distribution "Dr on Q is involutive. 

(ii) For all X,Y,Z e T[^M and {x,x]A) e T*{M)®T{M) 

Ro\{X,Y){A) = 0. 

(iii) {M,g) and {M,g) both have constant and equal curvature. 

The same result holds when one replaces Q by T*M (g) TM. 

Proof, (i) <^=^ (ii) follows from Proposition 15.91 
For the rest of the proof, we use 

a(x,y) = g{R{X,Y)Y,X), and a^^j^^y^ = g{R{X ,Y)Y , X), 

to denote the sectional curvature of M w.r.t orthonormal vectors X, F G T\^M and 
the sectional curvature of M w.r.t. orthonormal vectors X,Y E T\s.M respectively. We 
have seen that the involutivity of "Dr is equivalent to the condition in (ii) which is again 
equivalent (since sectional curvatures completely determine Riemannian curvatures) to 
the equation 

c^(x,y) = ^iAX,AY). V(x, X- A) G Q, X, r G T^M. (50) 

(iij^(iii) If we fix a; G M and gf-orthonormal vectors X, y G Tj^jM, then, for any 
X G M and any gf-orthonormal vectors X, F G Tj^M, we may choose A G Q\{x,x) such 
that AX = X, AY = Y (in the case n = 2 we may have to replace, say, X by —X but 
this does not change anything in the argument below). Hence the above equation ( 150|) 
shows that the sectional curvatures at every point x G M and w.r.t every orthonormal 
pair X,Y are all the same i.e., o'(^x,y)- Thus {M,g) has constant sectional curvatures 
i.e., it has a constant curvature. Changing the roles of M and M we see that {M,g) 
also has constant curvature and the constants of curvatures are the same. 

(iii)^(ii) Suppose that M,M have constant and equal curvatures. By a standard 
result (see [28] Lemma 11.3.3), this is equivalent to the fact that there exists /c G M such 
that 

R{X,Y)Z = k{g{Y,Z)X - g{X,Z)Y), X,Y,ZeT\xM, x G M, 
R{X,Y)Z = k{g{Y,Z)X - g{X,Z)Y), X,Y,Z eT\xM, £ G M. 
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On the other hand, ii A & Q, X,Y, Z & Tl^M, we would then have 

R{AX, AY){AZ) = k{g{AY, AZ)AX - g{AX, AZ){AY)) 
=A{k{g{Y, Z)X - g{X, Z)Y) = A{R{X, Y)Z). 

This imphes that Ro\{X,Y){A) = since Z was arbitrary. 

□ 

In the situation of the previous corollary, the control system (E)i^ is as far away 
from being controllable as possible: all the orbits Ovjiiq), q & Q, are integral manifolds 
of Pr. 

The next consequence of Proposition 15.91 can be seen as a (partial) generalization of 
the previous corollary and a special case of the Ambrose's theorem 15.381 The corollary 
gives a necessary and sufficient condition describing the case in which at least one 
"DR-orbit is an integral manifold of Dr. It will be used in the proof of Theorem 15.281 
below. 

Corollary 5.24 Suppose that {M,g) and {M,g) are complete. The following cases are 
equivalent: 

(i) There exists a go = {xo,xo;Ao) E Q such that the orbit Ox>^{qo) is an integral 
manifold of Pr. 

(ii) There exists a go = (xq, Xq; Aq) E Q such that 

Ro\iX,Y){A) = 0, \/{x,x;A) E OvM, ^ T\,M. 

(iii) There is a complete Riemannian manifold {N,h) and Riemannian covering maps 
F : N M, G : N M. In particular, {M,g) and {M,g) are locally isometric. 

Proof, (i) =^ (ii): Notice that the restrictions of vector fields ^^{X), X E VF(M), 
to the orbit Ov^iQo) are smooth vector fields of that orbit. Thus [^r(X), .^(y)] is 
also tangent to this orbit for any X,Y E VF(M) and hence Proposition 15.91 implies the 
claim. 

(ii) =^ (i): It follows, from Proposition 15. 9| that 1^R\o-D^{qo)j the restriction of "Dr 
to the manifold 0x'r,(9o); is involutive. Since maximal connected integral manifolds of 
an involutive distribution are exactly its orbits, it follows that Ovj^{qo) is an integral 
manifold of Dr. 

(i) =^ (in): Let := Cx)R(go) and h := (7rQ^j\/|Af)*(fi') i-e., for q = {x,x;A) E N and 
X,F G r|^M, define 

h{^n{X)\,,^K{Y)U) = g{X,Y). 

If F := ttq^mIn and G := tTq ^^In, we immediately see that F is a local isometry (note 
that dim(A^) = n) and the fact that G is a local isometry follows from the following 
computation: for q = (x, x; A) E N, X,Y E Tl^M, one has 

^(a(=sfR(x)|,),a(=Sfk(r)|,)) = ^(Ax,AF) = ^7(x,r) = /i(^R(x)|„^R(y)|,). 
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The completeness of (A^, h) can be easily deduced from the completeness of M and M 
together with Proposition 13.301 Proposition II. 1.1 in |28] proves that the maps F, G are 
in fact (surjective and) Riemannian coverings. 

(iii) =^ (ii): Let Xq G M and choose zq & N such that -^(^^o) = ^o- Define xq = 
G{zq) G M and Aq := G^lz,, o which is an element of Q\[xo,xo) since F,G were 

local isometrics. Write go = (^^Oi^oi^o) G Q. 

Let 7 : [0, 1] — )■ M be an a.c. curve with 7(0) = Xq. Since F is a smooth covering 
map, there is a unique a.c. curve F : [0, 1] — )■ with 7 = F o F and F(0) = Zq. Define 
7 = G o F and A{t) = G*|r(t) o (F^|r(t))"^ e Q, t e [0,1]. It follows that, for a.e. 
te[0, 1], 

7(t) = a|rwr(t) = A(t)7(t). 

Since F,G are local isometries, ^(7(4) = ^-^^ ^ ^ [0)1]- Thus t h-> 

(7(t),7(t); is the unique rolling curve along 7 starting at go and defined on [0, 1] 

and therefore curves of Q formed in this fashion fill up the orbit O-D^^qo). Moreover, 
since F,G are local isometries, it follows that for every z & N and X,Y ^ T\p(^z)M, 
Ro\{X, Y){G*\z o (F^l^)^^) = 0. These facts prove that the condition in (ii) holds and 
the proof is therefore finished. □ 

Remark 5.25 If one does not assume that {M,g) and {M,g) are complete in Corollary 
15.241 then (iii) in the above corollary must be replaced by the following: 

(iii)' There is a connected Riemannian manifold {N,h) (not necessarily complete) and 
Riemannian covering maps F : N ^ M°, G : N M° where M°, M° are open 
sets of M and M and there is a 2;o G such that if go = (xo, xq; Aq) E Q \s defined 

by Ao := a|.o ° (^*|.o)"'. then M° = nQ^M{Ov^{qo)) and M° = vr^ .^^(^^^^(go)). 

In particular, M°, M° are connected and {M°,g), {M°,g) are locally isometric. 

Indeed, the argument in the implication (i) =^ (iii) goes through except for the com- 
pleteness of (N,h), where = Cx)j^(go) (connected). Proposition 15.21 and Remark \5?2\ 
show that F = 7iq^m\n '■ N — M°, G = tTq m\n '■ N — )■ M° are bundles with discrete 
fibers. Now it is a standard (easy) fact that a bundle tt : X — )■ F with connected total 
space X and discrete fibers is a covering map (this could have been used in the above proof 
instead of referring to [28j). 

On the other hand, in the argument of the implication (iii) =^ (ii) we did not even use 
completeness of (A^, h) but only the fact that F : A^ — j- M is a covering map to lift a curve 7 
in M to the curve F in Q. In this non-complete setting, we just have to consider using curves 
7 in M° and lift them to A^ by using F : N ^ M° . Indeed, if g = {x,x;A) G Ov^iqo), 
there is a curve 7 : [0, 1] — )• M such that qvnil^ ?o)(l) = Q- But for all t one has 

7(t) = vrQ,M(g^,j7,go)(t)) G ng^MiOr^M) = M° , 

so 7 is actually a curve in M° . 

Finally, notice that the assumption in (iii)' that M° = t^q n'iiOx>^{qo)) follows from the 
others. Indeed, making only the other assumptions, it is first of all clear that if g and 7 are 
as above, then 

^Q,M = ^q,m(9^h(7,9o)(1)) = G(F(1)) G M°, 
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so tTq j^j{OTy^{qo)) C M°. Then if x G M°, one may take a path 7 : [0,1] A/° such 
that 7(0) = xo, 7(1) = £ and lift it by the covering map G to a curve T(t) in N starting 
from zq. Then if 7(t) := F{T(t)), t E [0,1], we easily see that 7 = 7x'r(7,Q'o). whence 
£ = 7(1) G T^Q/:{Ov^{qo)). 

We conclude this subsection with a necessary condition for complete controllability, 
which is an immediate consequence of Theorem 14.101 

Proposition 5.26 Assume that the manifolds M and M are complete non-symmetric, 
simply connected, irreducible and n ^ 8. If the control system is completely con- 

trollable, then one of the holonomy groups of M or M is equal to SO(n) (w.r.t some 
orthonormal frames). 

5.3.2 A "Rolling Along Loops" Characterization of Isometry 

In this paragraph, we provide a general non-controllability result that will be used later 
on. It will be the converse of the following simple proposition. 

Proposition 5.27 Suppose {M,g) and {M,g) have a common Riemannian covering 
space {N,h) with projections (local isometries) F : N ^ M and G : N ^ M. Then if 
there exist xq E M, xq E M such that 

F-\xo) C G-\xo), 

then for go = (xo^^o'i^o) ^ Q with ^0 = 6**0 one has that for every loop 

7 E ^lxo{M) based at xq the corresponding curve 7x1^(7, go) on M determined by the 
rolling curve starting from go (exists and) is a loop based xq i.e., 

7 E n,,{M) =^ lv^{l,qo) e ns,,{M). 

Proof. If 7 G VLxq{M), let F be the unique lift of 7 to such that r(0) = go and 
define 7 = F o F, A{t) = G* o (F*|r(t))~^. Then g(t) = (7(t), 7(t); A{t)) is an element of 
Q|{7(i),7(t)); since F, G are local isometries and moreover, go = g(0), 

4(t) =^(G o V){t) = af (t) = (a o (F.|r(i))-^)(F.f (t)) = A(t)7(t) 
V^(,)(A(t)P*(7)^) =Vc.fw(G*(F*|rw)-'Po*(7)^) 

= (ao(F,|r(i))-i)V^(,)(Po*(7)^) = 0, 

for every t E [0,1] and every X E Tl^-^M. This proves that q{t) = g^R (7, Q'o)(^) 
and since 7 is a loop based at Xq, F(F(1)) = 7(1) = Xq, which means that F(l) G 
F"^(xo) C G~^(xo) and thus 7x1^(7, go)(l) = 7(1) = G(F(1)) = xq. By definition, 
7x'r(77 ?o)(0) = Xo and hence 7x'r(77Q'o) ^ ^xo(^)- This completes the proof. □ 

Conversely, we have the following theorem which is the main result of this subsection. 
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Theorem 5.28 Let {M,g), {M,g) be complete Riemannian manifolds and suppose that 
there is a go = ixo,xo;Ao) G Q such that for every loop 7 G ^Ix^iM) based at xq the 
corresponding curve ■yv^{l,Qo) on M determined by the rolling curve starting from go is a 
loop based xo i.e., 

jen,,{M) =^ %^{j,qo)eni,{M). (51) 

Then {M,g) and {M,g) have a common Riemannian covering space {N,h) such that if 
F : N ^ M, G : N M are the corresponding covering maps, then 

F-\xo) C G-\xo). 

Proof. For u,v G T|^.oM, a Jacobi field along the geodesic t )■ exp^^{tu) =: 7t((t) is 
given by 

d 

together with the initial conditions: Ku^„(0) = 0, V^,,(o)^u,j; = v. Define a function 
: [0,1] X [-1,1] by 

'^u,v{t, s) := 

7Cr (t ^ exp^^ ((1 - r)(M + st;)) , g^^j, (a ^ exp^^ (m + at;), goj,(7«, go)(l)) (s)) (t). 

It is clear from Proposition 13.301 that for every s G [—1, 1] the map t t— )■ tJu^^{t,s) is a 
geodesic and moreover it is clear that uj(t, 0) = 7x)p(7«, go)(l — t). This implies that 

YuAt)-=jr- w„,^(l-t,s), tG[0,l], 

defines a Jacobi field of {M,g) along the geodesic 7Dj^(7u,go)- We now derive some 
properties of this Jacobi field. 
We first observe that 

d 

YuM) =^|^^o7©r(^ ^exp^.o('« + ^^),9»R(7«,go)(l))(s) 

d 

=Avnbu,qo){l)-g^\Qexp^^{u + sv) 

=^i5a(7.,go)(l)>;,.(l). (52) 
We now claim that ,^(1, s) = Xq for all s. Indeed, we may write uju,vi'^, s) as 
i^uA^^ s) = {t ^ exp^.,,((l -t){u + sv))).{a exp^.,,(M + (xst;)) .7^, go) (1) = Xq 

V ' 

= :(*)Gn^o{M) 

and since the expression (A is a loop on M based at Xq, it follows from the assumption 
that the path defined on right of the first equality sign is a loop on M based at Xq, 
hence its value at t = 1 is Xo- From this follows the second property of Y^^y, namely 

YuAO) = 0, (53) 
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since F„,^(0) = £\^^^uju,v{^^ ^) = ^U'^ ^ ^o) = 0. 

This is a key property since it implies that Yu^^ has the form 

d 



where v(u,v) 



jexp4^(iAott) 



(54) 



^M,i;|j_o- is clear that {u,v) h-> v{u,v) is a smooth map 



(T|^(,M)2 TI^qM. We also observed that %{t) := lv^{lu,qo) = exp^^{tAou) 
We next show the following relation. 

Lemma 5.29 With the above notations, 



(55) 



Proof. Writing dt := f exp (t{u + sv)), ds := -§-exp {t{u + sv)) 4 := §uj{l - t,s), 



ds := ^'^'(l — t, s) and dg = {dg, ds), we have 



d 



d_ 



a;(l — t, s) 



d 



--Vn — 



- ' ' t=i ""dt 
7Cr (r ^ exp ((1 -t){u + sv)), 



(i;(l — t, s) 



qvn{{(^ ^ exp^.^^(n + asi;)).7„,go)(l))(l -t) 

/ d 
--^ds [^^1^ ( ^ ^^Pxo + ^*^)) -^^^ 9o) (1)^ 1 1 exp^.^ (t(M + sv)) 



s=0 



d 



^ds[^^n{(^ ^ exp^o(^ + ^^)' ?2?r(7^., 9o)(1))(s)^|^ exp^.^(t(u + sv)) 



s=0 



(Va.^Cnl^ ^ exp^o(" + ^^0, qMIu, go)(l))(s)) exp^^(t(M + st;)) 



+ ^©r(^ ^ exp^^(u + aw), qvnilv 



d 



V9,^|^exp^^(t(u + s?;)) 



s=0 



9 



^CR(7«,go)(l)Va, ^|oexp^^(t(M + sy)) 1^^^ 



=^Cr(7h, go)(l)V^„(t)F„,„|t=i, 
which gives (155|) . 

The next technical result goes as follows. 
Lemma 5.30 Consider v{u,v) defined by ([54]). Then, 

v{u, v) = AqV, Vn, V G Tla-gM. 



□ 



(56) 
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Proof. Notice first that for any r G M, 

d , Id, 1 

wliere, in tlie first equality, we substituted a := ^. Therefore (152|) implies that 

T 

i.e., 

Avnilu, qo){^)yu,v{^) = rY^u,v{^)- (57) 

On one hand, from f l55|) . fl57|) and f l54|) one has (recall that 7„(t) = (Tm? Q'o)(^) = 
exPfoMou)) 

d 

=YuA'^) + V~^^(^t^{(e^£^)^\tAou{v{tu,v))l^^. 
On the other hand, using only (15^ one has 

= (exPxo)* Uo«(^(w, ^)) + V^„{t) ((exPxo)* Imo«(^(m, ^^))) 

=^ loexPxo(^oM + v)) + V~^(i) ((exp^J, w))) |^^^ 

=YuA'^) + V4„(f) ((e5$xo)*ltAo«(^(«' ^))) L=r 

Combining these two formulas, whose left hand sides are equal, and canceling the 
common terms Yu^vi^) we end up with 

Here we can simplify the left hand side by the following computation: With the notation 
d d 
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s=0 



\s=Q 



\s=0 



(notice also that Dt\s=o = 7u(t)) we get 

, d , 

^% it) ( i^&o )*\tAou{v{tu,v)))\^^^ = V Dtg^l o^S^o (^^OM + SV {tu , v))) 

d 

=^Ds ^ I ^e^xo i^^ou + sv{tu, v)))\ 
=V Ds{^xo)*\aou+sv{u,v){Aou + sdiv{u,v){u)))\^^^ 

=Vd, (exp^J* \aou+sv{u,v) {Aqu) \s=o + Vd, (expij* Uo«+s{)(«,i,) f ) (m)) 

. d . 

=^ Ds-g^\^Gxp^^{tAou + sv{u,v)) 

~ '^o. ^ I i^£o (^oM + sv{u,v) + (1 - t)sdiv{u,v){u)) 
d 

d 

- ^Dt-^lo^xoi^ou + sv{u,v) + (1 - t)sdiv{u,v){u))\^^^ 

where di'v{u,v){w) for u,v,w G Tl^-^M denotes the directional derivative of v at 
in the direction w. The last term on the right of the previous formula simplifies to 

^dA^xo)*\aou{v{u,v) + (1 -t)div{u,v){u))\^^^ 

= - {^xo)*\Aou{dlv{u,v){u)). 

Combining the last three formulas, one obtains 

{^xo)*\Aou{div{u,v){u)) = 0. 

Thus for all u such that Aqu is not in the tangent conjugate locus Qxq of exp^^^ one has 
div{u,v){u) = 0. Moreover, since the complement of is a dense subset of T\^gM, 
the continuity of {u,v) t— div{u,v){u) implies that 

div{u, v){u) = 0, Vu, V e TI^qM. 

But this implies that 



i=l 



/ —v(tu,v)dt= / - di 



v{u,v) — v{0,v) = / —v{tu,v)dt= / - div{tu,v){tu) dt = 



=0 



and hence we need only to know the values of v{0, v) to know all values of v{u, v). By 



71 



the definition of uju^y{t) one sees tliat 

uJoA^^s) =^vj,(r ^ exp^.j, ((1 - t)sv) , qT)^{a ^ exp^.p(at;), gp^(7o, go)(l)J (s)) (t) 

=90 

=7»R ^ exp^.^ ((1 - r)sv) , gi,^, {a ^ exp^^{asv), go) (1)) (t) 
=lVn{'T ^ exp^^ (rst;),go)(l -t)= e^Pxo((l - ^)s^o^^)' 
wliicli implies tliat 

Q Q 

yQ,v{t) = ^|oWo,^,(l = —\^exp.<^^{t{0 + sAov)), 
and tlierefore, comparing to f lM|) . one obtains 

■0(0, t;) = Aof . 

Tliis finally proves fl56p since by the above considerations, v{u,v) = 'i}(0,f) = AqV. 

□ 

Equations ([52]), and ([56]) show that (take t = 1) 

(exp£.o)*Uo«(^o^O = Avnilu,qo){^){{expxo)*\u{v)), \/u,v eT\^^M. (58) 

We now show that ( IST]) holds with go replaced by any element of the fiber OT>^{qo) fl 
'tCq\j{xq) of the orbit above Xq. 

Lemma 5.31 Write := Ox)r(q'o) H a/(^o)- Then 

g e , 7 G (M) ^ 72,^ (7, g) G Vts,, (M) . (59) 
Remark: 7rQ(F^.J = (xo,Xo). 

Proof. Let g G -Fa-^. Then there is a G ^^.^(M) such that g = gx)j^(ct;, go)(l). Then if 
7 G fi.oW, 

7Cr(7,?)(1) = 7»r(7,?»r(^^,?o)(1))(1) = 7©R,(7-w,go)(l) = ^o, 

where the last equality follows from 05 ip since 7.0; G f2a;(,(M). Since 7x'r(7;9)(0) = 
vTq A:f(g) = xo as remarked just before the proof, we have 7x1^(7, g) G ^^^(M). 

□ 

Define U to be the subset of T\x(^M of points before the cut time i.e., if for X G 
T\xqM, = 1 we let t{X) g]0, 00] denote the time such that the geodesic 7x is 

optimal on [0, t(X)] but not after, then 

U = {sX\X & T\^,M, \\X\\g = 1, < s < r(X)}. 

Since {M,g) is complete, U := exp^^{U) is dense in M and exp^^^ : f/ — f/ is a 
diffeomorphism. 

We now have the following result. 
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Lemma 5.32 For each q G F^,, let 

^g-.U^M] (t)q = eip^^ oAo (exp^^ Ic;)"^ 

where q = {xo,Xo]A). Then each mapping (pg is a local isometry {U,g\jj) — )■ {M,g) and 
(</'g)*|TUoM = ^■ 

Proof. Since g = (xo,a;o;^) G -F^.;,, the previous lemma implies that (1581) holds with 
Qo = {^OjXq] Aq) replaced by q. Therefore, if x G f/ and X G T\^M write u = 
(exp,„ \u)-\x) G T|,„M and = ((exp,„ luVUX) G T|„(T|,„M) = T|,„M and 
( l58|) with go replaced by q implies 

= ll((^^o)* ° ^ ° ((exp.o 



XQ 



l*\U 



\{eWxo)*\n{v)\\g= ||(exp^J,|„(((exp^J[/) 
IX 



9 



'a 



where the 4. equality follows from the fact that A G Tl^^M — )■ Tl^^M is an isometry. 
The claim (0i})*|t|^qM = ^ is obviously true. □ 

We will now start proving that Rol(-, ■)(y4x)j^(7, go)(^)) = for every piecewise C^- 
path (not necessarily a loop) 7 on M such that 7(0) = Xq and for all t. First we prove 
a special case of this (but with go replaced by any g G F^^). 

Lemma 5.33 Let g G F^g, u G T|^.gM be a unit vector and let 'ju be the geodesic 

t H- exp^^{tu), Then 

Rol(-,-)(Ai,j7«,g)W) =0, Vt G [0,r(M)]. 

Proof. Write g = (xo,a;o; A) and notice that by definition of U we have tu & U for all 
t G [0,r(M)[. 

Since (f)q of the previous lemma is a local isometry, it follows that 

P'Mlu)) o A = (0,), o Po*(7„), VO < t < r{u). 

Also, ^4>q{lu){t) = {4'q)*iu{t) fof ^11 t SO we may conclude that 

(lvn{lu,q){t) = (7«W,(0<7O7n)(t);(0g)*l7„(t)), VO<t<r(n). 

Again, since 0^ is a local isometry, for all X, F, Z G Tl^-M, x G t/ we have (0g)*(i?(X, 1^)2') 
^((0g),X, (0j,y)((0g),Z) i.e., Rol(-, ■){{<t>q)*\x) = for all xeU. But then 

Rol(-,-)(Ai,j7„,g)(t)) = Rol(-,-)((0g)*^„w) =0, < t < r(n). 

Continuity of Rol and gx)pj (7«,g) now allows us to conclude that the above equation 
holds for all < t < t(u). □ 
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Now we may prove the claim that was asserted before the previous lemma. 

Lemma 5.34 Let 7 : [0, 1] — )■ A/ a piecewise C^-path on M such that 7(0) = Xq. Then 

Rol(-,-)(^i5R,(7,go)W) = 0, VtG[0,l]. 

Proof. It is clearly enough to prove the claim in the case t = 1. Choose any vector 
u e T|a,gM such that 7^ : [0, 1] — t- M is the minimal geodesic from Xq to 7(1). Define 
q := gx>R(7tr"^-75 Q'o)(l) and notice that since 7~^.7 G ^^^^(M), we have q G F^-q. Thus 
by the previous lemma, 

Roi(-,-)(A^K(7«,g)(i)) = Roi(-,-)(^i.a(7^,g)(lkll,)) = 0, 

since t{j^) = But 

qvn{lu,q){l) = g©R(7«,gBR,(7«^-7,?o)(l))(l) = g©R(7«-7« ^-7, go)(l) = qvnil , Qo) (l) 
and hence 

= Rol(-,-)(A^R,(7n,g)(l)) = Rol(-,-)(A^R(7,go)(l)) 

which concludes the proof. □ 

Finally we may proceed to the proof of the theorem itself. Indeed, since Ov^ {qo) is 
the set of all qv-^ili Q'o)(l) with all the possible piecewise C^-curves 7 : [0, 1] — )■ M such 
that 7(0) = Xq, the previous lemma implies that the condition (ii) of Corollary 15.241 is 
satisfied. Thus there is a Riemannian manifold (A^, h) and Riemannian covering maps 
F : N ^ M, G : N ^ M i.e., {M,g) and {M,g) have a common Riemannian covering 
space. 

Actually, by Corollary 15.241 we may take = OD^{qo), F = hq^mIn, G = 'n'g jCiIn 
and hence if g G F~^{xo), then there exists a 7 G (^^^(M) such that q = gx>R(7, ?o)(l) 
and hence G{q) = 7x)r(7, q'o)(l) = Xq since "yvnil^Qo) ^ ^xo(^) by the assumption. 
This shows that F~^{xo) C G^^{xo) and concludes the proof. 

□ 

Remark 5.35 The difFiculty in the proof of the previous theorem is due to the fact that 
the contact points xq, Xq are fixed i.e., we only assume that loops that are based at xq 
generate, by rolling, loops that are based at Xq. 

If we were allowed to have an open neighbourhood of points on M with the property 
that loops based at these points generate loops on M, one could prove that {M,g) and 
{M,g) have the same universal Riemannian covering by an easier argument than above. 

More precisely, suppose there is a go = {xo,xo]Ao) G Q and a neighbourhood U of 
Xq which consists of points x such that whenever one rolls along a geodesic from a;o to x 
followed by any loop at x, then the corresponding curve on M, generated by rolling, is a 
geodesic followed by a loop based at the end point of this geodesic. 
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This means that there is a (possibly smaller) normal neighbourhood U of xq such that 
defining a local vtq jv/-section g on t/ by 

q{x) = {x,f{x)]A\^) := h-> exp^^(texp-^(x))),go)(l), 

then it holds that 

Notice that go = q{xo)- (In the case of the previous theorem, we had U = {xq}, which is 
not open.) 

We will now sketch an easy argument to reach the conclusion of the theorem under this 
stronger assumption. 

Write no^^(qo) = TTQ^Mlox-j^feo) usual. We show that the vertical bundle V{TroT,^iqo)) 
is actually trivial in the sense that all its fibers consist of one point only (the origin). 
From this one concludes that Ox)^{qo) is an integral manifold of "Dr an hence 'n-Oj,^{qo) is 
(complete and) a Riemannian covering map once the manifold Ox)r(?o) is equipped with 
the Riemannian metric pulled back from that of M (or M). 

Take x E U and v G V\g(x){'^OT>^{qo))- This means that there is a smooth curve 
s r(s), s G [0, 1], in Ov^{qo) such that 7rQ^M(r(s)) = x for all s and f (0) = v. 

One may then choose for each s a smooth path 7^ in M starting at x and defined on 
[0, 1] such that qj)^{'ys,q{x)){l) = T{s). We have 7^ G ^x{M) since 

7.(1) = T^Q,M{(1-Dnils,q{x)){l)) = 7rQ,A/(r(s)) = X. 
Thus by assumption, 

lvnils,q{x)) G fi/(,)(M) 

from which 

(^q,m)*^ = ^lo^Q,A/(r(s)) = ^|o7cR(7.,^(a;))(l) = ^|o(s ^ fix)) = 0. 

This proves that every element of V\g(^x){'^OT)^{qa))' x E U, \s of the form z/(i?)|g(^.) 
where B E T%M ®T\j(^^^M and g{BX,A\xY) + g{A\xX,BY) = 0, VX, F G T|^M. 

Take a vector field of the form q 1— >■ u(B\g)\g on Ox>^{qo) defined along the image of q. 
Arguing as in Proposition I5.20l and using Eq. (j48|) . we conclude that for every X E Tl^^^M 
we have 

-^^s{B\q,X)\q, + u{V^x,AoX)B\q^.)) G T|,„0^,Jgo) 

and hence, by what we just proved above, the image of this vector under {tTq jCj)* must be 
zero i.e., B\q^X = 0. Since this holds for all X E Tl^^M, it means that B\gg = and 
hence we have that ^|go(^CcR{<?o)) = {0}- Thus the vertical bundle V{7roj,^{qo)) has rank 
= since its fiber is = {0} at one point. 
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Remark 5.36 The assumption given by Formula ( 15 ip is a special case of a more general 
one: There is go = ixo,xo;Ao) E Q and points xi E M, xi E M such that 

7Gfi,o,,,(M) =^ %^{^,qo) En^.MM), (60) 

where ilxo,xi{M) is used to denote the set of piecewise C^-curves from xq to xi in M with 
ilxo,xi{M) defined similarly for M. 

We actually reduce this setting to the one given in Theorem 15.281 as follows. Fix once 
and for all a curve uj : [0, 1] M s.t. ^(O) = Xq, u{1) = Xi and write qi = qx>j^{uj , qQ){l) . 
Then qi = (xi,xi;Ai) by assumption given by Eq. (15U|) . with Ai : T\x-^M — )■ Tj^^M. 
Then if 7 G f2a;^(M) is any loop in M based at xi, one gets that 7.0; E ilxo,xi{M) is a 
path from xq and Xi. By assumption in Eq. ( THUj) again, one has 

7Cr(7, gi)(l) = Ivnil-^^ ?o)(l) = Xi, 
and since 7x)h (7, gi)(0) = Xi, we have obtained 

7 G fi,,(M) =^ IvAl.qi) G f^£,(M). 

Therefore any result obtained under Assumption ( ISTl) will also hold true under the assump- 
tion given by Formula ( 1601) . 

5.3.3 The Ambrose's Theorem Revisited 

The results developed so far allow us to somewhat simplify the proof of the Ambrose's 
theorem (see [2^ Theorem III.5.1). In fact, the elaborate construction of the covering 
space X (of the manifold M) is no longer needed since we build this space by simple 
integrating the distribution Dr. Actually, as in j2H], we will first prove (a version of) 
the Cartan's theorem ([28] Theorem II. 3. 2) by using the rolling framework and then use 
that result and some "patching" to obtain the Ambrose's theorem. The considerations 
are in parallel to those found in [5], |26| . 

Definition 5.37 A continuous curve 7 : [0, a] — j- M on a Riemannian manifold {M,g) 
is called once broken geodesic, broken at to. if there is a to G [0, a] such that 7|[o,io]. 7|[to,a] 
are geodesies of (M,g). 

Notice that if q = {x,X] A) E Q and 7 is a once broken geodesic on M starting at x 
broken at to, then 7x)j^(7, q) is a once broken geodesic on M broken at to- 
Ambrose's theorem can now be stated as follows. 

Theorem 5.38 (Ambrose) Let {M,g), {M,g) be complete ra-dimensional Riemannian 
manifolds and let go = {^o, Xq; Aq) E Q. Suppose that M is simply connected and that, for 
any once broken geodesic 7 : [0,a] — )■ M starting from xq, we have 

Ar,^{^,qom{R{X,Y)Z) = R{Ar,^{^,qomX,Ar,^{^,qomY){Ar,^{^,qomZ), 

(61) 

for all X,Y,Ze T|^(()M and t G [0,a]. Then, if for any minimal geodesic 7 : [0,a] — )■ M 
starting from xq, one defines $(7(t)) = exp^^(tAQ'j{0)), t E [0,a], it follows that the map 
$ : M — )■ M is a well-defined Riemannian covering. 
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Remark 5.39 The assumption of Ambrose's theorem is equivalent to the following: For 
any once broken geodesic 7 : [0,a] — M starting from xq and for all X,Y E VF(M), 
t e [0,a], 

Rol(X,F)(A^,j7,go)(t)) = 0, 
which by Proposition 15.91 is equivalent to 

i.e., that the distribution Pr is involutive at each point of Q of the form qvnil^ Qo){'t)- This 
should suggest that it is worthwhile to study the integrability of Pr near the point go ^ 
although we are not allowed to use Frobenius theorem. 

On a Riemannian manifold (A^, h), we use dh to denote the distance function (metric) 
on induced by h and, for y E N, X E T\yN, r > 0, we use Bd^{y,r) C (resp. 
Bh{X, r) C T\yN) to denote the open ball of radius r on (resp. T\yN) centered at y 
(resp. X) w.r.t dh (resp. h). 

The next result provides a local integral manifold of Pr under milder assumptions 
than those given in the statement of Ambrose's theorem. 

Theorem 5.40 (Cartan) Let (M, (7) and {M,g) be (not necessarily complete) Rieman- 
nian manifolds. Consider q = (x,x]A) E Q and e > such that the exponential maps 
exp, : fig(0,,e) C T\,M Bd,{x,e) and gSp^ : S(0£,e) C T\^M Bd,{x,e) are 
(defined and) diffeomorphisms. Then the following are equivalent: 

(i) For every (non-broken) geodesic 7 : [0, 1] — )■ Bdg{x,e) starting from x, we have 

Ar,^{^,q){t){R{X,Y)Z) 
=R{Ar,^{l, qmx, A^j7, g)(t)r)(A^j7, qMZ) (62) 
i.e., Rol(X, r)(A2,j, (7, q){t))Z = for every X,Y,Z E T\^(t)M and t E [0, 1]. 

(ii) For every (non-broken) geodesic 7 : [0, 1] Bdg{x,e) starting from x, we have 

Ar,,i^,q)itmX,^m{t)) 
=RiAr,, {^, q){t)X, 42,^7, qm)%, {^, g)(t) (63) 

i.e., Rol(X,7(t))(A2,j^(7,g)(t))7(t) = for every X E T|^(t)M and t E [0,1] (except 
the break point of 7). 

(iii) There is a connected integral manifold A^ of Dr passing through q such that ttq^mIn 

Bd,^{x,e) (or tTq^j^-jIn ^ fid.(x,e)) is a bijection. 

(iv) The map $ := exp^oAoexp"^ \Bagix,€) is an isometric diffeomorphism (onto -Bd- (x, e)). 
Moreover, if any of the above cases holds, then, for every X E Bg(0^,, e), it holds that 

$*|exp,(x) = Po{s ^ ^^{sAX)) o A o pO(s ^ exp,,(sX)) 

= ^ exp(,,,) {s{X, AX)) ) . (64) 
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Proof, (i) =^ (iii): By taking Y = Z = 'j, one has 

Ar,^{^,q)it)Y = Ajy^{^, q){t)Z = ^tpJt,?)^, 

for all t e [0,1]. 

(ii) =^ (iv): Let u,v & T|^.M, ||n||^ < e and define for t G [0, 1] 

Yu,v{^) := -^\^exp^{t{u + st;)) = t(exp^)*|t„w. 

It is the Jacobi field on M along the geodesic 7m (t) := exp^(tu), t G [0, 1], with Fu,i>(0) = 

0, VuYu,v = V. 

Proposition 13.301 implies that the rolling curve qv-niluiQ) along 7^ is given as 

7Bh,(7«, q){t) = ^s^itAu), Av^{-fu, q){t) = Po*(7©r,(7«, q))oAo P^^-fu)- 
On the other hand, the assumption implies that 

Rol(r„,M(t),7M(t))(A2,j7M,g)(t))7„(t) = 0, te [0, 1] 

and Proposition 15 . 1 4| imply that Y^^v '■= ^I'r(7«; (i)Yu,v is a Jacobi field on M along the 
geodesic 72pj7„,g). 

Clearly, Yu^i,{0) = and VauYu,v = AVuYu^v = Av, from which it follows (by the 
uniqueness of solutions of second order ODEs) that Yu,y must be the Jacobi field given 
by 

Yu,v{t) = ^\^exp^{tA{u + sv)) = t(exp^)^\tAu{Av). 
Setting t = 1, we see that 

Avn{lu,q){l){eWx)*\uV = {exp^)^\Au{Av), 
for all u,v E T\xM with \\u\\g < e. In other words, this means that 

<^^\y = (e3^£),|A„o Ao (exp-^),|j, = ^CR(7cxp-ife)'5)(l)' 
for every y G Bdg{x,e), where Bdg{x,e) is also equal to {exp^(u) G T|^M | ||n||^ < e}. 

Since ^x'R(7exp~^(?/)' ^ Qi ^^^^ means that ^*\y is an isometry T\yM — T|<j>(j^)M 

1. e., $ is an isometry. 

(iv) ^ (iii): This follows from Lemma [5.411 below. 

(iii) (i): Proposition E9] implies that Ro\{X,Y){A') = for all {x',x';A') G N 
and X,Y e T\^,M. 

On the other hand, the assumption implies that / := {ttq^m)\p/ is a smooth local 
section of tiq^m defined on Bdg{x, e) whose image is the integral manifold of Dr. 

Let 7(t) = exp^itu), t G [0, 1], be a geodesic of M with < e. Then, since / o 7 
is an integral curve of and /(7(0)) = g, the rolling curve q-p^ (7, q) is defined on [0, 1] 
and is given by Q'x)r(7, Q')(t) = /(7(t)) for all t G [0, 1]. Hence qvB.ii ^ 1) i't) ^ ^ for 
t G [0,1], which implies that Ro\{X, Y) {A^)^ {-f , q){t))Z = for all X,Y,Z e T\^^t)M. 
This completes the proof. □ 
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Lemma 5.41 Let xq E M and xq E M with corresponding open neighborhoods U and 
tj. Then there is a isometry onto $ : f/ — )• ?7 if and only if there is a smooth local vtq m- 
section f : U Q, whose image is an integral manifold of and projects bijectively by 



^Q,M onto U. 

Moreover, the correspondence $ ^ / is given by 

U{x) = (x,<l>(x);<l>,U), 

Proof. Let $ be an isometry onto U U and define /.j, as above. For every x E U 
and M G Tl^M, let 7n(^) := exp^(tX). Since $ is an isometry, $ o 7^ is a gf-geodesic 
starting at Moreover, defining A{t) = $*|-y„(j) E Q and taking any Xq E T\^M, 

X{t) = P*(7„)Xo, we have A{t)X{t) = Po*($ o 7„)($,(Xo)) and hence 

(V(^4t), d = V$.^4t)(A(t)X(t)) - A(t)V^4t)X(t) = 0, 

which proves that t i— )■ (7u(t), ($o7„)(t); 74(t)) =: q{t) is an integral curve of "Dr through 
g(0) = (a;, On the other hand, q{t) = /#(7M(t)) and thus it follows that 

ih)*{u) = q{0) E VRlg^oy 

Hence the image of /$ is an integral manifold of and it clearly projects bijectively 
onto U by vr^^. 

Conversely, suppose that f : U — Q is a local vrg-section whose image is an integral 
manifold of and which projects onto U. Define $j as above. Then : U If 
and, for every x E U and X E T\xM, we have f^.{X) = ^ji{X)\f(^x) and thus 



^f)*X\\^= (^q,m)*(/*W).= (7rQ,,-,).(^R(X)|^(.)) _ = ||/(x)X||, = ||X 
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where the final equality follows from the fact that f{x) E Q. The fact that $ is a 
bijection U ^ If is clear. Hence the conclusion. □ 

We can now provide an argument for Theorem 15.381 According to the assumptions 
done in the statement. Theorem 15.401 implies that there is an integral manifold of 

passing through go = {^Oj^q] Aq). Hence, we may choose the maximal connected 
integral manifold of "Dr passing throught go (where is the union of all connected 
integral manifold of Pr passing through Qq, see e.g. Lemma 3.19 in |16)). 

Endow A^ with a Riemannian metric h given by: h{^^{X)\q, ^^{Y)\q) = g{X,Y) 
for q = {x, x; A) E N and X,Y E T\xM. It is then clear that 

F := pr^ o ttqIat : N M, and G := pr2 o vtqItv : N M, 

are local isometrics onto open subsets of M and M (see also the proof of Corollary 

EM- 

We next intend to prove that (A^, h) is a complete Riemannian manifold. Here, we 
have to be more careful than in the proof of " (i) =^ (iii) " in Corollary 15.241 since we 
cannot assume that A^ is the whole orbit Ox>r(q'o)- 
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First of all, the facts that is an integral manifold of and F is a local isometry 
imply that, for any q = {x,x; A) & N and any (yf-geodesic t H- 7(t) = exp^(tX) on M 
starting at x, the rolling curve t i-> qv^il, (l){t) stays in is a /i-geodesic on for t in 
a small interval containing 0. 

Let us assume that is not complete. Then there exists a /i-geodesic F : [0, T[— > A^ 
starting from go where [0,T[ is the maximal non-negative interval of definition and 
T < oo. Since F is a local isometry, F o T is a (7-geodesic on M and since F is 
an integral curve of "Dr, it follows that there is a unique X G T\r^^M such that, for 
t e [0, T[, one has 

= (exp,^(tX),gip,^(MoX); P*(s ^ g5p^„(sAoX)) o Aq o pO(3 ^ exp,^(sX))). 

We write {'j{t),j{t)] A{t)) := F(t). Since M and M are complete, the right hand side of 
the above equation makes sense for all t > and we define F on [T, 00 [ by this formula. 
We emphasize that we assume F to be a geodesic on A^ only for [0,T[. 

Write qx = {xt,Xt',At) '■= F(T). Choose e > such that exp^,^ and exp^^ are 
diffeomorphisms 5(0, e) — >■ Bcig{xT,€), -8(0, e) — )■ Bd-{xT,e) respectively. 

If u is any geodesic [0,1] — >■ Bdg{xTi^) starting from Xt, then the concatenation 
w U 7 of a; and 7 is a once broken geodesic starting from Xq and therefore, Eq. 06 ip 
implies that the assumptions of Theorem 15. 40^ Case (i), are satisfied (with {u,qT) in 
place of (7, q)). Indeed, for every X,Y E T|^(t)M and t, 

Ro\{X,Y){Ar,^{co,qTm) = Rol(X, r)(yl^,Ja;, g^j7, go)(T))(t)) 
=Ro\{X, Y){Ajy,iu U 7, qo){t + T)) = 0. 

Therefore, Case (iii) there implies the existence of a connected integral manifold A^ of 
passing through q^ = F(T). 

Since A^ is an integral manifold of and F is an integral curve of "Dr and since 
F(T) G A^, it follows that F(t) G A^ for all t in an open interval ]T — ri,T + t][ containing 
T. Since F(t) G A^ for t G [0,T[, it follows that, for some to — ''7,T[, we have 
F(to) G A^ n iV.^ 

Thus N n N ^ ^ and hence A^ U A^ is a connected integral manifold of passing 
through go which, because of the maximality of A^, implies that N G N. This implies 
that F is a geodesic of A^ (since F o F = 7 is a geodesic of M and F is a local isometry) 
on the interval [0,T + ?][, contradicting the choice of the finite time T. Thus (A^, h) is 
complete. 

Since F = prj^oTTQlAr and G = pr2 7rQ|7v are local Riemannian isometrics, it follows 
from Proposition II. 1.1 in that they are covering maps. Taking finally into account 
that M is simply connected, one gets that F is an isometric diffeomorphism N ^ M 
and hence G o F^^ : M ^ M is a Riemannian covering map. 

Finally notice that if 7 : [0, a] — M is a minimal geodesic starting from xq, then 
(G o F-i)(7(t)) = g5^£^(tAo7(0)) and hence $ = G o F'^ 
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6 Rolling Against a Space Form 



This section is devoted to the special case of the roUing problem (R) with one of 
the Riemannian manifolds, usually {M,g), being equal to a space form i.e., a simply 
connected complete Riemannian manifold of constant curvature. The possible cases 
are: (i) Euclidean space with Euclidean metric (zero curvature), (ii) Sphere (positive 
curvature) and (iii) Hyperbolic space (negative curvature), cf. e.g. |28] . 

As mentioned in the introduction, the rolling problem against a space form actually 
presents a fundamental feature: on the bundle tiq^m '■ Q —> M one can define a principal 
bundle structure that preserves the rolling distribution Dr, and this renders the study 
of controllability of (S)_r easier to handle. 

We will first provide a detailed study for the rolling against an Euclidean space and 
then proceed to the case of space forms with non-zero curvature. 

6.1 Rolling Against an Euclidean Space 

In this section, we give a necessary and sufficient condition for the controllability of 
(E)ij in the case that M = M" equipped with the Euclidean metric g = Sn- 

Recall that if is a finite dimensional inner product space with h the inner product, 
the special Euclidean group of {V,h) also denoted SE(V^) is equal to V x SO(V), and 
is equipped with the group operation ★ given by 

(f , L) 7^ {u, K) := {Lu + v,Lo K). 

Here SO(y) is defined with respect to the inner product h of V. In particular, we write 
SE(n) for SE(M") with M" equipped with the standard inner product. 

Now fix a point go of Q = Q{M,W^) of the form go = {xo,0]Ao) i.e., the initial 
contact point on M is equal to Xo and, on M", it is the origin. Since (M", s„) is fiat, 
for any a.c. curve t t— )■ x{t) in and X G M" we have PQ{x{t))X = X, where we 
understand the canonical isomorphisms T|£(o)M" = M" = T|£(()]R". It follows that we 
parameterize the rolling curves explicitly in the form: 

qv,{7,{xo,x;A)){t) = (^^{t),x + A P^{^)^{s)ds; AP^i^)^ (65) 

where 7 G ri^o(M). 

From this it follows that for any {xo,0] Aq),{xo,x; A) G Q and 7 G Qxo{M), the 
point qv^il, (a^o, a;; A)){1) is equal to 

(xo, X + H©r(7, (a;o, 0; Ao))(l); AA^^Av^^^, (xo, 0; Ao))(l)). 

Let 7 G f2x-o(Af) be a piecewise C^-loop of M based at Xq. We define a map 

p = p,„ :!],., (M)^SE(n); 

P(7) = (7i5j7,go)(l),^iPH(7,go)(l)^o'), 
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where go = (^^O; 0; Aq) G Q. Hence by Remark 13.281 and the above formulas we have 

p(w-7) = (7©R (t^, qv^il, go)(l)) (1), (w, qv^{-f, go)(l)) (1)^0 ^) 
= (7Cr(7,?o)(1) + ^OR(7,go)(l)^o^7»R(^^>9o)(l), 

= {%Al,qo)il),Ar,^{^,qo)il)A,')^{%^{u,qo)il),Ar,^{u,qo)il)A,') 
=P(7)^p(w)- 

Thus p is a group anti-homomorphism {Q^oiM), .) — )■ (SE(n),T*r). This proves that the 
elements of the form p{u}), u G r2^g(M), form a subgroup of SE(?i). We also see that 

(7ipr(7, ^15r(7, = (^^, ^) * (0, Ao)-' ^ p,o(7) * (0, Aq), 

where g = {xq, x; A), go = {xq, 0; Aq) G Q and 7 G ri2;o(M). 

We also make the simple observation from Eq. (165|) that the image of pr2 o p : 
D.xq{M) — )■ S0(?7,) is exactly AoH\xqAq^ , where H\xq is the holonomy group of (M, g) at 
Xq. Here Ao-ff |xo^(7^ = H\f with respect to the orthonormal frame F = (A^^ei, . . . , ^e„) 
where ei, . . . , e„ is the standard basis of M". 

From these remarks the next proposition follows easily. 

Proposition 6.1 Let Q = Q(M, M") and go = (xo,5:o;v4o) G Q. Then the map 

Kgo ■ ^QMi^o) SE(n); 
{xq, X] A)^ {x- xo, ^4^0"^) 

is a diffeomorphism which carries the fiber vr^^ ^^^^ ^^(xo) of the orbit Ox)j^(go) to a sub- 
manifold of SE(r?,). In particular, if £0 = we have that 

which is a Lie subgroup of SE(?7,). 

We will make some standard observations of subgroups G of an Euclidean group 
SE(V^), where {V^h) is a finite dimensional inner product space. Call an element of 
G of the form {v, idy) a pure translation of G and write T = T{G) for the set that 
they form. Clearly T is a subgroup of G. As before, pr^^, pr2 denote the projections 
SE(y) — )■ V and SE(V^) — )■ SO(l^). The natural action, also written by -k, of SO(l^) on 
V is defined as 

{u,K)i<v:= Kv + u, (u,A') G SO(V), w G 1/. 

Proposition 6.2 Let G be a Lie subgroup of SE(\^) with pr2(G') = S0(\^). Then either 
of the following cases hold: 

(i) G = SE{V) or 

(ii) there exists v* G V which is a fixed point of G. 
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Proof. Suppose first that T = T{G) is non-trivial i.e., there exists a pure translation 
{v, idv) G T, w 7^ 0. Then for any {w, A) G G it holds that 

G 3{w, {v, idy) * {w, A) = {-A^^w, A^ {v + w, A) 

= {A~^{v + w) - A~^w, idy) = {A'^v, idy) 

which implies that 

T D {{A~^v,idv) I {w,A) e G} ={{A^\!,idv) \ A e pi^iG) = SO{V)} 

=5"-i(0,|K;||)x{idy} 

where S"'"^{w,r), w G ]R",r > is the sphere of radius r centered at w G and 
||-|| = h{-,-Y^'^. li w E V such that < then it is clear that there are u,u' G 
^'^-^(0, \\v\\) such that u + u' = w (choose u G ^'^-^(0, \\v\\) n ||u||) and u' = 

w — u). Therefore 

(w, idy) = (m, idy) -k (m', idy) G T 

i.e., -8(0, ||f II) C T where B{w,r) is the closed ball of radius r centered at w. Thus for 
all keN, 

{B{0,\\v\\) + ■ ■ ■ + B{0,\\v\\)} X {idv} 

" v ' 

k times 

= (fi(0, |K;||) X {idy}) * ■ ■ ■ * (5(0, |K;||) X {idy}) C T. 

k times 

From this we conclude that V x {idy} = T. 
Therefore we get the case (i) since 

G=Ti.G = {{u, idy) * (w, A) I M G V, (w. A) G G} 
={{u + w,A)\ue V, {w, A) G G} 
={{u,A) \ueV, Ae pi^iG) = SO{V)} 
=V X SO{V) = SE{V). 

The case that is left to investigate is the one where T is trivial i.e., T = {(0, idy)}. 
In this case the smooth surjective Lie group homomorphism prglc : G — t- S0(\^) is also 
injective. In fact, ii A = pr2(t'. A) = pr2(u'. A) for [v, A), [w, A) E G and v ^ w, then 

G 3 {w, A) ★ {v, Ay^ = {w, A) * {-A~^v, A~^) = {w-v, idy) G T 

and since {w—v, idy) ^ (0, idy), this contradicts the triviality of T. It follows that pr2|G 
is a Lie group isomorphism onto SO(V) and hence a diffeomorphism. In particular, G 
is compact since SO(y) is compact. 

We next show that there exists v* E V which is a fixed point of G. Indeed, taking 
arbitrary v E V and writing /ih for the (right- and) left-invariant normalized (to 1) 
Haar measure of the compact group G, then we may define 

V* := / {Bi.v)dfi^{B). 
Jg 
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Thus for {w,A) G G, 



{w,A)i<v* =w + Av* = / {w + A{Bi.v))dfin{B)= / {{{w, A) i< B) v)dfin{B) 

JG JG 

= [ iB^v)dfxniB) = v*, 

JG 

where, in the second equahty, we have used the hnearity of the integral and normahty 
of the Haar measure and in the last phase the left invariance of the Haar measure. This 
proves that v* is a fixed point of G and completes the proof. 

□ 

Remark 6.3 With a slight modification, the previous proof actually gives the following 
generalisation of the last proposition: If G is a connected subgroup of SE(V^) such that 
the subgroup pr2(G') of SO(y) acts transitively on the unit sphere of V then either (i) 
G = V X pr2(G') or (ii) there is a fixed point v* of G. 

The previous proposition allows us prove the main theorem of this section. 

Theorem 6.4 Suppose {M,g) is a complete Riemannian n-manifold and {M,g) = 
(M", s„) is the Euclidean n-space. Then the rolling problem is completely controllable 
if and only if the holonomy group of {M,g) is SO(n) (w.r.t. an orthonormal frame). 

Proof. Suppose first that (S)^ is completely controllable. Then for any given go = 
{xo,Xo;Aq) E Q we have that 'n'Q\f{xo) = tt^^ (go)j\f(^o)- In particular, taking any 
go G <5 of the form go = (xo, 0; Aq) (i.e., xo = 0), we have by Proposition 16. II that 

Hence the image of prg o p^^ is SO(?t,) and, on the other hand, this image is also 
AoH\xf^AQ^ as noted previously. This proves the necessity of the condition. 

Assume now that the holonomy group of M is SO(n) or, more precisely, that for any 
z e M we have = SO(T|^.M). Let g = (x, 0; A) e Q and let Gg := i^g(vr^^ (g),A/(^)) 
(see Proposition 16. ip which is a subgroup of SE(n). Since 

SO(n) = AH\,A-' = (pr^ op)(l],(M)) = pr2(i^,(7r^i^(^) ,,(x))) = pr.iGg), 
by Proposition 16.21 either (i) Gq = SE(n) or (ii) there exists a fixed point w* G of 

Gq. 

If (i) is the case for some go = {xo,0;Ao) G Q, then, since Kg^ maps vrQ j^(go) fl 
Cx)j^(go) diffeomorphically onto Gg = SE(n), it follows that TTg^^ (go) fl Cx)R(go) = 
^q,m(9o) and hence ^©^(go) = Q (since 7iOj,^(go),M is a subbundle of ttq^m) i-e., (S)i? is 
completely controllable. 

Therefore suppose that (ii) holds i.e., for every g G Q of the form g = (x, 0; A) there 
is a fixed point w* G M" of Gg. We will prove that this implies that (M, g) is fiat which 
is a contradiction since (M, g) does not have a trivial holonomy group. 
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Thus for any point of Q of the form q = [x, 0; A) we have for all loops 7 G ^^.(M) 
that 

AP^{^)A-'w; + A f P^{j)^{s)ds = w;, 
Jo 

since pg is a bijection onto Gq and w* is a fixed point of Gq. In other words we have 

(A^t) - id)A-i^; + P°(7)7(^)ds = 0. 



Thus if g = (x, 0; A) and q' = (x, 0; A') are on the same ttq fiber over (x, 0), then 

(P°(7)-id)(A-X*-^'-X') = 

for every 7 G Qx{M). On the other hand, since M has full holonomy i.e., H\x = 
SO{T\xM), and H\x = {P{'(7) | 7 G f2a;(M)}, it follows from the above equation that 

A-^w*q = A'~^w*q,. 

This means that for every x G M there is a unique vector V\x G T\xM such that 

l^U = A-^i/;;, VgG7rQi(x,0). 
Moreover, the map V : M ^ TM; x t— V\x is a vector field on M satisfying 

Pi°(7)^U - = - / n°(7)7(5)ds, V7Gn,.(M). (66) 

It follows from this that, for any piecewise G^ path 7 G Cp^([0, 1], M), we have 

Vki) = ^o(7)(^l7(o) - iy^{l)i{s)dsy (67) 

Indeed, if w G f2^(i)(M), then 7"^.a;.7 G r2^(o)(M) and therefore 
P°(7)Pr(u;)Po'(7)V^l7{o) - V^l7(o) = P?il~'.uj.i)V\,^o) - V^l.(o) 
'p°(7-^a;.7)^(7-'-^-7)(^)ci5 

Vi'(7)7(^)ds - ^"(7) P°(a;)u;(s)ds - P{'(7)P{'(u;) Pi'(7-')^7-'(^)ds 

Pf (7)7(^)ds + P°(7)(P°(a;)\/|,(i) - \/|,(i)) 

+ P°(7)P°(u;)Po^(7) P^{l)i{s)ds, 
Jo 

that is 

(P°(c.)-id)Po^(7)(\/|,(o)- P!{l)i{s)ds) = (P{'(a;)-id)\/|,(i). 
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Equation fl67p then follows from this since {P^{u) \ u G f2^(i)(M)} = H\^(^i^ = 
SO(T|,(i)M). 

Since {M,g) is complete, the geodesic '~fx{t) = exp^(tX) is defined for all t G [0, 1]. 
Inserting this to Eq. (l67j) and noticing that -Pf(7x)7x("S) = X in this case for all 
s G [0, 1], we get 

V^k-(i) = n'(7x)(^U-^), 
Therefore, if X = V\x and z := 7x(l) = exp^,(V^|^.), we get 

VU = 0. (68) 
Inserting this fact into Eq. fl66|) . one gets 

/ P°(7)7(s)ds = 0, V7Gfi.(M). 

Fix q* = {z, 0; Aq) G Q (for any isometry Aq : T|^M -> T|oM''). Eq. ([65]) implies that 

7i,j7,(a:o,0;Ao))(l) = 0, V7 G fi,(M). 

We now apply Theorem 15.281 to conclude that {M,g) has (M", s„,) as a Riemannian 
covering (i.e., (M, (7) is fiat) and hence reach the desired contradiction mentioned above. 
Even though this allows to conclude the proof, we will also give below a direct argument 
showing this. 

Equation (167|) is trivially equivalent to 

Jo 

where 7 G Cp^{[a, b], M), a < b, is arbitrary. Taking 7 to be smooth and differentiating 
the above equation w.r.t to t (notice that both sides of the equation are in T|^(o)M for 
all t), we get 

A°(7)V,(,)l^|,(.) = -P°(7)7(t), 

that is 

Since 7 was an arbitrary smooth curve, this implies that V is a smooth vector field on 
M and 

V^V = -X, VX G VF(M). (69) 

For any X G VF(M), the special curvature R{X, V)V can be seen to vanish every- 
where since 

R{X, V)V =VxVvV - VvVxV - Vixy]V = -VxV + VyX + [X, V] 
= [V,X] + [X,V]=0, 
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where, in the second equahty, we used 

For any X G T|^M, we write 7x(^) = exp^(tX) for the geodesic through z in the 
direction of X. It follows that 



VU^it) =P^{lx){VU - / P!{lx)ix{s)ds) 

Jo 

=PoM{- f Xds) = P*(7x)(-tX) = -t^jcit). (70) 
Jo 

Now for given X, f G T\zM let Y{t) = -^\^exp^{t{X + sv)) be the Jacobi field along 
'-fx such that 1^(0) = 0, V^^(^t)Y\t=o = v. Then one has 

V^,(,)V^,F = R{^x{t),Y{mx{t) = ^RiV\,^^t),Y{t))V\,^^t) = 0, 
for t ^ which means that t h-> V-^_y(t)F is parallel along 7x i.e., 

V^,(,)F = P*(7x)V^,(o)F = P*(7x)t;. 
This allows us to compute 



y) 



\Y{t)\\l=2-g{V,,^t)Y,Y{t)) 



=0 

--2g{Pl{^x)v,Pl{ix)v) = 2\\v\ 



and hence for any t 



4 WYiml = 2 |k;||2t + 4l \\Y{t)\\l = 2 WvfL 



because ^j^ = 2^(V^^(o)F, F(0)) = since F(0) = 0. Again, since F(0) = 0, 

rwllJ = ll^^ll^' + r(o)ll^ = ll^;|l^^ 

which, when spelled out, means that ||t(exp2)*|tx('i^) ||g = ll^'^llc, and hence, when t = 1, 

||(expJ,U(tOII,= IK'||,, ^X.veTlM. (71) 

This proves that exp^ is a local isometry (Tj^M, g\z) ^ (M, g) and hence a Rieman- 
nian covering. Thus (M, g) is fiat and the proof if finished. 

□ 

Remark 6.5 For results and proofs in similar lines to those of the above Proposition and 
Theorem, see Theorem IV. 7.1, p. 193 and Theorem IV. 7. 2, p. 194 in [T5J. 
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6.2 Rolling Against a Non-Flat Space Form 

In this subsection, we study the controllabihty problem of (S)/? in the case where M is 
a simply connected n-dimensional manifold with non zero constant curvature equal to 
i, with k^Q. 

6.2.1 Standard Results on Space Forms 

Following section V.3 of [I5], we define the space form of curvature | as a subset 
of n G N, given by 

k 

Mk := {(xi, . . . , Xn+i) e \xl + --- + xl + kxl^^ = k, x^+i + j^>0}. 

Equip Mfc with a Riemannian metric defined as the restriction to of the non- 
degenerate symmetric (0, 2)-tensor 

Sn,k ■= {dxif H h (dx„)^ + k{dxn+if. 

The condition Xn+i + ||| > in the definition guarantees that is connected also 

when A; < 0. If the dimension n is not clear from context, we write {Mn,k, gn,k) for the 
above Riemannian manifolds. 

Remark 6.6 (i) If A; = 1 then Mi = S*" (the usual Euclidean unit sphere in M"+^) and 
Sn,i is the usual Euclidean metric s„+i on M""*"^. For a fixed n G N, the spaces for 
/c > are all diffeomorphic: the map 0^ : (xi, . . . , Xn+i) (^, . . . , Xn+i) 

gives a diffeomorphism from onto Mi. Moreover, 0^ is a homothety since 0^^i = 

(ii) If A; = — 1 then s„_i is the usual Minkowski "metric" on M""*"^. For a fixed n E N, 
the spaces Mk for A; < are all diffeomorphic: the map 0^ : (xi, . . . ,Xn,Xn+i) H- 
{^^, • • • , ;^^,x„+i) gives a diffeomorphism from onto M_i. Moreover, 0^ is a 
homothety since 0^,^i = -\gk- 

Let G(n, A:) be the Lie group of linear maps R""*"^ — M^^^ that leave invariant the 
bilinear form 

n 

l/)n,fe •= X] + A;x„+i?/„+i, 

i=l 

for X = (xi, . . . , x„+i), y = [yi, . . . , yn+i) and having determinant +L In other words, 
a linear map B : M'"+^ — M'"+^ belongs to G{n, k) if and only if det(i?) = +1 and 

(5x,%)„_,= (x,t/)„^,, Vx,yGM"+\ 

or, equivalently, 

B'^In,kB = In,k, det{B) = +1, 
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where /„ ^ = diag(l, 1, . . . , 1, k). In particular, G{n, 1) = SO{n + 1) and G{n, —1) = 
SO(n,l).' 

The Lie algebra of the Lie group G{n, k) will be denoted by g(n, k). Notice that an 
(n + 1) X (n + 1) real matrix B belongs to Q{n, k) if and only if 

B^In,k + In,kB = 0, 

where In,k was introduced above. 

Sometimes we identify the form Sn,k on M""*"^ with (■,■)„ ^ using the canonical 
identification of the tangent spaces T|„M""''^ with M"^"*^. Notice that if x G and 
V e T|£M"+\ then 

VeTl^Mk ^ Sn,k{V,x) = 0. 

In fact, if we identify \^ as a vector [Vi, . . . , Vn+i) in M'"+^, then the condition for V to 
be tangent to the hypersurface Mk is 

= {V, grad (x^ H h + kxn+i)),^^-^ 

= {V, {Xi, . . . , Xn, kXn+l))^^-^ 
n 

= ^ XiVi + kXn+lVn+1 
i=l 

= Sn,k{V,x), 

with (-, the standard Euclidean inner product of M"'^^. 

Remark 6.7 By using the bilinear form (-, ■),^^ one may restate the definition of by 

Mfc = {x e M"+i I (x,x)„_, = k, Xn+l + ^ > 0}. 

Remark 6.8 For convenience we recall a standard result ([IS], Theorem V.3.1): The 
Riemannian manifold {Mk,gk) has constant sectional curvature ^ and the isometry group 

Iso(Mfc,^fc) is equal to G{n,k). 

We understand without mention that when considering the action of G{n, k) on 
we consider the restriction of the maps of G{n, k) onto the set Mk- 

6.2.2 Orbit Structure 

Proposition 6.9 The bundle hqm : Q — M is a principal G(?t,, /c)-bundle with a left 
action fi : G{n, k) x Q ^ Q defined by 

IJi{B,q) = {x, Bx; B o A), 

where q = (x,x;74) and in 5 o A we understand the range Tl^M^ of A to be identified 
with a linear subspace of in the canonical way. 



89 



Moreover, the action ji preserves the distribution i.e., for any q E Q and B E G{n, k), 
where '■ Q Q', 1 ^ q). 

Proof. Let us first check that for (x, x; A) E Q, B o A : T\xM — M"+^ can be viewed 
as an orientation preserving map T|^.M — TIbxM^ and that really {x, Bx; B o A) is an 
element of Q. First of all, Bx E when x E Mk as remarked above. Moreover, for 
X E T\,M, 

s^4iBoA)iX),Bx) = s„,4AX,x) = 0, 

since AX E T\^Mk. Hence B o A : T\^M T\bxM. Similarly, for X,Y E Tj^M, 

gk{{B o A){X), {B o A){Y)) = s^4{B o A){X), {B o A){Y)) 
=Sn,k{AX, AY) = gk{AX, AY) = g{X, Y), 

and clearly B o A preserves orientation (since G{n, k) is connected). Thus {x, Bx; B o 
A)eQ. 

It is clear that /i is a well defined left G(n, /i;)-action on Q, that it is free, maps each 
7rQ,M-fiber to itself {ttq^m ° f^{B,q) = T^Q,M{q)) and that it is transitive fiberwise (for 
each g, q' E '71q\^{x), fi{B, q) = q' for some B E G{n^ k)). It remains to check the claim 
that this action preserves in the sense stated above. 

Let B E G{n,k) and go = {xo,xo; Aq). The fact that Iso(Mfc,.g) = G{n,k) means 
that defining F : Mk ^ Mk, F = B\^y^ then F E lso{Mk,g). Clearly F{xo) = Bxq and 
F^l^g = B\rp^^ j^j^ and hence by Proposition 15.51 

f^iB, qvnil^ (lo){t)) = F ■ qvnil, Qo){t) = Qv^il^ F ' = ?Or(7, ^^{B, qo)){t), 

for any smooth curve 7 : [0, 1] — ?■ M, 7(0) = Xq and t E [0, 1]. Taking derivative with 
respect to t at t = and using the fact that, by definition, qv^il, qo) is tangent to Dr, 
we find that 

(/iB)*^R(7(0))|g„ =(/iB)*^|og©R(7,go)(i) = ^\^KB,qvnil,Qo)it)) 
= ^y^Ri^^f^iB,qo)){t) = ^r(7(0))|^(b,,o). 

This allows us to conclude. □ 
We will denote the left action of i? G G{n, k) on q E Q usually by i? • g = /i(-B, g). 

Proposition 6.10 For any given g = {x,x;A) E Q there is a unique subgroup Gq of 
G{n, k), called the holonomy group of V^, such that 



Gg-q = OvM^'^Ql 



M 



X) 



Also, if g' = {x,x']A') G Q is in the same 7rQ jv/-fiber as g, then Gq and Gqi are conjugate 
in G{n,k) and all conjugacy classes of Gq in G{n,k) are of the form Gq/. This conjugacy 
class will be denoted by G. 

Moreover, vr0j,^(g),M : Oj)^{q) — )■ M is a principal G-bundle over M. 
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Proof. These results follow from the general theory of principal bundle connections (cf. 
|13| . |15| ) but the argument is reproduced here for convenience. 

Let q' G OT>j^{q) H 7rQ^^(a;) and choose a 7 G ^lx{M) such that q' = qxi^('y,q){l). 
Since the G{n,k) action is free and transitive on T^Q\.f{x), it follows that there is a 
unique Bq{'y) G G{n, k) such that -8^(7) ■ q = q' ■ We define Gq = {Bg{'y) \ 7 G Qx{M)} 
and note that for 7,0; G Qx{M) one has 

{Bqi^)Bq{u)) ■ q = 5,(7) ■ {Bq{u) ■ q) = 5,(7) " q^u^^qm = qv^{uj,Bq{^) ■ g)(l) 
=qv^{uj,qv^{-i,q){l)){l) = qv^{u.-f,q){l) G OryM^^iMi^)^ 

which proves that Bq{'~f)Bq{u) = Bq{u.'~f) G Gq. Next if 7"""^ : [0, 1] — )■ M denotes the 
inverse path of 7 i.e., 'y~^{t) = 7(1 — t) for t G [0, 1], it follow that 

(5,(7)5,(7-')) ■ q = g^,,(7-'-7,g)(l) = q, 

i.e., 5,(7)^^ = 5,(7^^) G Gg. This shows that G, is indeed a subgroup of G{n,k). 
Moreover, it is clear that 

■g = CcR,(g)n7rQ\,^(x), 

where the left hand side is {5 ■ g | 5 G G,}. 

Let us prove the statement about the conjugacy class of G,. Take q' = (x, x'; A') G 
Q. Because G(n, k) acts transitively on the fibers, there exists a 5 G G(n, k) such that 
q' = B ■ q. Therefore for any 7 G Qx{M), 

(5-i5,,(7)5) • g =(5-15,^(7)) ■ q' = B'' ■ qv^{l.q) 

=9©r(7, b^^ ■ q) = ?©r(7, q) = Bq{-i) ■ g, 

i.e., B~^Bq/{'~f)B = 5,(7) since the G(n, /c) action is free. This proves that B^^Gq/B = 
Gq. Moreover, if there is a 5 G G(n, k) and a subgroup G' of G{n, k) such that 
B^^G'B = Gq, then defining q' := B ■ q one gets that G' = G,/. 

By Proposition [5]2l 'n'o-p-^{q),M is a smooth bundle and, by what has been said already, 
it is clear that G, preserves the fibers tt^^ m(^) ~ m (^) ^I'rI'?) action 
is free. Recall that, if a map from some manifold to the ambient manifold is smooth 
and its image is contained in the orbit (as a set), then this map is also smooth as a 
map into the orbit (as a manifold) (cf. [16], Theorem 3.22 and Lemma 2.17). As a 
consequence, the action of G, is also smooth. From this, one concludes that T^OTi^{q),M 
is a Gg-bundle and hence a G-bundle since the Lie groups in the conjugacy class are all 
isomorphic. □ 

6.2.3 The Rolling Connection 

Let TTTMeR : TM©M — > M be the vector bundle over M where 7rx'A/eR(-^, ^) = T^TA-iiX). 
In this section we will prove the following result. 
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Theorem 6.11 There exists a vector bundle connection V'^"' of the vector bundle 7Ttm®r 
that we call the rolling connection, and which we define as follows: for every x E M, 

Y e r|^M, X e vf(m), r g C°°(m), 

V^°\X,r) = {VyX + r{x)Y,Y{r) -^g{X\,,Y)^, (72) 

such that in the case of M rolling against the space form Mk, k ^ 0, the holonomy group 
G of is isomorphic to the holonomy group ° of V'^"'. 

Moreover, if one defines a fiber inner product on TM © M by 

hk{{X,r),{Y,s)) = g{X,Y) + krs, 

where X,Y E Tl^M, r, s G M, then V^°' is a metric connection in the sense that for every 

G VF(M), r,s G C~(M), 

Z{h,{iX, r), (F, s))) = hk{Vf\X, r), (F, s)) + /ifc((X, r), V|°'(F, s)). 

Before providing the proof of the theorem, we present the equations of parallel 
transport w.r.t V'^"' along a general curve and along a geodesic of M and also the 
curvature of V'^"'. Let 7 : [0,1] M be an a.c. curve on M, 7(0) = x and let 
(Xo,ro) G T|^M©M. Then the parallel transport (X(t),r(t)) = (P^""')* (7)(Xo, tq) of 
(Xo,ro) is determined from the equations 

V^(i)X + r(t)7(t) = 0, 

^W-^^7(7(t),X(t))=0, ^^^^ 

for a.e. t G [0, 1]. In particular, if 7 is a geodesic on (M, (?), one may derive the following 
uncoupled second order differential equations for X and r, 

V^(i)V^(t)X + \g{X{t),^{m{t) = 0, 

Il7(t)f 
^f(^)+ V ' ^(^) = 0, 

for all t. 

One easily checks by direct computation that the connection V'^"' on titm^'r has the 
curvature, 

i?^"'(X, F)(Z, r) = (i?(X, y)Z - i(^?(F, Z)X - g{X, Z)Y), O) , (75) 

where X, F, Z G VF(M), r G C°°(M). 

We will devote the rest of the subsection to prove Theorem 16.111 

Proof. The rolling distribution "Dr is a principal bundle connection for the principal 
G(?T,, fc)-bundle ttq ^ : Q ^ M and hence there is a vector bundle ^ : E ^ M with fibers 
isomorphic to ]R"+^ and a unique linear vector bundle connection V'^"' : r(,^) x VF(M) — )■ 
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r(,^) which induces the distribution on Q. This clearly implies that the holonomy 
group G of and H^^ ° of V'^"' are isomorphic. We will eventually show that ^ is 
further isomorphic to tttm®^ and give the explicit expression (172!) for the connection of 
TTTMeK induced by this isomorphims from V'^"' on ^. 

There is a canonical non-degenerate metric : E Q E ^ M on the vector bundle 
^ (positive definite when k > and indefinite of Minkowskian type if k < 0) and 
the connection V'^"' is a metric connection w.r.t. to hk i.e., for any Y G VF(M) and 
s,a e T{u), 

Y{hk{s,a)) = hiV^°Ks,a) + hk{s,V^°^a). (76) 

The construction of ^ goes as follows (see |13) . section 2.1.3). Define a left G{n, k)- 
group action f3 on Q x M"+^ by 

f3{B,{q,v)) = {B-q,Bv), 

where q ^ Q, v & M""*"^, B G G{n, k). The action /3 is clearly smooth, free and proper. 
Hence E := {Q x R"-"*"^)//? is a smooth manifold of dimension n + (n + 1) = 2n + 1. 
The /3-equivalence classe (i.e., /3-orbit) of {q,v) G Q x M"+-^ is denoted by [(g,t;)]. Then 
one defines ^[[{q,v)]) = TTQ^uiQ) which is well defined since the /3-action preserves the 
fibers of Q x ]R"+-'^ — )■ M; {q,v) t— TTq^MiQ)- We prove now that ^ is isomorphic, as a 
vector bundle over M, to 

TTTMeM : © M ^ M, 

(X,t) ^7rTM(X). 

Indeed, let / G r(,^) and notice that for any g G Q there exists a unique /(g) G M""*"^ 
such that [(g, /(g))] = f{T^Q,M{q))) by the definition of the action /3. Then f : Q ^ 
is well defined and, for each g = (x, x; A), there are unique X\q G TjajM, r(g) G M such 
that 

J{q) = AX\g + r{q)x. 

The maps g H- X|q and q^ r{q) are smooth. We show that the vector X\q and the real 
number r(g) depend only on x and hence define a vector field and a function on M. One 
has [((x, x; A), f )] = [((x, y; B),w)] if and only if there is C G G(n, k) such that Cx = ^, 
= 5 and Cv = w. This means that C|imA = BA~^\iyaA '■ T\xMk T\yMk (with 
imA denoting the image of A) and this defines C uniquely as an element of G(n, k) and 
also, by the definition of /, C/(x,x,y4) = f{x,y,B). Therefore, 

BX\(^^^^.B) + r{x, y; B)y = C{AX\{^^S:;A) + r{x, x; A)x) = 5X|(^,£.^) + r(x, x; A)y, 

which shows that = X|(x,x;yi); f{x,y', B) = r(x,x; A) and proves the claim. 

Hence for each / G r(^) there are unique Xf G VF(M) and rj G C°°{M) such that 

/(x)= [{{x,x;A),AXf\, + rf{x)x)], 

(here the right hand side does not depend on the choice of (x, x; A) G t^q\j (x)). 
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Conversely, given X G VF(M), r G C°°(M) we may define /(x,r) G r(^) by 

f(x,r){.x) = [{{x,x;A),AX\^ + r{x)x)], 

where the right hand side does not depend on the choice of {x,x; A) G t^q\,j{x). 

Clearly, for / G 1(0, one has f(Xf,rf) = f and, for (X,r) G VF(M) x C'°°(M), one 
has (X/j^ ^j, rj^^ ^j) = {X,r). This proves that the map defined by 

r(0 ^ VF(M) X (:7°°(M) 

is a bijection. It is easy to see that it is actually a C°° (M)-module homomorphism. Since 
C°°(M)-modules 1(0 and VF(M) x C°°(M) are isomorphic and since VF(M) x C~(M) 
is obviously isomorphic, as a C°^(M)-module, to r(7rrAfeR), it follows that C, and 7rrjv/eR 
are isomorphic vector bundles over M. 

We now describe the connection V'^"' and the inner product structure on C, and 
we determine to which objects they correspond to in the isomorphic bundle vr^MeiR- 

By Section 2.1.3 in [13] and the above notation, one defines for / G r(0, Y ^ T\xM, 

X e M 

V^°7U := [((x,x; A),^R(r)|(.,,^^)7)], 

where f : Q ^ is defined above and =5fR(l^)|(x,£;A)/ is defined componentwise (i.e., 
we let ^r{Y)\(^x,x;A) to operate separately to each of the n + 1 component functions of 
/). The definition does not depend on {x,x;A) G T^Q\iix) as should be evident from 
the above discussions. The inner product on ^, on the other hand, is defined by 

hkiliix, x; A),v)], [((x, y; B),w)]) = g{X, Y) + krt, 

where v = AX + rx, w = BY + ty. It is clear that h^. is well defined. 

We slightly work out the expression for V'^"'. Let / G 1(0, G T|^.M, x G M. 
Then J{y, y, B) = BXf\y + rf{y)y where Xf G VF(M), r/ G C°°(M), 

^K{Y)\f^.,i.,A)l = ^K{Y)\i^.,,-A){{y.^^^ 

and choosing some path 7 on M such that 7(0) = F, then ^'1)^(7, q')(0) = =SfR(y)|g, 
where q = (x, x; A) and therefore 

Sn,k{.^RiY)\(^^^.A){iy,y; B) ^ BXf\y),x) = S„,fc(^|o(^©R(7,9)W^/l7(i))'^) 
= ^Io^"'4^2'r(7. W^/llW' 725r(7, q){t)) - Sn,k{AXf\^, AY) 

= - gk{AXf\,,AY) = -g{Xf\,,Y) = Sn,k{-lg{Xf\,,Y)x,x). 
Therefore, 

=^R(l^)|(x,x;A)((y,y;5) ^ BXjly) + lg{XfU,Y)x G T^M^, 
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and we write 

+ iYirf)-^giXf\,,Y))x. 

Correspondingly, using the isomorphism of and tttm^r, to the connection V'^"' 
and the non-degenerate metric on ^, there is a connection V'^"' and an indefinite 
metric (with the same names as the ones on ^) on tttm^r such that for X G VF(M), 
r e C°°(M) and Y e Tj^M, 

V^°'(X,r) =(A-i(^R(F)|(,,,;^)((|/,y;B) +r(x)y, 

y(r)-^^?(xu,y)), (77) 

where {x, x; A) & Q is arbitrary point of Q over x and 

/ifc((X,r),(y,s)) = (7(X,F) + fcrs, 

for X,F e T\^M, r,s e M. 

We will now prove the metric property fl76l) of the connection V*^"'. This will be 
done in the case of the bundle titm^m. but it gives the equivalent result on C^. 

If (X,r), (r, s) E TiTiTMm) and Z G T^M then 

Z(/ifc((X, r), (F, s))) =Z((7(X, F) + krs) 

=giVzX, r U) + giX\,, V zY) + A;Z(r)s(x) + kr{x)Z{s). 

On the other hand, 

/ifc(V|°'(X,r),(r,s)) =s„,fc(j^R(Z)|(,,£;^)((y,y;5) 

+ ^^7(XU, Z)x + rix)AZ, Ay) + A;(Z(r) - p{X\,, Z))s{x), 

for any g = {x.x; A) G 7rQ^jyj-(x) and choosing a path 7 s.t. 7(0) = Z we get 

Mv|°'(x,r),(y,s))=Vfc(^lo(^^^K(7,g)(t)x|7w)>^n 

+ r{x)g{Z, YD + (A;Z(r) - g{Xl, Z))s{x), 
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from which we finally get 

hk{Vf\X, r), (y, s)) + hkiiX, r), V|°'(F, s)) 

+ r{x)g{Z, YU) + {kZ{r) - g{XU, Z)) s{x) + s{x)g{Z,Xl) 
+ {kZ{s)-g{Yl,Z))r{x) 

=^lo^n+i(^2'a(7, <l){t)X\^{t), Av^il. W^'kw) + kZ{r)s{x) + A;r(x)Z(s) 

=^lo^(^l7(t)'^l7w) + kZ{r)s{x) + A:r(x)Z(s) 
=g{VzX, YD + VzF) + kZ{r)s{x) + A;r(a;)Z(s), 

which is exactly Z'(/ifc((X, r), (F, s))). 

Motivated by Eq. (177|) . we make the following definition. If F G T\xM and X G 
VF(M) then define 

where (z, A) is an arbitrary point on the fiber vrQ\,j(x) over x. It is easily seen that 
it is M-hnear in X and Y and, for / G C°°(M), 

V^°'(/X) = F(/)XU + /(x)V^°'X, 

so V'^"' is a connection on M. Moreover, from the above computations, we see that 
V'^"' is a metric connection with respect to g i.e., for X, F G VF(M) and Z G Tl^-M, 

Z{g{X, Y)) = g{VTX, Y) + g{X, V|°'F). 

We will prove that V^°' = V i.e., that V'^"' is the Levi-Civita connection oi g. To 
do this, we show that the connection V'^"' is torsion-free. 

Let X, F G VF(M), x G M. Then taking any q = (x, x; A) G T^Q\f{x) and any local 
smooth TTQ-section A such that Al^; = A and V^l^; = 0, we compute 

(V^°'F- V^°'X)U =A~\^n{X)\i,,,,A){{y,y;B) ^ + (7(XU,rU)x) 

=A-'{V^x,AX){AY) -V^Y,AY){AX)) 

=(Vxr-VyX)U = [x,r]U. 

Since V'^"' is a torsion-free metric connection w.r.t. g on M, it follows by uniqueness 
of Levi-Civita connection that 

V'^"' = V. 
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Thus if X G VF(M), r E C°°{M) and Y E T\^M, 

V^°'(X, r) = (VyX + r{x)Y, Y{r) - ^(^(XU, F)) . 
This concludes the proof of Theorem 16.111 

□ 

Remark 6.12 Define a number 5^^ for z, j = 1, . . . , + 1 as follows, 

fO, z^j, 

— Si, ^ = j = 1, • • • 

I A;, i = j = n + 1. 

We say that a frame (X^, of T|^M©M is /i^-orthonormal if hk^Xi, U), (Xj, tj)) = S^j. 

We may build the manifold Fq^^Itttm^r) of /i^-orthonormal frames in the standard way. 

Now we will prove that the bundle i^ooN(^rAfeR) of /i^-orthonormal frames of uta-kbm. 
is isomorphic to ttq^j^i as a bundle over M. The isomorphism $fc : ttq^m — ^ ^qonI'^tmibk) 
can be described as follows. Let (x, x; A) E Q. Then there are unique (Xj, U) E T|a;M©]R, 
i = 1, . . . , n + 1 such that e/ = AXi + Ux where Cj, i = 1, . . . , n + 1, is the standard basis 
of M""*"^. One easily computes that 

hk{{Xi,U), {Xj,tj)) = g{Xi,Xj) + ktitj = Sn,k{AXi, AXj) + Sn,k{Ux,tjx) 

since s„^fc(/lXj, tjx) = 0, s„ ^(tjX, AXj) = 0. Thus define := {Xi,ti)^^l . 

We will give a description the inverse map Let (Xj,tj)"d']^ E Fqq^{titm®r) ■ Then 
there are unique G M such that Yl^i=i ct-ii^i^U) = (0, 1). We notice that = kU for all 
i = 1, . . . , and a„+i = tn+i, since 

n+1 n+1 

= gC^aiX,,X,) = ^ai(4 - kUtj), 

i=l i=l 

and because cbiti = 1. Hence kY^^^^^tj + t^+i = 1. Define x := J2^=i{kti)ei + 

t„+ie„+i for which Sn,kix,x) = k{kJ2^=i't'i+'tn+i) = A; i.e., x E Mk- Moreover, it is easy to 
see that each Cj —tiX is Sn,fc-orthogonal to x and hence we may define A : T\xM — )■ T\xMk 
by requiring that AX^ = e, — tiX, i = l,...,n + 1. It can be shown that A is well 
defined by this formula and an orthogonal linear map i.e., {x,x]A) E Q. Also, evidently 
$(x,x;A) = (X„t,):L\'- 

6.3 Controllability Results for Rolling Against a Non-Flat Space 
Form 

It is now clear, thanks to Theorem I6.11| that the controllability of the rolling problem 
of a manifold M against a space form amounts to checking whether the connection 

yRol 

T^TMeR has full holonomy or not i.e., whether = G{n, k) or not. 



97 



For the rest of the section, we assume that k only takes the values 1 and —1, and 
for notational purposes, we use the letter "c" instead of "k" and thus c G {+1, — !}• 

In Riemannian geometry, the reducibility of the Riemannian holonomy group is 
characterized (in the complete simply connected case) by the de Rham Theorem (see 
|28)). We aim at giving an analog of this result w.r.t. V'^"' in Theorem 16.141 below. 
Before doing so, we first prove a simpler result showing that the conclusion of Theorem 
16. 141 below is not trivial. 

Proposition 6.13 Suppose that {M,g) is a space form of constant curvature equal to 
c G {+1, —1}- Then the rolling connection V'^°' defined by the rolling problem(i?) of (M, g) 
against (Mc,Sn,c) (i ^-. we roll {M,g) against itself) is reducible and, for each x G M, the 
irreducible subspaces of the action of the holonomy group H^'^°'\x on Tj^M © M are all 
1-dimensional. 

Proof. Let [p^, . . . ,p"+^) be the canonical chart of M""*"^ where is the projection onto 
the j-th factor and write h = he for the inner product in TM © M. We will assume that 
the space form M is the subset Mc of M"+^ as defined previously. Define a vector field 
Z := Yll^=i P^'^ ^ is equal to the half of the gradient in (M""*"^, Sn,c) of the function 
{p^y + ■ ■ ■ + (p")^ + c{p"'~^^y. Notice that Z is s„^c-orthogonal to the submanifold 
M = Mc of M"'^^ and hence T\xM is the s„,c-orthogonal complement of Z\x for x G M. 
Moreover, s„ c(^) Z) = c. 

Next we define, for j = 1, . . . , n + 1, the vector fields 

^r-=^-CSn,c{^,Z)Z 

and functions 

d 

r^(x) = cSn,c{Tr-,Z\^). 
op^ 

The restrictions of Z, l^^r-' onto M will be denoted by the same letters. Notice that 
(1^-,W), j = 1, ... ,77, + 1 are /i-orthogonal at each point of M and hence they form a 
global orthogonal frame of 71tm®r- 

Denote, as usual, by V the Levi-Civita connection of {M,g). Take any vector fields 
X = ^"+1^ X'^ G VF(M) and U = ^"j"/ e VF(M) and let U be some extension 

of U onto a neighbourhood of M in W^~^^ with corresponding components W. Then we 
have for x G M, 



where we understand as a map TM""^^ — t- TM""^^ using the obvious isomorphisms 
T\xiTR''+^) Tl^M'^+i for each X G r|^M"+i 



Then we compute for any x G M and X = Yll=i -^^W^ ^ Tl^M 



n+l rN n+1 r% 



' dp^ dp^ 

1=1 1=1 
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and (notice that (^)^ = 0) 



d d 

from which we get 

d d d 

d d 

+ 'Sn,c(^^; Z\x) Sn,c{X^ Z\x)^ Z\x = —CSnA-Q — ,Z\x)X. 
=0 



Moreover, 



SnA^^Yj) =S„_c(^, T— ) - C Sn,c{XjZ\x) SnAZ, q — ) = Sn,c(^, g — ): 



and thus 

V|°'(r„r^) ={VxY,+r^{x)X,X{r^) - hnA^^Y^U)) 



( 

- ^-^nA^^ Z\,)X + CSnA-Q^^ Z\x)X, CSnAg^^ ^) " CSn,c (X, — ) 

<0,0). 



This means that all the vrrMeR-sections {Yj,r^), j = 1, . . . ,n + 1 are V '^"'-parallel 
globally. In particular, for any ,x G M and loop 7 G Qx{M), 

^(i^^"')?(7)((lS-,P^')l.w) = iP^'yM'^Mt)iY,y) = 0, 
which means that (x = 7(0)) 

(>S,P'')l7(t) = (^^")o(7)(>S-,P^')UVt, 

and hence 

i.e., that the 1-dimensional subbundles spanned by each [Yj, are invariant under the 
holonomy group of V'^"'. Thus we have proved what we claimed. 

□ 
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Below we will only consider the case of positive curvature c = +1 i.e., rolling against 
the unit sphere. 

Theorem 6.14 Let {M,g) be a complete Riemannian manifold and (Afi,s,i+i) be the 
unit sphere with the metric induced from the Euclidean metric of ]R"+^. If the rolling 
connection V'^"' (see (17^ ) corresponding to rolling of (Af, g) against (Mi, s„_|_i) is reducible, 
then (Mi,s„4.i) is a Riemannian covering of {M,g) . 

Recall that the reducibility of the connection V'^"' means that its holonomy group, 
which is a subgroup of G{n,c), is reducible i.e., there exists two nontrivial invariant 
subspaces Vi, V2 ^ {{0}, M"''"^} of M""*"^ which are invariant by the action of this group. 

Proof. In this case we have c = +1 (corresponding to the sphere space form) and we 
will write h = hi for the inner product on TM © M. 

Fix once and for all a point Xq G M. The assumption that V'^"' is reducible means 
that there are two subspaces Vi, V2 C T\xgM © R which are nontrivial (i.e., Vi, V2 ^ 
{{0},T|2;gAf © M}) and invariant by the action of the holonomy group of V'^"' at Xq. 
Since the holonomy group of V'^"' acts /i-orthogonally on Tl^^M, it follows that Vi _L V2. 

Define subbundles ttj). : Vj M, j = 1, 2 of vr^MeR such that for any x & M one 
chooses a piecewise curve 7 : [0, 1] — >■ M from xq to x and defines 

v,u = {p^''y,{^)v,, J = 1,2. 

These definitions are independent of the chosen path 7 since if u is another such curve, 
then a;~^.7 G Qxo{M) is a loop based at xq and hence by the invariance of Vj, j = 1,2 
under the holonomy of V'^"', 

(p^^yohw, = (p^^°')j(c.) (p^^°')j(c.-.7)v^. = (p^'-'mv, 

v ' 

Moreover, since parallel transport (-P^''°')o(7) is an /i-orthogonal map, it follows that 
Vi ± V2 w.r.t the vector bundle metric h. 

It is a standard fact that Vj, j = 1,2, are smooth embedded submanifolds of TM©R 
and that the restriction of tttm^r to Vj defines a smooth subbundle ttj). as claimed. 
Moreover, it is clear that 

and this sum is /i-orthogonal. 

We will now assume that both Vj, j = 1,2, have dimension at least 2. The case 
where one of them has dimension = 1 can be treated in a similar fashion and will be 
omitted. So we let m + 1 = dim Vi where m > 1 and then n — m = (n + 1) — (m + 1) = 
dimP2 > 2 i.e., 1 < m < n — 2. Define for j = 1,2 

Vf = WiiP,) = {X I (X,r) e V^} C TM, 

and 

Nj = {xeM \ (0, 1) G Vj\^} C M. 
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Trivially, A^i fl A^2 = 0- Also, Nj, j = 1,2, are closed subsets of M since they can be 
written as Nj = {x & M \ pj-{T\j;) = T\x} where pj- : TM©R — )■ Vj is the /i-orthogonal 
projection onto Vj and T is the (smooth) constant section x i— >■ (0, 1) of tttm^r- 

We next briefly sketch the rest of proof. We will show that Nj are nonempty totally 
geodesic submanifolds of M and, for any given xj & Nj, j = 1,2, that (M, g) is locally 
isometric to the sphere 

S = G T\^N, © T\^N2 I llXill^ + IIX^II^ = 1}, 

with the metric G := {g\T\^ Ni ®9\t\^ Af2)l-S'- Here ± denotes the orthogonal complement 
inside Tl^M w.r.t. g. Since {S,G) is isometric to the Euclidean sphere (Mi,s„ i) this 
would finish the argument. The latter is rather long and we decompose it in a sequence 
of ten lemmas and we start with the first one. 

Lemma 6.15 The sets Nj, j = 1,2, are non-empty. 

Proof. Note first that Ni U N2 ^ M since otherwise Ni = M\N2 would be open and 
closed and similarly for But then if, say, A'^i 7^ we have A'^i = M by connectedness 
of M i.e., the point (0, 1) G for all x G M. Then for all x G M, X G VF(M) one 
has, by the invariance of Vi by the holonomy of V'^"' and by (172|) . 

V^U^V%{0,1) = {XU,0), 

which implies that Vi = TM © M, a contradiction. 

Let x' G M\{Ni U A^2) be arbitrary. Choose a basis (Xo,ro), . . . {XmjTm) of I^ilx'- 
Then at least one of the numbers tq, . . . , is non-zero, since otherwise one would have 
{Xi,ri) = {Xi,0) ± (0, 1) for all i and thus _L (0, 1) i.e., (0, 1) G 'D2U' i.e., x' G N2 
which is absurd. We assume that it is Tq which is non-zero. By taking appropriate 
linear combinations of (Xj,rj), i = 0, ...,m (and by Gram-Schmidt's process), one 
may change the basis [Xi, rj), -i = 0, . . . , m, of Vil^ so that ri, . . . , = 0, Tq 7^ and 
that [Xq, Tq), [Xi, 0) . . . , [X^, 0) are /i-orthonormal. Also, Xq, . . . , X^ are non-zero: 
for Xi, . . . , Xm this is evident, and for Xq it follows from the fact that if Xq = 0, then 
tq = 1 and hence x' & Ni, which contradicts our choice of x'. 

Now let 7 : M — M be the unit speed geodesic with 7(0) = x', 7(0) = n^^- 

Parallel translate (Xj,rj) along 7 by V'^"' to get vrx)^ -sections (Xj(t), rj(t)) along 7. In 
particular, from (17^ one gets 

with ro(0) 7^ 0, ri(0) = • • • = rm{0) = 0. From the second equation in (173|) one obtains 
^i(O) = ^'(7(0), Xj(0)) = llXoll""'^ 5'(Xo, Xj) and thus rj(0) = for z = 1, . . . , m since 
(Xj,0) is /i-orthogonal to (Xo,ro). Moreover, ro(0) = ||Xo||g. Hence rj(t) = for 
all t and i = 1, . . . ,m and ro{t) = ||Xo||g sin(t) + rocos(t). In particular, at t = to '■= 
arctan(— ii^^'ll ) one has rj(to) = for alH = 0, . . . , m which implies that Vi\y(^to) -L (0, 1) 

i.e., 7(to) £ ^^^2- This proves that N2 is non-empty. The same argument with Vi and 
V2 interchanged shows that Ni is non-empty. 

□ 
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Lemma 6.16 For any x G Af and any unit vector u G Tl^M, 

(^^")o(7«)(0,l) = (-sin(t)7„(t),cos(t)). (78) 
Proof. Here and in what follows, (t) := exp^{tu). Write 

(Xo(t),ro(t)):=(P^"')*(7«)(0,l). 

The second equation in (175]) implies that fo(0) = 5'(7u(0), Xo(0)) = (7(^,0) = and, 
since ro(0) = 1, the second equation in (17^ gives 

ro(t) = cos(t). 

Notice that, for all t G M, 

V^„(t)(- sin(t)7„(t)) + ro(t)7„(t) 
=V7„(t)(-sin(t))7„(t) - sin(t)V^4j)%(t) + cos(t)7„(t) 
= - cos(t)7„(t) - + cos(t)%(t) = 0, 

i.e., — sin(t)7„(t) solves the same first order ODE as Xo{t), namely V^„(t)Xo+ro(t)7M(t) = 
for all t by the first equation in fl73l) . Moreover, since 

(-sin(t)7,(t))|t=o = = Xo(0), 

it follows that Xo(t) = — sin(t)7u(t), which, combined with the fact that ro(t) = cos(t) 
proven above, gives ( ITS]) . 

□ 

Lemma 6.17 The sets Nj, j = 1,2, are complete, totally geodesic submanifolds of 

{M,g) and Vf'\, = T\,Nj, Vx G iV,, j = 1,2. 

Proof. We show this for A^^i. The same argument then proves the claim for Let 
X ^ Ni and u G T>f^\x a unit vector. Since (0, 1) G Pil^, Eq- fl78]) implies that 

T^iUt) ^ (P^^'YoiluMl) = (-sin(t)7„(t),cos(t)) 

Next notice that 

( cos(t)7,(t), sin(t)) =( - sin(t)7„(t) + sin(t)7,(t), cos(t) - cos(t)7,(t))) 
= (0,0), 

and hence, since ( cos(t)7„(t), sin(t)) |t=o = ("^7 0) G Vil^ (this is so because u G Vf^^, 
hence there is some r G M such that (n, r) G T>i\x and since (0,1) G because 
X G iVi, then 9 (n, r) - r(0, 1) = (u, 0)), we have, for all t G M, 

(cos(t)7„(t),sin(t)) = (P^"')*(n,0) G 



102 



Hence for all t G M, 

Vil^^^t) 9 sin(t)(cos(t)7„(t),sin(t)) + cos(t) ( - sin(t)7„(t), cos(t)) = (0,1). 

This proves that any geodesic starting from a point of A'^i with the initial direction 
from Vf^ stays in A'^i forever. Hence, once it has been shown that A^^i is a submanifold 
of M with tangent space T\xNi = Pf^l^ for all x G A^i, then automatically A'^i is totally 
geodesic and complete. 

Let X & Ni. If one takes an open neighbourhood f/ of x and local vrx^j-sections 
{Xm+i, Tm+i), . . . , {Xn, Tn) which form a basis of V2 over U, then it is clear that NiClU = 
{x eU \ r^+i(x) = ■ ■ ■ = r„(x) = 0} 

Thus let {Xm+i,rm.+i), • • • , {Xn,rn) G T>2\x be a basis of T>2\x- Choose e > such 
that exp^ is a diffeomorphism from Bg[0,e) onto its image and define for y G t/e, 
j = m + 1, . . . ,n, 

(X„r,)|, = (P^"')J(rH^exp,(rexp;i(y)))(X,,r,). 
Then {Xj,rj) are local Trxij-sections and it is clear that 

N^nU, = {y eU,\ rm+i{y) = ■■■= rn{y) = 0}. 
Moreover, from ( !73|) . 

Vrj\^ = Xj\^, j = m + 1,. . . ,n, 

which are linearly independent. Hence, by taking e > possibly smaller, we may 
assume that the local vector fields Vrj, j = m + 1, . . . ,n, are linearly independent on 
U^. But this means that Ni H = {y & \ r^^+iiy) = ■ ■ ■ = r„(y) = 0} is a smooth 
embedded submanifold of Ue with tangent space 

T\,Ni ={X G T\,M I g{Vr,, X) = 0, j = m + 1, . . . ,n} 
={X G TUM I g{Xj, X) = 0, J = m + 1, . . . , n} 



Since x G Ni was arbitrary, this proves that A'^i is indeed an embedded submanifold 
of M and T\^Ni = |^ for all x G A^i. 

□ 

Lemma 6.18 Let di{x) := dg{Ni,x), x G M. Then in the set where di is smooth, 

(V cos(rf,,(-)), cos(rf,(-))) GPf, (79) 
where V is the gradient w.r.t g. 

Proof. Let x G M\Ni. Choose y e Ni, u e {T\yNi)-^ such that 7^ : [0,di{x)] M 
is the minimal normal unit speed geodesic from A^i to x. Since (0, 1) G T>i\y (because 
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y G A^i), it follows that the parallel translate of (0, 1) along 7„ stays in Vi which, in 
view of (178|l . gives 



2^iU.9(P^"')r^H7.)(0,l)=( 



( - sin((ii(x))7„(di(x)), cos(di(x))) 
( - sin((ii(x))V(rfi(-))|x',cos(rfi(x))) 
(V cos(rfi(-))|3;, cos(rfi(x))), 



where the last two equalities hold true if x is not in the cut nor the conjugate locus of 
A^i (nor is a; in iVi, by assumption). Working in the complement of these points, which 
is a dense subset of M and using a continuity argument, we may assure that the result 
holds true everywhere where is smooth. The same argument proves the formula ( !79|) 
for 62 as well. 



wherever di{-) is smooth. 

Proof. It is known (see [27]) that for any F, Z G VF(M), di{-) satisfies a PDE 



for every y E M such that di is smooth at y (and this is true in a dense subset of M). 
In particular, y ^ Ni. Also, since the set of points y E M where cos{di{y)) = or 
sm[di{y)) = is clearly Lebesgue zero- measurable, we may assume that cos{di{y)) ^ 
and sin((ii(y)) 7^ 0. 

Notice that (Xq, tq) := (V cos((ii(-)), cos((ii(-))) belongs to Vi and has /i-norm equal 
to 1. We may choose in a neighbourhood U of y vector fields Xi, . . . , Xm G VF{U) such 
that {XQ,rQ), {Xi,0), . . . , {Xm,0) is an /i-orthonormal basis of Vi over U. Assume 
also that (Xo,ro) is smooth on U. This implies that there are smooth one-forms Uj, 
i, j = 0, . . . ,m defined by (set here ri = ■ ■ ■ = = 0) 



□ 



Lemma 6.19 For every Y G VF(Af), one has 



g{R{Y,Vd,{-))Vd,{-),Y) = giY,Y) - {Vy{d,{-)))\ 



(80) 



g{R{Y\y, Vd^iy))\/d^iy), Z\y) =Y{ess\d,{-)){Y\y, Z\y) 

+ (Vvdi(y)Hess(di(-)))(l^|j;,^ 



m 



V^°'(X,,r,) = ^a;^(F)(X„r,), Y G VF(M), 



i=0 



or, more explicitly. 




m 



m 



Y{r,)-g{Y,X,) = Y,^]{Y) 
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Since (Xo,ro), . . . , {Xm,rm) are /i-orthonormal, it follows that = — cu^. The fact that 
ri = ■ ■ • = = implies that 

-g{Y,Xj) = u'{Y)ro, j = l,...,m 



I.e., 



cos((ii(-))' 

But then one has that (notice that cJq = 0) 

m 

which simplifies to 

- sin(rfi(-))VyVrfi(-) - cos(t/i(-))Vy(t/i(-))Vt/i(-) 



or 



^ m 



VyVdi(-) = - COt(di(-))VY(di(-))Vdi(-) + COt(di(-))l" 



Y^g{X,,Y)X, 



sin(cii(-))cos(rfi(-)) ^ 
Writing SiY) := VyVrfi(-) = Hess(di(-))(y, one obtains 



(Vv.,{.)5)(r) = Vv.,(.)(5(F)) - 5(Vv.,(.)l^) 
1 



27V7TvVy(rfi(-))Vrfi(-) - cot(t/i(-))^?(Vvd,(.)>^, Vt/i(-)) Vrfi(-) 



1 1 ^ m 



sin^(rfi(-)) Vcos2(di(.)) sin^(rfi(-)) 

sin(ci,(.))cos(c/,(.)) g ^-^(■)^^)^^' + ^^■)^-,.)^.) 

cot(rfi(-)) Vvv.,,)^(^i(-))^^i(-)' 
V ' 

=3(Vdi(-),Vvdi{.)>') 
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where we used that Vvdi(-)('^i(')) — V(ii(-)) = 1. On the other hand, 

}iess\d^{■)){Y,■) = S\Y) = S{S{Y)) 
=S(^ - cot(rfi(-))Vy(rfi(-))Vrfi(-) + cot(rfi(-))r 

^ m 

"sin(rf,(.))cos(rfi(-))^'^^"^^^^' 

2 

= - cot2(rfi(-))Vy(rfi(-))Vrfi(-) + cot2(rfi(-))F - -TTJTY, E ^(^^■' ^)^^- 

+ sin^(d,(-))cos2K(-))^'^^"^^^" 
where we used that Vdi{-), Xi, . . . ,Xm are gf-orthonormal (recall that 

Xo = -sin(rfi(-))Vrfi(-).) 

Thus, for any Y, Z & VF(M), one has on U that 

-g{R{Y,Vd^{■))Vd^{■),Z) 

= - g{Y, Z) + ( . , . . - cot2(rfi(-))) VyK(-))Vz(rfi(-)) 
Vsm (ai(-)) / 

- sin(rf.(.))cos(^.(.)) g (^P'- Vw.,.,^i)9(^. Z) + 9(5-, X,)9(Vw.„^. Z)) ■ 

We also set Z = Y and hence get 

-g{R{Y, Vrfi(-))Vrfi(-), = - g{Y, Y) + Vy(rfi(-))VyK(-)) 

2 



sin(rfi(-))cos(rfi(-)) ^ 



Here 



^ m 

sin(c?i(-)) i^i^-- — ^ ' 



Wl W2 
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where expression (^)i is skew-symmetric in while {'k)2 is symmetric on Hence 
the sum is zero. We finally obtain 

g{R{Y, Vrfi(-))V(ii(-), Y) = g{Y, Y) - (Vy(rfi(-)))', 

as claimed. It is clear that this formula now holds at every point of M where di{-) is 
smooth and for any Y G VF(M). In particular, if F is a unit vector (yf-perpendicular to 
V(ii(-) at a point y of M, then Vy(ii(-)|j, = g{S/di{-)\y^Y\y) = and hence 

sec(y,di(-))|, = +l. 

□ 



Lemma 6.20 For every x E Ni, a unit vector u E (T|^.A''i) and v E T\xM with v 

sin(t) 
7 



||(expj,|i„(t;)||^= I— ^1 t G M. (81) 



In particular, for all unit vectors mi,M2 G (Tl^A'^i)-'- one has 

exp^.(7rni) = exp^(7ru2). 

Proof. Let Yu^v{t) = ^|oexp^(t(M + st')) be the Jacobi field along '')u{t) = exp^(tu) such 
that i^M,^(0) = 0, V-y„(o)^M,i; = V. Since i; ± n, it follows from the Gauss lemma (see 
|28| ) that Yu.v{t) _L %(t) for all t. Moreover, the assumption u E {T\xNi)-^ implies that 

Vcii(-)l74t) = 7n(t) and thus Vy„_4t)(4(-)) = ^(7u(i), K,.(t)) = 0. 
By polarization, one may write ( IHOl) into the form 

i?(Z(t),7.(t))%(t) = Z(t) - (7(^(t),7n(t))%(t), 
for any vector field Z along 7„. In particular, 

since 5f(yu t,(t), %(t)) = for all t. On the other hand, the vector field Z{t) = 
sin(t)PQ(7u)f satisfies along 7^ 

V^4i)V^„Z = -Z(t), Vt 
Z(0)=0, V^^Z\t=o = v, 

i.e., the same initial value problem as Yu^v This implies that 

F„,,(t) = sin(t)Po*(7«)^, (82) 

from which we obtain (IHT]) because F„^t,(t) = t(exp^)*|t„(f ). 

The last claim follows from the fact that the map exp^ \s : S ^ M where S = {u E 
(T|a.A''i)-'- I = vr} is a constant map. Indeed, if m G S", f G T\uS and we identify v as 
an element of T\xM as usual, then by what we have just proved (note that u = tttttt ), 



smi^TTj 

\\{eWx)*\u{mg = Mg = 0. 



Hence exp^. \s has zero differential on all over 5* which is connected, since its dimension 
isn — m — l>lby assumption. Hence exp^. is a constant map. 

□ 



107 



Lemma 6.21 For every x E Ni and unit normal vector u E (Tl^A^i)-*-, the geodesic 
1 1-^ 7u(t) meets N2 exactly at t G (Z + |)7r. The same holds with the roles of Ni and N2 
interchanged. 

Proof. Let x E Ni and u E (Tl^A^i)-*- be a unit vector normal vector to A'^i. For 
(X,r) E PiU define {X{t),r{t)) = (P^'°')* (7„)(X, r). Then by ([73]), dZD we have 
(notice that g{u,X) = since u E {T\^Ni)^ = (Vf^lx)^ and X E Vf^\x) 

r{t) =r(0) cos(t). 

Hence, (X(t),r(t)) is /i-orthogonal to (0, 1) if and only of r{t) = i.e., r(0) cos(t) = 0. 
This proves that (0,1) ± Vi\j^(^t) i-e., (0,1) E T>2\-y^(t) i-e., 7n(^) ^ ^2 if and only if 
t G (| + Z)7r (obviously, there is a vector (X, r) G with r 7^ 0). 

□ 

Lemma 6.22 The submanifolds A^^i, N2 are isometrically covered by Euclidean spheres 
of dimensions m and n — m, respectively, and the fundamental groups of A''i and are 
finite and have the same number of elements. More precisely, for any x E Ni define 

Sx = {uE (TUiVi)^ I \\u\\^ = 1}, 

equipped with the restriction of the metric g\x of T|a.M. Then 

TT 

5"^ N2; exp^.(-M), 

is a Riemannian covering. The same claim holds with A'^i and N2 interchanged. 

Proof. Denote by Ci the component of A'^i containing x. We will show first that Ci = Ni 
i.e., A^i is connected. 

Let Hi E Ni. Since Ci is a closed subset of M, there is a minimal geodesic 7^ in 
M from Ci to yi with 7i,(0) = v a. unit vector, Xi := 7,^(0) G Ci and 7t,((i) = yi, with 
d := dg{yi,Ci). By minimality, w G (Tlx-iCi)-*" = (Tl^-^A'^i)"'". Hence by Lemma r6.21l the 
point X2 '■= exp^^(^w) = 7,;(f ) belongs to Since the set 

Sx, = {uE (TU.iV^)^ I ll^ll, = 1}. 

is connected (its dimension is m > 1, by assumption that we made before). Lemma 
16.211 implies that exp^^ (f'S'i^) is contained in a single component C[ of A^^i. Writing 
u '■= 7t;(f )) we have ±u E 8^2 so 

TT d 

C[ 3 exp^^(-fn) = exp^^ ( - - — |^ exp^^(tt;)) = exp^^((f - t)i;)|t=5 = Xi, 
and since also Xi G Ci, it follow that C[ = Ci. But this implies that 

7^(7r) = exp^.^(7n;) = exp^^ (2 exp^i(^^)) = exp^-ad^) ^ C*!- 
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It also follows from u E (T|^.2A^2)"'" that 7„(7r) = ;^ | tt exp^,^ (tw) G (T|^^(7r)A''i)-'-. Since 

exp^^{{d — j)u) = Hi E Ni, Lemma [6.211 implies that (i — ^ G (| + Z)7r, from which, 
since ci > 0, we get d G NqH, where Nq = {0, 1,2,...}. 

By taking = 7„(|7r) G N2 we may show similarly that 7^(27r) G Ci and by 
induction we get '-/^{kn) G Ci for every k G Nq. In particular, since d G Nqtt, we get 
2/1 = li'id) G Ci. Since yi G A''i was arbitrary, we get A''i C Ci which proves the claim. 

By repeating the argument with A'^i and A^2 interchanged, we see that is con- 
nected. 

Eq. f lHTl) shows that, taking u E Sx and v G T\uSx, i.e., v -L u, v 1. T\xNi, 



d I . 
^lo^xP:, [-{u + tv}} 



(exp^)*lf«(^'y) 



This shows that u exp^(|M) is a local isometry Sx N2. In particular, the image is 
open and closed in N2, which is connected, hence u 1— >■ exp^(|M) is onto A^2- According 
to Proposition II. 1.1 in [28], u 1— >■ exp^{^u) is a covering Sx N2- 

Similarly, for any y E N2 the map Sy ^ Ni, u ^ expj^(|M) is a Riemannian covering. 

Finally, let us prove the statement about fundamental groups. Fix a point Xi G Ni 
and write </'i(u) = exp^.{^u), i = 1,2, for maps (pi : Sx^ N2, 02 : Sx2 ~^ ^''i. The 
fundamental groups 7ri(A'^i), vri(A''2) of A^^i, N2 are finite since their universal coverings 
are the (normal) spheres Sx2, Sx^ which are compact. Also, 4>i'^{x2) and </)^^(xi) are in 
one-to-one correspondence with 7ri(A''2) and 7ri(A'^i) respectively. 

Define $1 : (pi^{x2) — )• 8x2', = — ^| z exp^j(tM) G 8x2 and similarly $2 : 

(p2^{xi) Sx^; ^2{u) = -^|| exp^.2(tu) G S^^. Clearly, for u G (f)i^{x2), 

02($i(n)) = exp^.^ ( - 2^||exp^iM) = exp^^((f - t)n)|t=| = xi, 

i.e., <I>i maps (j)i'^{x2) Similarly $2 niaps (j)2^{xi) — )■ </)]~"'^(x2). Finally, $1 

and $2 are inverse maps to each other since for u G (j)i^{x2), 

$2(*iH) = -^|. exp^.^ ( -t-^l^exp^^(sM)) = -^|. exp^^((f = u, 

and similarly $i($2(^)) = for n G 02 ^(xi). 

□ 

For the sake of simplicity, we will finish the proof of Theorem 16.141 under the as- 
sumption that N2 is simply connected and indicate in Remark 16.251 following the proof 
how to handle the general case. 

The fact that N2 is simply connected is clearly equivalent to saying that 

TT 

Sx N2; exp^(-n), 

defined in Lemma 16.221 is an isometry for some (and hence every) x G A'^i. It then 
follows from Lemma 16.221 that A^^i is (simply connected and) isometric to a sphere as 
well. 

We next get the following. 
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Lemma 6.23 Fix Xi G Nj, j = 1,2 and let 

S., = {u e (TU.iVi)^ I ||n||^ = 1}, S,, = {ue (TU,iV2)^ I = 1}, 

the unit normal spheres to Ni,N2 at Xi,X2 respectively. Consider first the maps 

/i : S.,, -> iV2 /2 : S,, ^ iVi (83) 

fi{u) = exp^^(^u) f2{v) = exp^^(|w), 

and the map w which associates to {u,v) E Sx^ x the unique element of Sf2{v) such 

that expj2(„)(fif (u, f)) = fi{u)- Finally let 

<I/:]0,^[xSx,xSx,-^M (84) 
^(^, u, w) = expj2(^,)(tu'(u, i;)). 

Suppose that S :=]0, |[xS'a.^ x is endowed with the metric g such that 

9\{t,u,v) = dt^ + sin2(t)^|T|„s., + cos'^{t)g\TUs.^- 
Then \1/ is a local isometry. 

Proof. We use G to denote the geodesic vector field on TM i.e., for m G TM we liave 

d^ 

G\u := %(0) = — |pexp^^^^(„)(tM). 

Tlien the projections on M by tttm of its integral curves are geodesies. Indeed, first we 
notice that 

<^l7-w = ^lo^xp7.w(^^«W) = ^lo^«(^ + ^) = 'y«W' 

and hence, if F be a curve on TM defined by T{t) = 7u(t), then 

r(t)=7«(t) = G|,4i)=G|rw, 

and r(0) = u. Hence F satisfies the same initial value problem as t i— ^G{t,u), which 
implies that 

$G(t,M) = %(t), VteM, mgTM, 

and in particular, 

{tttm o $G)(t, ^) = lu{t), Vt G M, u G TM. 

For every u G TM there is a direct sum decomposition © of T|„TM where 
Vu = VluiiiTM) is the TTTM-vertical fiber over u and if^ is defined as 

Hu = {^|o^o(7x)n I X G TU,,,(„)M}. 
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We write the elements of T\uTM w.r.t. this direct sum decomposition as {A, B) where 
A G Hui B G Vu- It can now be shown that (see |28] Lemma 4.3, Chapter II) 

{{^G)t)Au{A,B) = V-v„(t)^{A,B)), {A,B) G T|„TM, u G TM, 

where ^(a,_b) is the unique Jacobi field along geodesic 7^ such that Z{^a,b){^) = A, 

Vt,„(o)^{AB) = B. 

We are now ready to prove the claim. First observe that 

and hence, for Xi, X2) G TS, 
d d 

^,( — ,Xi,X2) ={7TTM)*{-^<^G{t,w{u,v)) + (($g)0* Um^* (^1, ^2)) 

= {TT^TM)*(G\cS,^(^t,w(u,v)) + (^t«.(Xi,X2)(^), V^(^^^^„^^)(^_^(„^^))Z^,(Xi,X2))) 
='iw{u,v){t) + Z^^(^Xi,X2){t)- 

On the other hand, 
from where 

= ^u..(Xi,X2) (2)- 

Similarly, since 

(tttm o <I>g) (0, w)) = txtm{w{u, v)) = /2(w), 

we get 

{f2)*\v{X2) = ^tu*(Xi,X2)(0)- 

As in the proof of Lemma |6.20[ we see that the Jacobi equation that Z^^(^Xi,X2) 
satisfies is V^^(^^^j(t) V^^(^_„jZ^^(Xi,x2) = -Zw,{Xi,X2)ii)- It is clear that this implies 
that ^«,.(Xi,X2) h^-s the form 

Zw4x^,X2){t) = sin(t)Po*(7^(„,^))Vi + cos(t)Po(7^(„,^)) V^2, 

for some Vi, V2 G T|j2(u)M. Now, taking into account the boundary values of ^io,(Xi,X2)(^) 
at t = and t = ^ as derived above, we get 

Vl=P|(7^(„,„))((/l)*|n(Xi)), 
V2={f2)MX2). 
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Define 

Yi{t) = sin(t)Po*(7«;M)Vi = sin(t)P|(7^(„,^))((/i)*|„(Xi)), 

Y2{t) = COs(t)P*(7^(„,^))y2 = COs(t)Po*(7^(„,„))((/2)*|„(X2)), 

which means that 

Z = Yi + Y2. 

Notice that Yi and Y2 are Jacobi fields along '~fw{u,v)- 

Since w{u,v) E {T\f^^^)Ni)^ and 'jnjiu,v){^) e (T|/^(„)iV2)"^ and 

Yii^) = (/i)*U(Xi) e r|;,(„)iV2, 1^2(0) = (/2)*|.(X2) G T|^,(,)iVi, 

it follows that 

^1, ^2 -L 7t« 

We claim that moreover 

Yi ± Y2. 

Indeed, since (/2)*|i.(-^2) ^ '^\f2iv)^i and (0, 1) G ^^i|/2(d) (by definition of A''i), we have 
((/2)*k(X2),0) G "^11/2(1,) and hence, for all t, 

iZ,{t),nit)) := (P^"')*(7«,K.))((/2)*|.(X2),0) G Pi. 

On the other hand, ri satisfies fi +ri = with initial conditions ri(0) = and ri(0) = 
5'(7»i;{M,i')(0), 2'i(0)) = 5f(w(M,t;), (/2)*|^(X2)) = so ri(t) = for all t. Thus 
satisfies V^^(^^j(t)Zi = i.e., = Po(7^(„,t,))((/2)*k(X2))- Similarly, if : = 

(Z2(f -t),r2(f -t)) := (P^")^(7^>,„))((/i)*U(Xi),0) G P2, 

and we have r2(f - t) = and ^2(1 - t) = Po(7«''(«,f))((/i)*|i>(-^i)) i-^-, ^2(i) = 
-P|(7«>(«,i;))((/i)*U(Xi))- But since Pi ± P2 w.r.t. /i, we have that (^i,ri) ± (^2,^2) 
w.r.t. h i.e., g{Zi{t), Z2{t)) = for all t (since ri{t) = r2{t) = 0). Thus, 

g{Y,{t),Y2{t)) =sm{t) cos(t)(7(P|(7»(„,.))((/i)*k(^i)), n*(7«.M)((/2)*|.(Xi))) 
= sin(t) cos(t)^(Z2(t), Zi{t)) = 

This proves the claim, i.e., Yi ± Y2. 
Since ||w(M,f)||^ = 1, one has 



Vl/,(^,Xi,X2^ 



)(t) + Fi(t) + F2(t)|| 



i7.K.)(t)||^ + ri(t)||J+r2(t)||^ 

=1 + sin2(t)2 ||(/i)*U(Xi)||^ + cos^(t) ||(/2)*|.(X2)|I . 
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Finally, since 



= (exp^J*||„(-Xi) and {f2)*\v{X2) = (exp^J*||^(-X2), 



Eq. ([HID implies that 



and therefore 







11^1 


sin 


•i' 








sini 




11^2 









2\\g , 



i.e., \l/ is a local isometry S — )■ M. 
We next need one extra lemma. 



= l + sin2(t) \\X2\\l + cos^it) \\X: 
d 

--9\{t,U,v){-g^,Xl,X2), 



□ 



Lemma 6.24 The manifold M has constant constant curvature equal to 1. 



Proof. By Lemma 16.231 we know that \1' : 5 — M is a local isometry. Now {S, g) has 
constant curvature = 1 since it is isometric to an open subset of the unit sphere (cf. [27] 
Chapter 1, Section 4.2). The image ^(5") of \1/ is clearly a dense subset of M (indeed, 
\1/(S') = M\{Ni U N2)), which implies that M has constant curvature = 1. 

□ 

This completes the proof the theorem in the case 1 < m < n — 2, since a complete 
Riemannian manifold {M,g) with constant curvature = 1 is covered, in a Riemannian 
sense, by the unit sphere i.e.. Mi. The cases m = and m = n — 1 i.e., dimPi = 1 
and dimD2 = 1, respectively, are treated exactly in the same way as above, but in this 
case Ni is a discrete set which might not be connected. 

□ 



Remark 6.25 The argument can easily be modified to deal with the case where N2 (nor 
Ni) is not simply-connected. The simplifying assumption of simply connectedness of Ni 
and ^2 made previously just serves to render the map w(-, ■) globally defined on S^j x Sx2- 
Otherwise we must define w only locally and, in its definition, make a choice corresponding 
to different sheets (of which there is a finite number). 



Remark 6.26 As mentioned in the introduction, the following issue to address is that of 
an irreducible holonomy group of the rolling connection V'^°' i.e., for a given x E M, the 
only non-trivial subspace of Tl^M © M left invariant by parallel transport w.r.t V'^"' along 
loops based at x G M is T\^M © M. 
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7 Rolling Problem {R) in 3D 



As mentioned in introduction, the goal of this chapter is to provide a local structure 
theorem of the orbits Ov^{qo) when M and M are 3-dimensional Riemannian manifolds. 
Recall that complete controllability of is equivalent to openess of all the orbits 

of thanks to the fact that Q is connected and is driftless. In case there is 

no complete controllability, then there exists a non open orbit which is an immersed 
manifold in Q of dimension at most eigth. Moreover, as a fiber bundle over M, the 
fiber has dimension at most five. 



7.1 Statement of the Results and Proof Strategy 

Our first theorem provides all the possibilities for the local structure of a non open 
orbit for the rolling (R) of two 3D Riemannian manifolds. 

Theorem 7.1 Let {M,g), {M,g) be 3-dimensional Riemannian manifolds. Assume that 
is not completely controllable and let Ox>j^{qo), for some go E Q, he a non open 
orbit. Then, there exists an open and dense subset O of Ox>^{qo) so that, for every qi = 
{xi,Xi;Ai) G O, there are neighbourhoods U of Xi and U of Xi such that one of the 
following holds: 

(a) {U,g\u) and {U,g\fj) are (locally) isometric; 

(b) ([/, g\ij) and {U, g\fj) are both of class A^^ for some (3 > 0; 

(c) {U,g\u) and {U, g\(y) are both isometric to warped products (I x N,hf), (J x N, hj) 
for some open interval / C M and warping functions /, / which moreover satisfy either 

(A) ^^i^^foralUe/or 

^ ' fit) fit) 

fit) f"(t) 

(B) there is a constant K eR such that ^^-f-^ = -K = for all t G /. 

^ ' fit) fit) 

For the definition and results on warped products and class A^/j, we refer to Ap- 
pendix ID. 21 

Note that we do not address here to the issue of the global structure of a non open 
orbit for the rolling (R) of two 3D Riemmanian manifolds. For that, one would have 
to "glue" together the local information provided by Theorem 17.11 Instead, our second 
theorem below shows, in some sense, that the list of possibilities established in Theorem 
17.11 is complete. We will exclude the case where OD^{qo) is an integral manifold since 
in this case this orbit has dimension 3 and [M,g), {M,g) are locally isometric, see 
Corollary 15.241 and Remark 15.251 

Theorem 7.2 Let (M,g), {M,g) be 3D Riemannian manifolds, go = ixo,Xo;AQ) E Q 
and suppose Ojy^^qo) is not an integral manifold of Pr. If one writes M° := ttq j;/ (Cx)j^(go)), 
M° := tTq ^^(Cx)j^ (go)), then the following holds true. 
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(a) If (M, g), (M, g) are both of class Mjs and if Ei, E2, E3 and Ei, E2, E3 are adapted 
frames of {M,g) and {M,g), respectively, then one has: 

(A) If Ao^aUo = ±^2Uo. then dim C^^^, (go) = 7; 

(B) If 7^ ±^2Uo and if (only) one of {M°,g) or {M°,g) has constant 
curvature, then dimOD^{qo) = 7; 

(C) Otherwise, dim Cx^r (go) = 8- 

(b) If {M,g) = (/ X N,hf), {M,g) = (J x N,hf) are warped products, where /, / C M 
are open intervals, and if xq = (^0,1/0). a;o = (^o^^o). then one has 

(A) If ^o^|(ro,3/o) = ^l(^o,yo) and if for every t s.t. (t + ro,t + fo) e I x I it holds 

f(t + ro) _ f(t + fo) 
/(t + ro) /(t + fo)' 

then dimOx'nX'Zo) = 6; 

fir) f"if) 

(B) Suppose there is a constant K e R such that — r-— = —K = — for all 

fir) fir) 

(r, f) G / X /. 

(Bl) If Ao — \(^ro,yo) = ±Tr (ro,j/o) ^nd = ± With ±-cases corre- 

spondingly on both cases, then dimCx)R(go) = 6; 
(B2) If (only) one of iM°,g), {M°,g) has constant curvature, then one has 

dimCi,p(go) = 6; 
(B3) Otherwise dim C2,j,(go) = 8. 

Here (r, y) ir,y) ^ ^\(f,y), afe the vector fields in / x and I x N 

induced by the canonical, positively oriented vector field r i-)- on /, / C M. 

From now on(M, (7), (M,^) will be connected, oriented 3-dimensional Riemannian 
manifolds. The Hodge-duals of {M,g), iM,g) are denoted by -k := -kM and ^ := -k^^. 
As a reminder, for go = (^^o, io'-, ^0) ^ Qi we will write 

^Oi.r{9o) :=7rQ|oi,j,(go) : C'cr(?o) ^MxM 
7iOj,^iqo),M :=pri o 7ro^^(<yo) : CcnXgo) ^ M 



where pr^ : M x M — M, prg : M x M — )■ M are projections onto the first and second 
factor, respectively. 

Before we start the arguments for Theorems 17.11 and I7.2[ we give next two proposi- 
tions which are both instrumental in these arguments and also of independant interest. 
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Proposition 7.3 Let {M,g), {M,g) be two Riemannian manifolds of dimension 3, go = 
(a;o,a;o;^o) ^ Q and suppose there is an open subset O of Ox>^{qo) and a smooth unit 
vector field E2 G VF(7rQ,M(0)) such that u{A-kE2)\q is tangent to Ov^iqo) for all q e O. 
If the orbit Cx)j^(go) is not open in Q, then for any x G ttq j\/(0) and any unit vector fields 
Ei,E-i such that Ei, E2, E^ is an orthonormal frame in some neighbourhood U of x in M, 
then the connection table associated to Ei,E2,E^ is given by 










^(1,2)\ 




^(3,1) 


^ (3,1) 






V (1,2) 





^(2,3) / 



and 

nr;2,3)) = o, v{Tl2)) = o, yveE2\i, yeu, 



where T = [{Tl)% Tj.,) = g{VE,E,:Ek) and *1 = (2,3), ^2 = (3, 1) and *3 = (1,2) 

Remark 7.4 In particular, this means that the assumptions of the previous propositions 
imply that the assumptions of Proposition ID. 191 are fulfilled. 

Proof. Notice that tiq^m{0) is open in M since 'noT>j^{qQ),M = T^Q,M\oi,-^{qo) is a submer- 
sion. Without loss of generality, we may assume that there exist £"1, -E's G YY{ttq^m{0)) 
such that -El, £"2, E^ form an orthonormal basis. 
We begin by computing in O, 



[^^{E2),v{{-)^ E2)]\, = - ^^s{A{^E2)E2)\, + v{A^V E,E2)\, 

= Z/(A^(-r2,_2)^l +4,3)^3)1, =: V2\q 

whence V2 is a vector field in O and furthermore 



[V2,v{{-)^E2)]\, =v{A[^{-Vl^,^E, + Vl^,^E,),^E2U\q 
=u{A^{-Tl^,)E; - T%.,)E,))\, =: M^l, 

where M2 is a vector field in O as well. Now if there were an open subset O' of O the 
7rc)j,^(gg)-vertical vector fields where ^{A-k E2)\q, ^2|i}, M2\q were linearly independent for 
all q G O', it would follow that they form a basis of V\q{TiQ) for q & O' and hence 
VlqiTTq) C T\q{Ov^ {qo)) for g G O'. Then Corollary [521] would imply that Ccj,(go) 
is open, which is a contradiction. Hence in a dense subset of O one has that 
1^(74 * £2)15, V2|g, M2|g are linearly dependent which implies 



= det 



I.e. 






1 


\ 




^ (1,2) 





^(2,3) 1 


= -((r?i,2))' + (r?2,3))' 


^ (2,3) 





~^?1,2)/ 





p2 _ Q p2 
^ (1,2) - U, i (2,3) 
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on 7roT,^{qo),M{Od)- It is clear that vrc,p^(gg),M(C'd) is dense in T^OT,^(qo),M{0) so the above 
relation holds on the open subset vr0j,^(go),A/(O) of M. 
Next compute 



tl,2)-^l + ^\2,?,)E-i))\q 

19' 



= -^r(Ei)|, + Li| 

where Lx^L^ G VF(O') such that 

Lil, :=^Ns(^i)|, + ^ (-rfi,2)^i + 4,3)^3))U 
L3I, :=^Ns(i?3)|, - (-r;i,2)Ei + r;2,3)i?3))|,. 

Continuing by taking brackets of these against vi^A-k E'2)\q gives 

[Li, * =i^(A * {-^V2)Ex + r;2,3)i^3))|, + i^(A[^(-r3,_2)^l + ^^3)^3) , ^i^sjao ) I, 

=i.(A ^ (-(r;i_2) + r?2,3))^i + (r(2,3) - ^\,2))mq =■■ Ms 

[U,u{{-)^E2)]U=u{Ak{-Tl^,^Ex + Tf,^,^Es))U-u{^^^^ 

=i/(A*((-r3,_2) + r;2,3))^i + (r?2,3) + r;i,2))i5;3)l, =: m^. 

Since u^A ic E2)\q, Mi\q, M^lg are smooth 7r0j,^(qg)-vertical vector fields defined on O', 
we may again resort to Corollary 15.211 to deduce that 

/ 1 \ 

= det -(r;,^,) + rl,^) o r;,_3) - rl,^ = -((r;,,,) + 4,3))^ + {rl,^,^ - rl.^f) 

\ ~^tl,2) + ^(2,3) ^(2,3) + ^(1,2)/ 

i.e. 

p3 pi p3 pi 

J- (2,3) — (1,2)' (1,2) — (2,3) 

We will now prove that derivatives of 3) ^nd T^^^ 2) in the i?^-directions vanish 
on vr0i,j^(qo),A/(O). To reach this we first notice that 

Lil, = ^Ns(i?i)|, - u{A^{rl,^,^Ex + Tl^2)E3))U 

and then compute 

I-^r(-E'i), Li]\q =^Ns(r(l,2)-^2 - r(3,l)-^3)|g " -^Ri^ EiEi)\g 

+ u{AR{Ei A El) - R{AEi A 0)A)\g 

+ Tl^,)^^siAE2)\g - u{A k iEiiTl,^,))Ei + EiiTl,))Es)) |, 

- (rf2,3)(rfi 2)^2 - r(3,i)^3) + r(i,2)(r(3,i)^i - r(2,3)^2 

=r(l,2)-=^R(-E'2)|g - r(3,l)-^3|g - -^r(Vei-Ei) |g 

-u{Ak{Eiirl,^,^)E, + Eiirl,^)E.s))U. 



117 



So if one define Ji\q := i^(A*(£'i(r^2 3))-^i + -^1(^(1 2))-^3)) !<?' fhen Ji is a smooth vector 
field in O (tangent to O-D^^qo)) and 

Since ulA-k Ei)\g, Ji\q and [Ji, //((■) 7^r£'2]|q are TTo-p-i^iqo) vertical vector fields in O and 
^Vj^iQo) is not open, we again deduce that 

^i(r;2,3)) = 0, E,{Tl,^) = 0. 

In a similar way, 

[■^R{E3),L3]\g =^Ns(r^3,l)-^l + r(i,2)-^2)|g - ■=^R(VE3-E'3)|q 

+ iy{AR{E3 A E3) - ^(^^3 A 0)A)\g 

+ r;,,2)^Ns(Ai52)|, - u{A^{-Es{Tl,^)E, + £;3(r;2,3))^3))l. 

- u{A -k {-Tj^ 2)(Xl2,3)E2 - r^3,l)-^3) + r(2,3)(rf3,i)-Ei + r[i2)-E2))l9 

=rf3,l)-^ll9 + r(i,2)=^R(-E^2)|g - ^r{V EsE3)\q 

-u{Ak {-E,{Tl^,^)E, + E3(r;2,3))i?3)) I, 

SO J3|g := u(^A-k (— i?3(r^-,^ 2))-^i + -^3(^(2 3))-£'3)) |g defines a smooth vector field on O 
and 

[J3,Z/((-)^^2)]|, = i^(A^(-i?3(r;i,2))^3-i?3(r;2,3))^l))lr 

The same argument as before implies that 

E,{Tl,^) = 0, i?3(r;2,3)) = 0. 

Since E2 is spanned by Ei,E^, the claim follows. This completes the proof. □ 

We next provide a completary result to Proposition 17.31 which will be fundamental 
for the proof of Theorem 17.21 

Proposition 7.5 Let {M,g), {M,g) be two Riemannian manifolds of dimension 3, go = 
{xq,xq]Aq) G Q. Assume that there is an open subset O of Ov^iqo) and a smooth 
orthonormal local frame Ei,E2,E^ G VF(f/) defined on the open subset U := 7rQ jv/(0) of 
M with respect to which the connection table has the form 





f^^{2,3) 





^{1,2)\ 




^(3,1) 


P2 

^ (3,1) 






V (1,2) 





^(2,3) / 



and that moreover 

nr;2,3)) = o, \/(p;,^2)) = 0, v\/Gi?2|^ yeu. 
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Define smooth vector fields Li,L2,L3 on the open subset O := t^q\i{U) of Q by 



Ll\q ==5fNs(-E'l)|g - * (^(2,3)-^! + ^\l,2)^3))\q 

L2\q =r[2,3)(x)^Ns(-E2)|g 

L3I, =^m{E;)U - v{A ^ (-r;i,2)^i + r;2,3)^3))l,. 



Then we have the following: 

(i) If v{^A-k E2)\q is tangent to the orbit Ox)h(q'o) at every point q E O, then the vectors 



■^RiEl)\q, ^R{E2)\q, ^B.{E3)\q, iy{A -k E2)\q, Li\q, L2I5, L3 



are all tangent to Ox>j^{qo) for every q E O. 
(ii) On O we have the following Lie-bracket formulas 



[^r(Ei), u{{-)^E2)]\q = ^Km\q - L3I, 
[^R(E2),i^((-)^i?2)]|, = 

[^r(E3), u{{-)^E2)]\q = -^KmU + Ll\q 

[Li,K(-)*^2)]|, = 

[L3,I^((-)^^2)]|, = 

[^R(El),Ll]|g = -r(3l)L3|g + r(3_l)^R(E3)|g 

[=^R(-E3),-^^3]|g = r^3,i)-^ilg - r^3,i)-^R(-^i)lg 



[-^r(-^3); Li]\q —2L2\q — T^^^^-^-^L^lq — ^^ii,^ EiE3)\q — Tj2^3)'^R{E2)\q 

-(ir2 + (r;2,3))' + (r;i,2))')K^^^2)l, 

[JfR{Ei), Ls]\q = - 2L2\q + r(3^;^)Li|g - ^r( V^'g-E'l) |q + T'(^^^i)J^K{E2)\q 
+ {K2+ iTl2)y + i^l2,3))>iAk E2)\q 



Proof. It has been already shown in the course of the proof of Proposition 17.31 that 
the vectors ^ii{Ei)\q,.^^{E2)\q,^R{E3)\q,u{A'kE2)\q,Li\q,L3\q are tangent to Ov^{qo) 
for q E O. Moreover, the first 7 brackets appearing in the statement of this corol- 
lary are immediately established from the computations done explicitly in the proof of 
Proposition 17.31 



[^R{E2),Ls]\q 




[L3,L,]\q 



2I/2|g — r(3^i)I/i|q — T^^^^^^L^lq 

-(K2 + (r;2,3))' + (rfi,2))')K^*i?2)|,. 
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We compute, 

[^Km,L,]\, 

= - ^n{VE,E2)U + ifNs(-r?3,i)^3)|g + iy{AR{E2 A E,) - R{AE2 A 0)A) 

+ ^Ns(^(^(r;2,3)^l + r;i,2)^3))i?2)|, 

-z/(A*(r;2,3)(-r?3,i)i^3) + r;i,2)(r?3,i)i?i)))L, 

-u{A^{E,{Tl,^,^)E^ + E,{Tl,^)Es))U 
-u{A^iE,iTl,^,^)E^ + E,iTl,))E,))\, 

= - -^Riy EiE2)\q - T'f^ -^s^Lslg + ^R(r[2^3)_E'3 - r(^_2)-^l)lg ~ ^(2^3^X3 + T^^^g)-^! 

+ (2r;2,3)r(i,2) -^2(r;2,3)))i^(^^i^i)l, 

+ (-i?2(r;i,2)) + ^ - (r;2,3))' + (r;i,2))')^(^ * i?3)l. 

But one knows from Eq. (fTT6|) that -K = -E2(rf^2)) + (^(1,2))^ " (^(2,3))^ and 
— _E2(rj2 3)) + 2r(^ 2)-'^(2 3) ~ and since also VE1E2 = —^^i 2)-^i + -'^(2 3)-^3' ^^^^ simplifies 

to ' ' ' 

[JfR{E2), Li]g = -Tf-^^-^^Lslg - r(2,3)L3 + r(i_2)-^i 

Bracket [=SfR(£'2), -^3]^ can be found by similar computations. 

We compute [^^{Es), Li]\g. We have, recalling that Ei^^^ ^^^) = 0, £'i(rf2_3)) = 
for z = 1, 3, 

= - ^K{VEiE3)\g + ^Ns(r(2,3)-E2 - Tl^^i)E3)\q 

+ u{AR{E3AE,)\g-R{AE3A0)\g 

+ ^Ns(^Wr;2,3)i?i + r;i,2)^3))i?3)l. 
- z/(A* (r(2,3)(r(2,3)-E2 - r^3,i)-E3) + r[i^2)(rf3,i)-^i + r(i,2)-E2)) 1^ 
= - ^^{VE,Es)\g + {-K2 - (r;2,3))' - (r;,^2))')K^^ ^2)1, 
~ r^3,i)-^3|<? - r(2,3)=sfR(-E2)|<? + 2L2I5. 

The computation of [^ii{Ei) , L^Wg is similar. 

We compute [L3, Li] with the following 4 steps: 

[■^Ns{E3),^Ns{El)]\g ==SfNs(-r(3^i)Ei + 2r[2,3)-E2 - Tf^^-^)E3)\g 

+ v{AR{E3 A ^1) - ^(0 A Qi)A)\g 



[^Ns(i?3),i^((-)*(r;2,3)^l + ^(1,2) -^3 

(r(2,3)(r(2,3)-E2 -r^3_i)E3) + 1(1^2) (rf3,l)-^l + r(i,2)-E2))) 
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= -l^{A-k (-rfi 2)(r(i,2)^2 - r(3_i)^3) + ^l2,3)(^l3,l)^l - ^(2,3)^2))) 

[^((■) ^ (-r(i,2)^i + r;2,3)i?3)), ^((O ^ (r;2,3)^i + rfi.sji^s))] I, 
=z/(A[^ (-r;,,2)^i + r;2,3)i?3),Mr;2,3)^i + r;i,2)^3)],J I, 
=((r;i,2))' + (r;2,3))')K^^^2)|,. 

Collecting these gives, 

[L3, Ll]\g = - r(3^;^)Ll|g " r^3^;^)L3|g + 2 F (3, 3) ( -^^2 ) | Q 

-(K2 + (r;2,3))' + (r;i,2)nK^^^2)l,. 

□ 

7.2 Proof of Theorem PTTI 

In this subsection we will prove Theorem I7.1[ We therefore fix for the rest of the 
paragraph a non open orbit (9x)r(q'o)) for some qo G Q. By Proposition 15. 2[ one has 
that dim (9x)j^(go) < 9 = dimQ and, by Corollarv l5.19[ one knows that the rank of Ro\q 
is less than or equal to two, for every q G Ox)r(q'o)- 

For j = 0, 1, 2, we define Oj as the set of points of Ox)j^{qo) where rank Rolg is locally 
equal to j, i.e., 

Oj = {q = {x,x; A) G 0-r>^ {qo) \ there exists an open neighbourhood O 

of q in Cx)r(?o) such that rank Rolg/ = j, Vg' G O}. 

Notice that the union of the 0/s, when j = 0, 1,2, is an open and dense in Ovp_{qo) 
since each Oj is open in Ox>j^{qo) (but might be empty). 

Clearly, Item (a) in Theorem 17. II describes the local structures of {M,g) and {M,g) 
at a point g G Oq. The rest of the argument consists in addressing the same issue, first 
for g G O2 and then g G Oi. 

7.2.1 Local Structures for the Manifolds Around q E O2 

Throughout the subsection, we assume, if not otherwise stated, that the orbit (9x)R(go) 
is not open in Q (i.e., dim(9x)R(go) < 9 = dimQ) and, in the statements involving O2, 
the latter is non empty. Note that O2 could have been defined simply as the set of 
points of (9x'r(q'o) where rank Rolg is equal to 2. 

Proposition 7.6 Let go = (xo,a;o;^o) G Q and assume that the orbit Cx)R(go) is not 
open in Q. Then for every g = {x,x;A) G O2 there exist an orthonormal pair Xa,Ya G 
T|a;M such that if ■= *{Xa A Ya) then Xa, Ya, Za is a positively oriented orthonormal 
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-a{q) \ 








Kriq)\ 


a{q) - 












-K^iq) 
a{q) 










-a{q) 







pair with respect to which R and Rol may be written as 

/ K{x) 0\ 
R{Xa AYa)= \ -K{x) , ^R{Xa a Ya) 
\ 0/ 

/O 

R{Ya a Z^) = Ki{x) I , ^R{Ya a Za) 
\0 -Ki{x) 

/ -K2{x) 
R{Za a X^) = I , i.R{ZA A Xa) 
\K2{x) 

Ro\,{Xa a Ya) = 0, 
Ro\,iYA A Za) = 

Ro\g{ZAAXA)= \ a{q) |, ^Ro^ZaAXa) 

w 

where K, Ki, K2 : M ^ R. 

Consequently, we see that with respect to the orthonormal oriented basis Xa, Ya, Za 
of T\xM given by the proposition, we have 

i<A^R{AXA A AYa)A 

i.A^R{AYA A AZa)A 

( \ 

■^A^R{AZa a ax a) a = I -K2{x) + i^2^°'(g) 1 . (85) 

Before pursuing to the proof, we want to fix some additional notations and so we 
make the following remark. 

Remark 7.7 By the last proposition —Ki{x), —K2{x), —K{x) are the eigenvalues of _R|^. 
corresponding to eigenvectors *Xa,*Ya,^Za given by Proposition 17.61 for q = {x,x;A) G 

O2. 

Recall that Q{M,M) Q{M,M) such that q = {x,x;A) q = {x,x;A'^) is 
an diffeomorphism which maps to Pr, where the latter is the rolling distribution on 
Q{M, M). Hence this map maps P^-orbits Ox>^{q) to "Dpj-orbits Op^(g), for all q E Q. So 
the rolling problem (R) is completely symmetric w.r.t. the changing of the roles of {M,g) 

and {M,g). 
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Hence Proposition I7.6| gives. when the roles of (M, g), (M, ^f) are changed, for every q = 
{x,x;A) e O2 vectors X A, Ya,Z A e Tj^M such that Rolg((v4^XA) A (A^Ya)) = and that 
i:XA, -*^Za, -^Za are eigenbasis of _R|£ with eigenvalues which we call —K\[x), —K2{x), —K{x) 
respectively. ^ 

The condition Ro^X^ A Ya) = implies that K{x) = K{x) for every q = {x,x; A) G 
O2 and also that AZa = Za, since .^(X^ A Ya) = Za, ^XA A Ya) = Za- 

We divide the proof of Proposition 17.61 into several lemmas. 

Lemma 7.8 For every q = {x,x]A) E O2 and any orthonormal pair (which exists) 
Xa,Ya e T\^M such that Ro\{XaAYa) = and Xa,Ya, Za ■= *(Xa AY^) is an oriented 
orthonormal basis of T|^M, one has with respect to the basis Xa, Ya, Za, 

^R{Xa a Ya) = 
^R{Ya a Za) = 
^R{Za a Xa) = 

*Ro\^{Ya a Za) = 






Ro\,{Za AXa)= { 0_ a I , ^Ro\g{ZA AXa)= { -K 



-a 



Rol 

2 



Here r/^, /J^, .^^i, a, K^"' depend a priori on the basis Xa,Ya, Za and on the point q. 

Moreover, the choice of the above quantities can be made locally smoothly on O2 i e. 
every q E O2 admits an open neighbourhood O2 in O2 such that the selection of these 
quantities can be performed smoothly on O2. 

Proof. Since rank Rolg = 2 < 3 for g G O2, it follows that there is a unit vector 
Ua G A^T|xM such that Ro\q{uJA) = 0. But in dimension 3, as mentioned in Appendix, 
one then has an orthonormal pair Xa, Ya E T|^M such that ua = Xa A Ya- Moreover, 
the assignments q 1— )■ uja, Xa,Ya can be made locally smoothly. Then defining Za = 
•k{XA A Ya), the fact that Rolg is a symmetric map implies that 

giRo\g{YAAZA),XAAYA) =giRo\^{XA AYa),Ya A Za) = 
g{Ro\,{ZA A Xa),Xa a Ya) =g{Ro\,iXA A Ya), Za A Xa) = 0. 

This finishes the proof. □ 
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As a consequence of the previous result and because, for X^Y E Tl^^M, one gets 
A^R{AX A AY)A = R{X AY)- Ro\g{X A Y) 
then we have that, w.r.t. the oriented orthonormal basis AXa, AYz, AZa of T\xM, 

iA^R{AXA A AYa)A = 
iA^R{AYA A AZa)A = 

( U + a 

lA^RiAZA A AXa)A = -Kl + I . (86) 

Notice that the assumption that rank Rolg = 2 on O2 is equivalent to the fact that 
for any choice of Xa^Ya-, Za as above, Rolq(Y/i A Za) and Rolq(Z^ A Xa) are linearly 
independent for every q = (x, x; A) G O2 i.e. 

Kr(g)i^2^°'(g)-a(g)V0. (87) 

We will now show that, with any (non-unique) choice of Xa,Ya as in Lemma [7.8^ 
one has that rjA = (3a = 0- 

Lemma 7.9 Choose any Xa,Ya,Za = ^{Xa A Ya) as in Lemma 17.81 Then for every 
q = (x, x; A) G O2 and any vector fields X, Y,Z,We VF(M) one has 

[z/(Rol(X A F)(-)), iy{Ro\{Z A W)i-))] 1^ e i/(span{^X^, ^Ya})\, C T\,OvM- (§8) 

Moreover, 71q\o2 is an submersion (onto an open subset of MxM), dim y|g((9x>H (?o)) = 2 
for all g e O2 and dim Oxij, (go) = 8. 



Proof. First notice that by Lemma 17.81 

Rol,(^X^)\ ^ -a \ [^Xa 

Ro\^{^Ya) J \ -a -KT^J \^Ya 

for q = [x, X] A) G O2 and since the determinant of the matrix on the right hand side 
is, at g G O2, K^°\q)K^°\q) - a{qf ^ 0, as noticed in ((HZ]) above, it follows that 

-mXa^-^Ya G span{Rolg(*XA), Ro^^Ya)}. 

Next, from Proposition 15.91 we know that, for every q = {x,x] A) G O-D^^qo) and every 
Z,WeT\^M 

u{Ro\^{Z AW))\, G V\,{7ra^f,^)) C T\,Or,M- 
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Hence, z/(Rolg(^Xyi)), i^(Rolq(^y4)) G VlqiT^Oj^^igo)) every q E O2 and it follows from 
the above that 

p{A^Xa),u{A^Ya) G V^U7ro,^(,o)), (89) 

for all q = (x, x; A) G O2. 

We claim that ttoj, {go)\o2 is a submersion (onto an open subset of M x M). Indeed, 
for any vector field W G VF(M) one has ^niW)\g G T\gOv^iqo) for q = {x,x;A) G 
O2 and since the assignments q h-> X^, Ya can be made locally smoothly, then also 
[■^K{W),v{Ai.XA)]\q G T|gC2,j^(go). But then Proposition [133 implies that 

{Tror,,i,M[-^K{W),v{A^XA)]U) 
H^o^^mU- ^Ns{A{^XA)W)\g + u{A^^n{W)\gX^.))\g) 
= iO,-Ai^XA)W) 

where we wrote as for the map q ^ Xa- Similarly, 

i^a^^iM^RiW),uiA^YA)]U) = iO,-Ai^YA)W). 

This shows that for all q = (x, ct; A) G O2 and Z,W E T\xM, we have 

(0, -A{^Xa)W), (0, -A{^Ya)W) G {7To^^(qo))*T\gOvM C T|,.M x T^M. 

Because icXA,'*^YA are linearly independent, this implies that 

{0} X T\,M C (7ro,^(,,)).T|,Oi,Jgo). 

Finally, because ^R(l^)|q G T|q(9x)j,(go) for any q = {x,x;A) G (9x)j,(go) and any 
W G T|^M, and {TiOT,^igo))*-^R{W)\g = {W, AW), one also has 

{W,0) = {W,AW) - iO,AW) G (vro,,(,o))*r|,O^Jgo), 

which implies 

T\,M X {0} C {7To^^^g,)).T\gOvM- 

This proves that 'n'OD-^{qo)\o2 = ^q|o2 is indeed a submersion. 

Because O2 is not open in Q (otherwise Ovj^{qo) would be an open subset of Q), 
it follows that dim02 < 8 and since T^o-Dj^{qo)\o2 has rank 6, being a submersion, we 
deduce that for all g G O2, 

dimV\g{7io^^{qo)) = dimOa - 6 < 2. 
But because of f l89p we see that dimV\g{TTQ^^(^gg)) > 2 i.e. 

dimV\g{7io^ (go)) = 2, 
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which shows that dim02 = 8, hence dim (9x)r('?o) = 8 and 

span{z/(A*XA)|„z/(A*FA)W = V\g{OvM), Vg = {x,x;A) G O2. 

To conclude the proof, it is enough to notice that since for any X, Y, Z,W & VF(M), 
z/(Rol(X A Y)iA))\„ z/(Rol(Z A W){A))\^ e V\,{OvM)^ then 

□ 

Lemma 7.10 If one chooses any Xa, Ya, Za = *{Xa A Ya) as in Lemma 17.81 then 

Va = I3a = 0, Vg = {x, x; A) e O2. 

Proof. Fix q = {x,x;A) G O2. Choosing in Corollary [519J X, Y G VF(M) such that 
X\^ = Xa, Y\^ = Ya, we get, since Ro\g{XA A Ya) = 0, 



[z/(Rol(X A KRol(Z A 1^ 

=A[i?(X^ A YA),RiZ\, A W^U)]^^ - [R{AXa a AF4),i2(AZU. A AVrU)]^/ 
+ R{AXa, ARo\,{Z\, a + R{ARo\giZ\, A AFa)v4. 

We compute the right hand side of this formula in in two special cases (a)-(b) below, 
(a) Take Z,W e VF(M) such that Z\^ = Ya, = Za- 
In this case, computing the matrices in the basis 'kXA,'^YA,*ZA, 
A^v\-' [v{Ro\{X A v{Ro\{Z A W){-))\ \^ 

= [R{Xa a Ya), R{Ya a Za)]^^ - A^[R{AXa A AYa), R{AYa A AZa)]^A 
+ A'^RiAXA, ARo\,(Ya a Za)Ya)A + A^R{ARo\,(Ya A Za)Xa, AYa) A 
Pa \ (-K\\ ( Pa\ f-K\ + Kr 

va\a\U\~\va\a\ U + 

-KaJ \(3a j \-KaJ V 
+ A^R{AXa, -K^°^AZa)A + A^R{aAZA, AYa) A 

^A + O! 



Pa \ 






Va 


hi 


a 


-Ka) 




\ 



At°' I -Kl + i^2^°' 

Va 

= kak^°' + i^r(-i^i + i^2'°') - c^iu + «) 

\ -aPA + + - aPA 

By Lemma rrOl the right hand side should belong to the span of -kXA, which implies 

K^°^7]A - aPA = 0. (90) 
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(b) Take Z,W e VF(M) such that Z\^ = Za, = Xa- 

Again, computing w.r.t. the basis -kXAi-^YAi'^ZAi yields 

A^u\~' [u(Ro\{X, ¥){.)), u{Ro\{Z, W){-))] \^ 
= [R{Xa^ Ya), R{Za, Xa)]^^ - A^[R{AXa. AYa), R{AZa, AXa)]^A 
+ A^R{AXa, ARo\,{Za, Xa)Ya)A + A^R{ARo\,{Za, Xa)Xa, AYa)A 

Va 

+ A^R{AXa, -aAZA)A + A^R{K^°^AZa, AY a) A 

Kl + °' 

-KaKI°' + «(a + «) - Kl°\-K\ + 
aKA + a{-K\ + - Kl'^\iA + «) 

-PaKI'^' + Oi^A + Oi^A - K^°'Pa I \2iavA - PaK^"'), 













va 












^ 1 






Since the right hand side belongs to the span of *X^,*Y^, by Lemma [7. 9[ we obtain 

ar]A - K^°'Pa = 0. (91) 
Combining Equations ( !90|) and ( 19T]) we get 



But by Eq. flHTj) the determinant of the 2 x 2-matrix on the left hand side does not 
vanish, which implies that TjA = Pa = 0. The proof is finished. □ 

Lemma 7.11 For every q = {x, x; A) G O2 there are orthonormal Xa, Ya G T\xM such 
that Xa, Ya, Za = *{Xa A Ya) is an oriented orthonormal basis of T\xM with respect to 
which in Lemma [7]8] one has 

Va = f3A = Ca = 
i.e. icXA,^YA,*ZA are eigenvectors of R\x. 

Proof. Fix q = {x, x; A) G O2, choose any Xa, Ya, Za = A Ya) as in Lemma 17.81 

and suppose 7^ (otherwise we are done). Notice that by Lemma 17.101 we have 
Va = Pa = which means that -kZA is an eigenvector of i^la;. 
We let t G M, 

XA{t)\ ^ ( cos(t) sin(t)\ (Xa\ 
YA{t) ■ l-sin(t) cos(t)>' \Ya ■ 
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Then clearly ^^(t) := A 1^4 (t)) = ^(X^ A Ya) = Za, and YA{t), ZAit) is 

an orthonormal positively oriented basis of T\xM. Since 

Ro\,{^ZA{t)) = Ro\,{^Za) = 0, 

Lemma [7.101 implies that 77^ (t), /^^(t) = if one writes ?7A(t), /3a(^), Cyi(^) for the coef- 
ficients of matrices in Lemma [7.81 w.r.t X A{t) ,YA{t) , Z A{t) . Our goal is to show that 
^^(t) = for some t E M. 

First of all -kZAit) = -^Za is a unit eigenvector of which does not depend on 
t. On the other hand, R\x is a symmetric map h?'T\xM — > A^Tl^-M, so it has two 
orthogonal unit eigenvectors, say, Mi,M2 in (^-^a)"*" = ^(-^i")- Thus Mi,M2,*Za forms an 
orthonormal basis of A^T|a,M, which we may assume to be oriented (otherwise swap 
Ux^U'i). But then span{'Ui,M2} = -^Z^ = spa.n{icX a, -^Ya} so there is definitely to ^ 
such that -kXAito) = Ui, ^IaI^o) = "^2 (in this order, by the assumption on orientation 
of ui,U2,'kZA and Xa,Ya,Za). Since Rl^^-kXAito)) = -Ki ^^^(to), -R|x(*>A(to)) = 
—K2 T*r Y/i(to), we have C,A{to) = as well as 77^(^0) = (^A{to) = This allows us to 
conclude. □ 

Remark 7.12 Notice that the choice of Za can be made locally smoothly on O2 but, at 
this stage of the argument, it is not clear that one can choose Xa,Ya, with ^a = 0, locally 
smoothly on O2. However, it will be the case cf. Corollary 17.161 

We now aim to prove, roughly speaking, that the eigenvalue —K has to be double 
for both spaces {M,g), {M,g) if neither one of them has constant curvature. 

Lemma 7.13 If the eigenspace at xi E T^OD^(qQ)Mi^'i) corresponding to the eigenvalue 
—K{xi) of the curvature operator/? has multiplicity 1, then {M,g) has constant curvature 
K{xi) on the open set 7r0^^(g„),M(^oij^(,o),A/(a^i)) of ^■ 

The claim also holds with the roles of {M,g) and {M,g) interchanged. 

Proof. So suppose that at Xi E 'n'oT,^{qo),Ai{02) the eigenspace of corresponding to 
the eigenvalue —K{xi) has multiplicity 1. By continuity then, the — /('(■)-eigenspace 
of R is of multiplicity 1 on an open neighbourhood U of Xi. Since this eigenspace 
depends smoothly on a point of M, we may choose, taking U smaller around Xi if 
needed, positively oriented orthonormal smooth vector fields X, Y, Z on U such that 
•kZ = X AY spans the — A'(-)-eigenspace of R at each point of U. 

Taking arbitrary q' = (x', x'; A') E {'n'oT,^(qo),M)^^ (U) fl O2 and letting Xa', Ya', Za' 
be the vectors provided by Theorem 17.81 at q, we have that the — Jr(x')-eigenspace of 
R\x' is also spanned by Xa' A Ya'- By the orthonormality and orientability, Xa' A Ya' = 
X\^- A Y\^, from which Z\^, = Za> and Ko\{X\^, A Y\^,){A!) = Ro\{Xa' A IaO(A') = 0. 

Now fix, for a moment, q = {x,x; A) E {7^0'Dj^{qo),M)~^ i^) ^ ^2- By replacing X by 
cos(t)X-|-sin(t)y and Y hj — sin(t)X + cos(t)y on U for a certain constant t = E 
we may assume that X\x = Xa, Y\x = Ya- 

Since, as we just proved, for all {x',x'] A') E {'^OT)^{qo),M)~^ i^) ^ ^2, one has 

Rol(XU, AFUO(^') = 0, 
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then the vector field z/(Rol(XAy)(-)) eVY{tiq^ (gg)^) vanishes identically i.e. v{Ro\{X^ 
f)(-)) = 0on(7ro,^(,,),M)-Hf/)nO2. 

Therefore, the computation in part (a) of the proof of Lemma lY.lUI (replace X ^ X, 
Y^Y,Z^Y,W^Z there; recall also that = by the choice of Xa, Ya, Za) 
gives, by noticing also that here Ka = K{x), K\ = Ki{x) and Ka = K2{x), 

=A^u\-' [KRol(X, u{Ro\{Y, Z){-))] I 

-aKA + aKf°^ -a{-K\ + Kf°^)\ ( a{-K + Ki) 

y v 

Similarly, the computation in part (b) of the proof of Lemma [Y. 101 (now replace X X, 
Y ^Y, Z ^ Z,W ^ X there) gives. 



=A^H,"^[KRoi(x,F)(-)),KRoi(^,x)(-))]|^ 

-KaK^°^ + - K^°\-K\ + (K^°\-K + Ki- A'f°') + 

aKA + a{-Kl + K^°^) - K^°^a = a{K - K2) 

; V 

By assumption, —K{-) is an eigenvalue of R distinct from the other eigenvalues 
—Ki{-), — i^2(') on U, and hence we must have a{q) = 0. Since 7^ Kf°\q)K2°\q) — 
a{qf = Kf°\q)K^°\q), we have Kf°\q) ^ and K^°\q) ^ and hence K{x)-Ki{x) + 
Kf°'(g) = and K{x) - K2{x) + K^°\q) = for g = {x,x;A) E (7ro,^ (,„),A/)^^(f/) nOa. 

Since q = {x,x; A) G i'^o-vj^{qo),M)^^iU) fl O2 was arbitrary, we have proven that 

a{q) = 0, 
-K^ix)+K^°\q) = -Kix), 
~K2ix)+K^°\q) = -K{x), 

for all q = (x,x; A) E (vrcij,^(g„),A,/)~^(t/) H O2. 

Looking at (ISSj) now reveals that for every g = (x, x; A) E {'^OT>^{go),M)~^i^) ^ 
the three 2- vectors AX a A AYa, AYa A AZ^^ and AZa A are mutually ortho normal 
eigenvectors of R\x corresponding all to the eigenvalue —K{x) which means that (M, g) 
has constant curvature —K{x) at x. 

In particular, since Xi E U, the Riemannian space (M, g) has constant curvature 
-K{xi) at all points xi E T^OT>^(qo),M{(^Or,jgo),My\xi) n O2) . 

Finally, we argue that S := vr^^ (go) a/((^C'e>r(9o),m)~H^i) ^ ^2) is an open subset 
of M. It is enough to show that t^q m\o^ '■ Ox^ — )■ M is a submersion where Ox^ '■= 
(^C'x,j^(go),A/)~H^i) n O2 is a submanifold of O2. 

To begin with, recall that t^q\o2 is an submersion from onto an open subset of Mx M 
by Lemma 17.91 Let q E Ox^ and write q = {xi,x;A). Choose any frame Xi, X2, X3 
of T\xM. Then there are Wi E T\g{Ov^{qo)), i = 1,2,3, such that {7rQ)^{Wi) = 
(0,Xi). In particular, {nQ^M)*(Wi) = 0, so Wi E V\q{7io^^{qa),M)- But since T\gdx^ = 
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V\q{'^OT,Jqo),M)^ have Wi e T\gd^^ and thus Xi = i'^Q^M)*Wi e im{ngj^j\^^J^, 
which proves the claim and finishes the proof. □ 

Remark 7.14 It is actually obvious that the eigenvalue —K{-) of R of (M, g) is constant, 
equal to K{xi) say, in a some neighbourhood of xi in M, if —K{xi) were a single eigenvalue 

of R\^^. 

Even more is true: One could show, even without questioning whether —K{-) is a 
single eigenvalue for R and/or R or not, that on tiq,m{02) and t^q J^Ji02) this eigenvalue 
is actually locally constant (i.e. the function K{-) is locally constant). This is fact will be 
observed e.g. in Lemma 17.171 below. 

Lemma 7.15 The following hold: 

(1) For any qi = (xi, xi; Ai) G O2, the space {M-iQ) cannot have constant curvature at 

Xl. 

(2) There does not exist a gi = (xi, Xi; Ai) G O2 such that —K{xi) is a single eigenvalue 

of R\^^. 

This also holds with the roles of {M,g) and {M,g) interchanged. 

Proof. (1) Suppose {M,g) has a constant curvature K at Xi. Let Ei,E2,E^ be an 
oriented ortho normal frame on a neighbourhood U of Xi such that -kEi\xi,'kE2\xii-^E^\xi 
are eigenvectors of R at Xi with eigenvalues — i^i(xi), —-^'2(2^1); "-^'(^^i); respectively, 
where these eigenvalues are as in Proposition 17.61 As we have noticed, K = K{xi). 
Because R\xi = —Kid^2j'\. m-, oug has 

R^l,,(*^i) ={-Ki{xi) + k)^Eil, 
Ro\gi{^E2) ={-K2{xi) + k)^E2l, 
Ro\g,{-kE^) ={-K{xi) + k)^E^\x, = 0. 

Since rank Rolgi = 2, we have -Ki{xi) + K ^0, -K2{xi) + K 7^ 0. 

Because the vector fields t^(Rol(*£'i)(-)), z/(Rol(*-E'2)(-)) are tangent to the orbit 
Ox'rIq'o) on O2 := O2 n7rQ^^([/), so is their Lie bracket. According to Proposition I3.47| 
the value of this bracket at qi is equal to 

[i.(Rol(^Ei)(-)),KRol(^^2)(-))]l,i = {-Ki{xi)+k){-K2{x{) + k)v{A^E:,%^. 

Hence i^(Rol(*Ei)(-), i/(Rol(^E2)(-), [z/(Rol(*Ei)(-)), z/(Rol(*E2)(-))] are tangent to O^^j, (go) 
and since they are linearly independent at gi, hence they are linearly independent on 
an open neighbourhood of gi in (9x)j^(go). Therefore, from Corollary 15. 21 1 it follows that 
the orbit (!?x>p,(go) is open in Q, which is a contradiction. 

(2) Suppose —K[xi) is a single eigenvector of R\xi, where gi = (xi,Xi; Ai) G O2. 
Then by Lemma [Y.13| the space (M, g) would have a constant curvature in an open set 
which is a neighbourhood of Xi. By the case (1), this leads to a contradiction. □ 
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By the last two lemmas, we may thus assume that for every q = [x, x; A) G O2 
the common eigenvalue —K{x) = —K{x) of R\x, R\x has multiplicity two. It has the 
following consequence. 

Corollary 7.16 The assignments q t-)- Xa, Ya, Za and q Kf°\q), K^°\q), a{q) as in 
Proposition 17.61 can be made locally smoothly on O2. 

Proof. Let qi = {xi,Xi] Ai) G O2. By Lemma ?? there are open neighbourhoods U 3 Xi 
and U 3 Xi such that the eigenvalue —K2{x) of R\x and —K2{x) of R\^ are both simple. 
Therefore the assignment q Ya can be made locally smoothly on O2. Moreover, recall 
that the assignment q can be made locally smoothly since it corresponds to the 

1-dimensional kernel of Rol^ and Xa = *(5^a A Za)- □ 

Lemma 7.17 For every qi = (xi,xi;Ai) G O2, there is are open neighbourhoods U,tJ 
of and oriented orthonormal frames £'2,-^3 on M, Ei,E2,E3 on M with respect 

to which the connections tables are of the form 



and 



/r;2,3) 

i - ^ (3,1) ^ (3,1) 

\r(i,2) 


~^(l,2)\ 
^?3,1) 1 
^(2,3) / 


, f 


/ ^ (2,3) 
- \ (3,1) 
\^(1,2) 




^ (3,1) 




^ (1,2) \ 
\ (3,1) 
^(2,3) / 


^(r;2,3)) = 0, 


^(r;i,2)) 


= 0, 


W G E2 


^ X 


eU, 


v^(f [2,3)) = 0, 


V{tl2)) 


= 0, 


yv G E2 


^ X 


G U. 



Moreover, i^Ei,-kE2,*E3 are eigenvectors of R with eigenvalues —K,—K2{-),—K on U 
and similarly ^.Ei, ^,£'2, ^-£3 are eigenvectors of R with eigenvalues —K, —K2{-), —K on U , 
where Ji" G M is constant. 

Proof. As we just noticed, for every q = {x,x;A) G O2, the common eigenvalue 
—K{x) = —K{x) of R\x and R\x has multiplicity equal to two. 

Fix qi = {xi,Xi; Ai) G O2 and let Ei,E2,E3 (resp. Ei, E2, E^) be an orthonormal 
oriented frame of (M, g) defined on an open set U 3 Xi (resp. If 3 Xi) such that Uxlf G 
'^q{02) and that •kEi^-kE2^-kE3 (resp. ^£'2, ^-Es) are eigenvectors with eigenvalues 
-K^{-),-K2{-),-K{-) (resp. -J^i(.), -i^2(-), -/^3(-)l on U (resp. U) as given by 
Proposition 17.61 Since —K is double on U (resp. —K is double on [/), we assume 
that Ki{-) = K{-) 7^ K2{-) everywhere on U, (resp. Ki{-) = K{-) 7^ K2{-) everywhere 
on U) without loss of generality. Recall that K{x) = K{x) for all q = (x, x; A) G O2 
by Proposition 17.61 (and the remark that follows it) and hence for all x G f/, x G U, 
K{x) = K{x). Taking U, U to be connected, this immediately imples that both K and 
K are constant functions on U and U . We denote the common constant value simply 
by K. 

Let Xai Ya, Za be chosen as in Proposition 17.61 for every q = (x, x; A) G O2. Then 
as -kYA is a unit eigenvector of R\x corresponding to the single eigenvalue —K2{x), we 
must have E2\x = i^A and since u{A'kYA)\q is tangent to the orbit (9x>r(?o); by Lemma 
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17.9^ it follows that for every q = {x,X]A) G the vector ulA-k E2\x)\q is tangent to 
Ov^ilo)- This with Proposition l7.3l proves the claim for (M, g). Symmetrically (working 
in Q{M,M)) the claim also holds for {M,g). The proof is complete. □ 

We will now aim at proving that, using the notations of the previous lemma, 
^(2,3) (2^) = ^2,3)i^) for all G TiQiO'^), whcrc O2 = TTg^iU X U) H O2 and U,U 

are the domains of definition of orthonormal frames Ei,E2, and Ei,E2, E3 as given 
by Lemma 17.171 above. That will then allow us, as will be seen, to conclude the study 
of the case where orbit is not open and rank of Rol is equal to 2. 

To this end, we define 6* : O2 — J- IR (restricting to smaller sets U, U if necessary) to 
be a smooth function such that for all q = (x, x; A) G O2, 

XA=cos{e{q))E^ + sm{e{q))E^ 
Za = - sm{e{q))Ei + cos{e{q))Es 

where Xa, Za (and also Ya) are chosen using Proposition [7]6l Indeed, this is well defined 
since Xa, Za lie in the plane = E2\j: as do also Ei\x, E^l^, for all q = (x, x; A) G O2. 

To simplify the notation, we write Ce := cos(^(g)) and sg := sin(^(g)) as well as 
"'^(i's) ~ when there is no room for confusion. We will be always working on 

O2 if not mentioned otherwise. Moreover, it is convenient to denote the vector field E2 
of M by y in the computations that follow (since £^2|x is parallel to Ya for all g G O2, 
this notation is justified). We will do computations on the "side of M" but the results 
are, by symmetry, always valid for M as well. 

We will make use of the following formulas which are easily verified (see Lemma 

'^R{XA)\qX(^.) = {^R{XA)\qO - CgTj^^^-^ - SgTf^ -^^)ZA + r(^2)^ 

^R(r)|,X(.) = {^k{Y)\,9 - TI,^)Za 

■^K{ZA)\qX^.) = {^^{ZA)\qO + S9r(3 1) - 001(3 i))Za + r(2^3)y 

^niY)\,Y = 

^V.[Za)\^ = — r(2^3)X^ — 1(^2)^^ 

^n{XA)\qZ^.) = i-^niX A)\qe + coTl,) + seTl^,))XA - Tl2^s)Y 
^n{Y)\qZ^.) = i-^niY)Ue + rl,))XA 
^n{ZA)\qZ^.) = i-^n{ZA)\q0 - seT},^,^ + c,^^,))^^ + T^^.^Y (92) 

Remark 7.18 Notice that i^(y4 ZA)\q is not tangent to the orbit Ox)r(q'o) foi" any 
q = {x,x;A) G O2. indeed, otherwise there would be an open neighbourhood O C O2 of g 
such that for all q' = (x', x'; A') the vectors u{A' ikXA')\q', i^iA' ikY)\qi, v{A' ZA')\qi would 
span V\qt{TTQ) while being tangent to T\qiO-ri^{qQ), which implies V\qt{'KQ) C T\qiOD^{qQ). 
Then Corollary 15.211 would imply that (9x)r(9o) is open, which is not the case. We will use 
this fact frequently in what follows. 
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Taking U, If smaller if necessary, we may also assume that 6 is actually defined on 
only on O2 but on an open neighbourhood O2 of O2 in Q. We will make this technical 
assumption to be able to write e.g. * ZA)\qO whenever needed. 

Lemma 7.19 For every q = {x, x; A) G O2 we have 

u{A^Y)\^e=l, 

Moreover, if one defines for q = {x,x; A) E O2, 

Fx\q :=-^Ns(^^)|g — ^\l,2)^{^ * ^ A)\q 
Fz\q :=-^Ns(^A)|g — r(2^3)Z/(A * 

then Fx,Fz are smooth vector fields on O2 tangent to the orbit Ox>^{qo). 

Proof. We begin by showing that u^A -k Y)\q6 = 1. Indeed, we have for every q = 
{x,x]A) G O2 that g{AZA, E2) = 0. Differentiating this w.r.t. i'{A-kY)\q yields 

= giA{kY)ZA, E2) - v{A ^ Y)\q9g{AXA. E2) = ^(AX^, ^2)(1 - y{A ^ Y) |,^). 

We show that ^(AXa,-E'2) 7^ 0, whence v{A-kY)\q9 = 1. Indeed, if it were that 
g{AXA, E2) = 0, then AXa G E2 and hence ^{AXa) would be an eigenvector of R\x 
with eigenvalue —K. But this would then imply that 

Rolg(*XA) = Ri^XA) - A^RmAXA))A = -Ki.XA + K/F{i.{AXA)A = 0. 

Because, Ro\q{XA A F) = as well, we see that Rolg has rank < 1 as a map A'^T\xM — )■ 
A^T|a;M, which is a contradiction since g G O2 C O2 and O2 is, by definition, the set 
of points of the orbit where Rolg has rank 2. This contradiction establishes the above 
claim. 

Next we may compute the Lie brackets 
[^k{Y), *X(.)]|, = - ^^s{A{kXA)Y)\q + 

= - ^^siAZA)\q + i^R{Y)\q9 - T^^^^HA * ZA)\q 

+ uiA * (c,(-r;,^2)^l + r;2,3)^3) + Se{-Tl2^3)El - rfi,2)^3)))|, 

= - ^r(z/(A* + ^^s{AZA)\q 

- Tl^2)i^iA ^ Xa) \q + r}2,s)i^{A ^ Za) |„ 

from where by adding we get 

=(^R(F)|,^-rj3i) + r;2,3))KA^z^)|,-^RKA^F)|,X(.))|, 
~rl^2AA^XA)\q. 
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Since this has to be tangent to Od^ [Qo), we get that the i^(y4*Zyi) l^-component vanished 
i.e., 

■^R{y)\gO = r^3^i) - 1(2,3). 

Next compute 

[^R(X(.)),i/((-) = - u{A^XA)Ue^RiZA)U - ^NsiA i^XA)XA)U 

=0 

+ u{A ^ {{^k{Xa)U9 - ceTl,) - + TI^^Y) ^ 

and so we must have again that the z/(y4* Zyi)|g-component is zero i.e.. 

Notice that [^r(X(.)), iy{{-)*Y)]\g can be written, since ifNs(^^yi)|g = ^R{ZA)\q - 
=%s(^A)|g, as 

[^n{X^.)),,^{{-)^Y)]\g = -Fz\, + ^KiZA)U-^R{u{A^Y)\,X^.)^^^ 

= -FzU-T1^2)^{A^Xa)U, 

which proves that Fz, as defined in the statement, is indeed tangent to the orbit on 
To show that Fx is also tangent to the orbit we compute 

[^r(Z(.)), z/((-) *Y)]\, = - ^^{u{A ^ F) I, - u{A ^ Y) \,e^^s{A{^Y)ZA)U 

+ u{A ^{-se{-V\,^2)Ei + rj2,3)i?3) + ce(-r;2,3)i?i - T\i,2)m)U 
= - ^^{v{A^Y)\,Z(.))\, - ^^s{AXa% 
- Tl^^^AA ^Za%- ^\2,z)y{A ^Xa% 

=Fx\, - ^r{Xa)U - ^R{^{A^y)UZi_.))U - T\^,:,)y{A^XA)U 
=FxU-T\^,,)y{A^XA)U. 

which finishes the proof. □ 
Lemma 7.20 For all G 'Kq{0'2) one has 

r(2,3)(^) = r(2,3)(£)- 

Proof. We begin by observing that for all q = (x, x; A) G one has 

g{AZA,E2) = 0. 

Indeed, AZa and E2\x are eigenvectors of i?!^ corresponding to non-equal eigenvalues 
—K and —K2{x), hence they must be orthogonal. 

Since AZa G E2\^, there is a ^ = 6{q), for all q = [x, x; A) G O2, such that 

AZa = -SgEi + CgE^. 
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Because AX a, AY G {AZ^} , there exits also a </> = 0(g) such that 

AXa =c^(cgii + SgEs) + s^E2 
AY = - s^ic^E, + s^Es) + c^E2. 

Moreover, Lemma [7.191 along with Eq. ( 19 2 p implies that simplifies to 

^R(F)|,Z(.) = r;2,3)(x)x^. 

Therefore, differentiating g{AZA, E2) = with respect to ^^(Xyi)!^, one obtains 

=^K{Y)\M-)Zi.),E2) = g{A^n{Y)\,Z^.),E2) + g{AZA,VAYE2) 
=r},^,^giAXA, E2) +g{AZA, -s^cs{-tl^2)Ei + f ;2,3)^3) - s<^sg(-f [2,3)^1 - f ;i,2)4)) 
=^4,^\2,3) - s^g{AZA, f (2,3)AZa - ffi 2)(ce^i + SgEs)) 

=s<^(r(2,3)(a;) -r(2,3)(£))- 

We claim that sin(0(g)) 7^ for q = {x,x;A) G Og, which would then imply that 
rj^2 3){^) ~ rj2 3)(£) = and finish the proof. 

Indeed, sin(0(g)) = would mean that AXa = ^{cgEi + SgE^), thus AXa G 
E2- By the argument at the beginning of the proof of Lemma [7.19[ this would be a 
contradiction. □ 

Corollary 7.21 (i) If for some (xi, Xi) G 'n'Q{0'2), one has Tj^ ^^i^i) 7^ (or 3)(^i) 
0), there are open neighbourhoods U' 3 xi, U' 3 xi such that {U',g), {U',g) are 
both of class M13 for /3 = 3)(^i) (°'' = ^[2 3){^i))- 

(ii) If for some (xi,Xi) G 7rQ(02), one has r^2 3)(^i) = (°'' r(2 3)(^i) = 0)' there are 
open neighbourhoods U' 3 Xi, U' 3 Xi such that U' x U' c 7rQ(02) and isometries 
F : {IxN, hf) iU,g), F : {IxN, hj) {U,g), where / C M is an open interval, 
such that 

/(*) /(f) 

Proof. Let U\U' be connected neighbourhoods of such that U' x U' G 7rQ(02) 

(recall that by Lemma [7.91 ttq{02) is open in M x M). 

(i) Set (3 = r^2 3)(3^i) 7^ 0- By Lemma [7201 has for every x & U' , x G U' that 

f(2,3)(^) = r(2,3)(a;i) = /3, 

r(2,3)(a;) = f(2,3)(Xi) = (3. 

By Proposition ID.191 case (ii), it follows that (after shrinking U',U') {U,g) and {U,g) 
are both of class Aip This gives (i). 
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(ii) By Lemma [7. 20^ one has for every x E U' , x ^ If' that 

r(2,3)(*) = r(2,3)(a;i) = 

r(2,3)(^) = r(2_3-)(Xi) = 0, 

i.e. r^2 3) ^iid f^2 3) vanish on U',U', respectively. 

Then Proposition ID. 19] case (iii) gives (after shrinking U', U') the desired isometrics 

8 jp _d_ 



F,F. Moreover, Eq. flll6p in that proposition gives, since E2 = E2 = -i- 



dr f{r) ^ ^ f{r) > f{r) 

df(r) ^ . f(r). Q2_f"ir) 
dr/(r) ^ /(r)^ /» ' 

where r E I. This proves (ii). □ 
7.2.2 Local Structures for the Manifolds Around q E Oi 

In analogy to Proposition ( 17. 6p we will first prove the following result. In the results 
below that concern Oi, we always assume that Oi 7^ 0. 

For the next proposition, contrary to an analogous Proposition 17. 61 of Subsubsection 
17.2.11 we do not need to assume that Cx)j^(q'o) is not open. The subsequent result only 
relies on the fact that Oi is not empty. 

Proposition 7.22 Let go = {xo^S^o;Aq) G Q. Then for every q = {x,x;A) G Oi there 
exist an orthonormal pair Xa, Ya G Tl^M such that if '■= *(-^a A Ya) then Xa, Ya, Za 
is a positively oriented orthonormal pair with respect to which R and Rol may be written as 

/ K{x) 0\ 
R{Xa AYa)= \ -K{x) , ^R{Xa A Ya) = 
\ 0/ 

/O \ 

R{Ya AZa)=\0 K{x) , ^R{Ya A Za) = 





R{Za a Xa) = I I , i.R{ZA A Xa) 

Ro\,iXA A Ya) = 0, 
Ro\,{Ya a Za) = 0, 

_ / -K^°\q)\ _ / 

RoI,(Za a Xa) = , ^Ro\{Za a Xa) = -At°'(g) 

\Kl°\q) 0/ V 

where /T, /sTo : M ^ M. 



(93) 
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With respect to X^, Y^, Zj^ given by the theorem, we also have 

^j^r{axa a ay a) a = 

i.A^R{AYA A AZa)A = 




i.A' R{AZa a ax a) a = -K2{x) + K^°\q) . (94) 



We collect some important observations concerning the previous proposition into 
the following remark. 

Remark 7.23 (a) The last proposition says that icXA,*YA,*ZA are eigenvectors of 
R\x, for every q = {x,x;A) E Oi, with the corresponding eigenvalues —K(x), 
-K2{x) and -K{x). 

Changing the roles of {M,g) and {M,g), the proposition gives, for every q = 
{x,x;A) E Oi, eigenvectors ^X^,^Ya,^Z^ are eigenvectors of R\x, with the cor- 
responding eigenvalues —K{x), —K2{x), —K{x). 

(b) Moreover, the eigenvalues K and K coincide on the set of points that can be reached, 
locally, by the rolling. More precisely. Proposition I7.22l tells us that 

-k{x) = -K{x), V(X, X) E TTQiOi) 

and that this eigenvalue is at least a double eigenvalue for both R\x and R\s:. 

(c) It is also seen that the above at-least-double eigenvalue cannot be a triple eigenvalue 
for both R\x and R\£ at the same time, for (x, x) E 71q{0i). Indeed, if K2{x) = K{x) 
and K2{x) = K{x), then clearly this would imply that Rol^ = 0, which contradicts 
the fact that q E Oi implies rank Rolg = 1. 

(d) Finally, notice that it is not clear that the assignments q i— )■ Xa,Za can be made 
locally smoothly on Oi. However, it is the case for the assignment q i— Ya- In 
addition, for every q = (x,x;A) E Oi, the choice of Ya and Ya are uniquely deter- 
rnined up to multiplication by —1. Indeed, *Ya = Za A Xa is a unit eigenvector of 
Rolg corresponding to the simple non-zero eigenvalue — /^^"'(g) (it is non-zero since 
rank Rolg = 1, q E Oi). By symmetry, the same claim holds of as well. Moreover, 
this implies that 

AYa = ±Ya, Vg = (x, x; A) E O^. 
We begin by the following simple lemma. 
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Lemma 7.24 For every q = (x,x;A) E Oi and any orthonormal pair (which exists) 
XA,yA € T\xM such that Xa,Ya,Za ■= A Ya) is an oriented orthonormal basis 

of T\xM and Rolq(X^ A Ya) = 0, Ro\q(YA A Za) = 0, one has with respect to the basis 

Xa, Ya, Za, 

/ Ka aA\ 
R{Xa AYa)=\ -Ka , ^R{Xa A Ya) = 

\-aA Pa / 

/ -Pa U\ 
R{Ya AZa)=\ Pa K\\, ^R{Ya A Za) = 



^R{Za a Xa) 



R{Za a Xa) 


= OlA 











U 





Ro\,{XaAYa) 


= 0, 






Ro\g{YA A Za) 


= 0, 















Ro\,{ZaAXa) 


A' 






















*Rol,(Z^AX^)= I -At°' 



Moreover, the choice of the above quantities can be made locally smoothly on Oi. 

Proof. We only need to prove the existence of an oriented orthonormal basis Xa-, Ya 
and Za such that Ro\q{XA A Ya) = 0, Rolg(YA A Za) = 0. Indeed, when this has been 
established, one may use Lemma 17^ where we now have K^°\q) = 0, a{q) = because 
Rolq(Y/i A Za) = 0, to conclude. 

Since for a given q = {x,x; A) G Oi, Rolg : A^T|^M — )■ A^T|^.M is symmetric linear 
map that has rank 1, it follows that its eigenspaces are orthogonal and its kernel has 
dimension exactly 2. Thus there is an orthonormal basis uji,uj2, A of A'^T\xM such that 
Rolg(co'j) = 0, 2 = 1,2. Taking Xa = Za = and Ya = *A we get, up to 
replacing Xa with —Xa if necessary, an oriented orthonormal basis of T\^M such that 
Ro\{Xa a Ya) = 0, Rol(F^ A Za) = 0. □ 

As a consequence of the lemma and because A^R{AX, AY)A = R{X, Y) — Ro\q{X, Y) 
for X,Y E T\r^M, we have that w.r.t. the oriented orthonormal basis Xa-, Ya-, Za, 

i<j^R{AXA, AYa)A = 



Pa \ 




OiA 


1 


-Ka) 










1 


Pa ) 






A 


-Kl + K^ 


OtA 



i.A' R{AYa, AZa)A = 

^A^R{AZa, ax a) a = I -Kl + K^°^ I . (95) 
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Notice that the assumption that rank Rol^ = 1 is equivalent to the fact that for 
every q = (x, x; A) E Oi, 

K^°\q)^0. (96) 

This imphes that Ya is uniquely determined up to multiplication by —1 (see also Remark 
17.231 above). Hence, in particular, for every q = {x,X] A) G Oi, 

Ro\g{A'TM){A) = spanMA{ZAAXA))U} = span{i.(A * F^)],}. 

We will now show that, with any (non-unique) choice of a pair Xa, Ya as in Lemma 
\7.2A\ one has that = and Ka = K\. 

Lemma 7.25 If one chooses any Xa, Ya, Za = *(^a A Ya) as in Lemma 17.241 then 

(5a = 0, Ka = K\, Vg = (x, x; A) e OvM- 

Proof. Fix q = {x,x;A) G Oi. Choosing in Corollary [5J9J X, Y G VF(M) such that 
X\^ = Xa, Y\r, = Ya, we get, since Ro\q{XA A Ya) = 0, 

u\-'[u{Ro\{X,Y){-)),u{Ro\{Z,W){-))]l 

=A[R{Xa a Ya),R{Z\, a W\,)]^^ - [R{AXa a AYa),R{AZU a awu)]^a 

+ R{AXa a ARo\,{Zl A WI)Ya)A + R{ARo\,{Zl A WI)Xa, AYa)A. 

Since q' = {x',x';A') t-^ u{Ro\{A'^T\^,M){A'))\g, = span{u {A' Ya')} is a smooth 
rank 1 distribution on Oi, it follows that it is involutive and hence for all X, Y, Z,W & 
VF(M), 

[i/(Rol(X A F)(-)), z/(Rol(Z A W){-))] 1^ G span{z/(A * F4)|J, 

where we used that Rol(A^TM)(yl) = span{y4 T<r Y^} as observed above. 

We compute the right hand side of this formula in different cases. We begin by 
taking any smooth vector fields X,Y,Z,W with X\x = Xa, Y\^ = Ya, Z\^ = Za, 
W\x = Xa- One gets 

A'^u\~'[u{Ro\{X,Y){.)),u{Ro\{Z,W){-))]l 

= [R{Xa a Ya), R{Za a Xa)]^^ - [A^RiAXA A AYa)A, A^R{AZa A AXa)A]^^ 

+ A^R{AXa a Ro\{Za a Xa){A)Ya)A + A^R{Ro\{Za A Xa){A)Xa A AYa)A 

+ A^R{AXa a 0)A + A^R{K^°^AZa a AYa)A 

'-KAKr\ [-K\\ /KT\-Ka + K\ 

U ] = { K^°'U I Gspan{z/(A^i:4)|J. 




Rol 

2 



Because K2°\q) 7^ 0, this immediately implies that 

-Ka + K\ = 0, Pa = 0. 
This completes the proof. □ 
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We will now rotate Xa, Ya, Za in such a way that we may also set oa equal to zero. 

Lemma 7.26 For every q = {x,x]A) G Oi there are orthonormal Xa,Ya G T\.j.M such 
that Xa, Ya, Za = *{Xa A Ya) is an oriented orthonormal basis of T\xM with respect to 
which in Lemma [7.241 one has oa = 0. 

Proof. Fix q = (x, x; A) G Oi, choose any Xa, Ya, Za = A Ya) as in Lemma 17.241 

and suppose 7^ (otherwise we are done). We let t G M, 

fXA{t)\ ^ ( cos(t) sin(t)\ (Xa\ 
\ZAit)) l^-sin(t) cosit)) \Za)' 

Then clearly YAit) := A = ^{Xa A Za) = Ya ^nd X Ait), Y Ait), Z Ait) 

is an orthonormal positively oriented basis of T\xM. Since Rolg is a symmetric map 
^^T\^M ^^T\^M and since 'kXA,'^ZA are its eigenvectors corresponding to the 
eigenvalue 0, it follows that -kXA{t).,-kZA{t), which are just rotated -kXA, -^Za in the plane 
that the form, are eigenvectors of Rolg corresponding to eigenvalue 0, i.e. Ro\q{XA{t) A 
Ya) = 0, Ro\q{YA A ZAit)) = for all t G M. 

Hence the conclusion of Lemma [7.241 holds for basis X^(t), Y/i, Zyi(t) and we write 
^A{t),aA{t), f3A{t), KA{t), K\{t), K\{t) for the coefficients of the matrices of R given 
there w.r.t. Ya, ZA{t). Then Lemma [725] implies that /^^(t) = 0, A'^(t) = K\{t) 

for all t G M. Computing now 

aA{t) =g{R{XA{t) A YA)ZA{t),XA{t)) = g{R{ZA{t) A XA(t))X^(t), 
= -g{R{ZA^XA)YA,XA{t)) 
= - gi-aAXA + ^aZa, cos(t)X^ + sin(t)ZA) 
= — aA cos(t) + ^A sin(t). 

Thus choosing to ^ such that 

cot(to) = — , 

"A 

we get that aA{to) = 0. As already observed, we also have /3a(^o) = 0, -R'^(to) = -^a(^o) 
and Ro\g{XA{to) A Ya) = 0, Rol,(rA A ^^(^0)) = 0. □ 

Since oa and Pa vanish w.r.t Xa, Ya, Za, as chosen by the previous lemma, we have 
that —Ka is an eigenvalue of R\x with eigenvector Xa A Ya, where q = [x, x; A) G Oi. 
Knowing this, we may prove that even C,a is zero as well and that (automatically) —Ka 
is a at least a double eigenvalue of R\x- This is given in the lemma that follows. 

Lemma 7.27 If g = (x, x; A) G Oi and Xa, Ya, Za as in Lemma 17.261 then ^a = 0. 

Proof. Since for any q = [x, x; A) G Oi, —Ka is an eigenvalue of R\x, we know that its 
value only depends on the point x of M and hence we consider it as a smooth function 
-K{x) on M. 
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We claim that that —K{x) is at least a double eigenvalue of Suppose it is not. 
Then in a neighbourhood U of x we have that —K{y) is a simple eigenvalue of R\y 
for all y & U. In that case, we may choose smooth vector fields X, Y on U, taking U 
smaller if necessary, such that Ay|j^ is a (non-zero) eigenvector of R\y corresponding 
to -K{y) and X\^ = Xa, Y\^ = Ya. Write O := nQ^^iU) d. 

But for any {y,y;B) G O, we know that Xb A is a unit eigenvector of R\y 
corresponding to —K{y) and hence, modulo replacing X by —X, we have Xb /\Yb = 

X\y A Y\y. 

Then for all (y, y; B) E O with y E U, one has 

KRol(X|, A Y\y){B))\^y,^.,B) = i^{Ro\{Xb a YB){B))\(^y,^,B) = 

i.e. u{Ro\{X A Y){-)) is a zero vector field on the open subset O of the orbit. 

If we also take some smooth vector fields Z, W such that Z\x = Za, W\x = Xa, we 
get by the fact that z/(Rol(X A Y){-)) = and from the computations in the proof of 
Lemma 17.251 that 

(K2°\—Ka + Ka) 

Since 7^ we get ^a = 0. But this implies, along with the results obtained in 

the previous lemma (i.e. K = K\, (3a = c^a = 0) that w.r.t. the basis Xa, Ya, Za, 



^R{Xa a Fa) = , ^R{Ya A Za 





which means that Xa A Ya and Ya A Za are linearly independent eigenvectors oi R\x 
corresponding to the eigenvalue —Ka = —K{x). This in contradiction to what we 
assumed in the beginning of the proof. 

Hence we have that —Ka is, for every q = {x,x; A) G Oi, and eigenvalue of i^l^, of 
multiplicity at least 2. 

Finally, since we know that w.r.t. Xa, Ya, Za, 



^R{XaAYa) = I I , ^R{YaAZa) = \ U \ , ^R{ZaAXa) = | -K[ 





-2 

'A 



and since R\x is a symmetric linear map having double eigenvalue —Ka, we know that 
there is a unit eigenvector uj of R\x corresponding to —Ka which lies in the plane 
orthogonal to Xa A Ya (in A^T|a.M). Hence, u = cos{t)YA A Za + sm{t)ZA A Xa for 
and 

Ka^oo = i^R{u) = cos(t) * R{Ya a Za) + sin(t) * R{Za A Xa) 

a \ f-KACOs{t)+Usm{ty 
:cos(t) I a I +sin(t) I -Klj = I acos(t) -irlsin(t) 
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where the matrices are again formed w.r.t. X^, Y^, Za- From the first row we get 
^Asin(t) = 0. So either $,a = and we are done or sin(t) = which imphes that 
u = 1±Ya a Za with l-t G { — 1, +1} and hence 

* R{Ya a Za) = 1± * R{uj) = -Ka{1± * uj) 



-Ka^{YaAZa) = ^ j, 
which gives = anyway. 

□ 

The previous lemma imphes Proposition 17.221 since now —Ka = ~K\, ~K\ are 
eigenvalues of R\x for every {x,x\A) G Oi and hence, defining K{x) := Ka-, K2{x) := 
Ka, we obtain well defined functions K, K2 : M ^ M.. 

The following Proposition is the last result of this subsection. Notice that it does 
need the assumption that Ovj^^iQo) is not open while the previous results do not need 
this assumption. 




Proposition 7.28 Suppose Ovj^igo) is not open in Q. Then there is an open dense 
subset 01 of Oi such that for every qi = {xi,Xi]Ai) E there are neighbourhoods U 
and U of xi and xi, respectively, such that either 

(i) both {U,g\u), {U,g\ij) are of class or 

(ii) both (U,g\u), {U,g\^) are isometric to warped products (/ x N,hf), (J x N^hj) 
and ^ = for all rG/. 

Moreover, there is an oriented orthonormal frame Ei,E2,E3 (resp. Ei,E2,E^) defined 
on U (resp. on U) respectively, such t\\dit -kEi,-kEi (resp. -kEi. -kE^) are eigenvectors of /2 
with common eigenvalue —K[-) (resp. —K{-)) and one has 

A.lE2\x^ = -^21x1- 

Proof. Let qi = {xi, Xi, Ai) G Oi. Notice that, as observed in Remark |7.23| either R\x-^ 
or has —K2{xi) or —K2{xi), respectively, as a single eigenvalue. By symmetry of 
the problem in {M,g), {M,g), we may assume that this is the case for -Rl^,^. Hence 
there is a neighbourhood U of Xi such that K2{x) 7^ K{x) for all x E U. 

It is easy to see that there is an open dense subset 0[ of Oi fl T^Q^jiU) such that, 
for every q = [x, x; A) G O'l, there exists an open neighbourhood V of x where either 
K2 = K on V or K2{y) 7^ K{y) for y E V. For the rest of the argument, we assume 
that qi belongs to 0[. 

By shrinking U around Xi and taking a small enough neighbourhood U of Xi, we 
may assume there are oriented orthonormal frames E'l, £'2,-^3 on U (resp. Ei,E2,Es 
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on U) such that ^i^i , ★£'2 , ^-E's (resp. Ei, E2, E^) are eigenvectors of R (resp. R) with 
eigenvalues —K{-), —K2{-), —K[-) (resp. — i^'(-), —K2{-)^ —K{-)), where these eigenval- 
ues correspond to those in Proposition 17.221 

Taking U, U smaller if necessary, we may take Xa^ Ya, Za as given by Proposition 
[7:22] for M and Xa,Ya, Za for M on n'^U xU)nO[, which we still denote by 0[. 

Since -kVA and *-E'2|x are both eigenvalues of for q = {x,x;A) G 0[, cor- 
responding to single eigenvalue —K2ix), we may moreover assume that Ya = E2\x, 
Vg = A) e 0[. 

Then because z/(Rolq(Z^ A = —K2°\q)'y{A E2)\q is tangent to the orbit 

Cx)j^(go) at the points q = {x,x; A) G O'l, we may conclude from Proposition 17.31 that 










^{1,2)\ 




^(3,1) 


P2 

^ (3,1) 






V (1,2) 





^(2,3) / 



where P and P*^^. are as defined there. 

We will now divide the proof in two parts (cases I and II below), depending whether 
{M,g) has, in certain areas, constant curvature or not. 

Case I: Suppose, after shrinking U around Xi, that K2{x) = K{x) for all x & U. We 
also assume that U is connected. This implies by Schur Lemma (see [28], Proposition 
II. 3. 6) that K2 = K is, constant on If and we write simply K for this constant. Again 
shrinking U, we may assume that {U,g\ij) is isometric to an open subset of a 3-sphere 
of curvature K. 

Assume first that r(2 3) 7^ on t/. Then Proposition ID.19| case (ii), implies that 
■'^{12) = on t/ and (r^js))^ — K{x) is constant on f/, which must be K. Hence if 
/3 := r^2 3)) which is constant on U, then {U,g\u) is of class Aip as is {U,g\(j) and we 
are done (recall that Ai-p = M.p) i.e. this is case (i). 

On the other hand, if r^2 3) = on f/, then we have that {U,g\u)-, after possibly 
shrinking f/, is isometric, by some F, to a warped product (/ x N,hf) by Proposition 
ID. 191 case (iii). At the same time, the space of constant curvature {U,g\(f), again after 
shrinking U if necessary, can be presented, isometrically by certain F, as a warped 
product (/ X N, hj) as shown in Example ID.lSj where is a 2-dimensional space of 
constant curvature. 

Because for all a; G t/ we have K[x) = K, we get that for all {r,y) E I x N, f ^ I, 

f"(r) . f"(f) 



fir) ' f{f) ■ 

Example ID. 151 shows that we may choose / such that /(O) = /(O) and /'(O) = /'(O), 
which then implies that /(r) = /(r), for all r G /. This leads us to case (ii) 

Case II: We assume here that K2{x) 7^ K{x) for all x G f/. The same way as 
for {M,g) above, this implies that Ya = E2\x and that w.r.t. the frame ^1, £'2,-^3, 
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Proposition 17.31 yields 



(2,3) 





^ (1,2) ] 


\ (3,1) 


^ (3,1) 


\ (3,1) 


\^(1,2) 





^(2,3) / 



where Tj^. = giV^Ej, Ek) etc. 

We will now claim that for all (x, x) G 7rQ(0']^), we have 



(2,3) 



r(i,2)(^) 



r(2,3)(^) 
r(i,2)(^)- 



AE. 



By Remark I7.23[ we have AYa = iVyi for q = {x,x;A) G O'^, and so we get 
'2\x = ^E2\x- Without loss of generality, we assume that the '+' -case holds here. In 
particular, if X G VF(M), one may differentiate the identity AE2 = E2 w.r.t. ^^{X)\g 
to obtain 



AVxE2 = VaxE2, Vg = (x, x; A) G 0[. 

Since AEi, AE2, Ei,E2 G {AE2)'^ = E2, there is for every q E O'l, a (p = (p{q) E 
such that 

AEi\x = cos{ip{q))Ei\i: + sin(v?(g))£'3|£ 



AE' 



3\x 



^3 X- 



-sm{ip{q))Ei\£ + cos{(p{q))E3 
As usual, we write below cos{ip{q)) = c^, sm{ip{q)) = Having these, we compute 
AVe,E2 =A{-Tl^2)Ei + r;2,3)^3) 

and, on the other hand, 

^AE^E2 =C^{-t\^^2)El + f (2_3)-E3) + S^(-f[2,3)-Ei - f [i^2)-^3) 
= { — C^pV]^l2) — S^pT]^2,3))El + (Cipr(2,3) — S^T]^i^2))E3- 

Taking X = Ei above and using the last two formulas, we get 

(-0^,1(^2) - ^V>'^\2,3))El + (-■S<^r(^2) + C^^\2,3))E3 = AV E^E2 
=VaEi-E'2 = (-C<^r[i 2) ~ ^'P^\2,3))El + {C^P^2,3) ~ ■^^F^^ 2))-^3 

from which 



"^(1,2) + ^(1,2)) + ■^¥'(^(2,3) 



J- !■ 



(2,3) y 



0. 
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Next we notice that differentiating the identity AEi = c^Ei + Sy^E^ with respect to 
u{A'kE2)\q gives 

A{^E2)Ei = {u{A^ E2)\gv){-s^Ei + c^E^) 

which simphfies to 

-AEs = {u{A^E2)\,^)AEs 

and hence yields 

iy{A^E2)\qip = -1, yq= {x,x;A) eO[. 

Thus, if {t,q) ^ ^{t,q) is the flow of * -E2) in O2 with initial position at t = 
at g e O'l, the above implies that ip{^{t,q)) = (p{q) + t for all t such that \t\ is small 
enough. Since sin and cos are linearly independent functions on any non-empty open 
real interval, the above relation implies that 

-r;i^2)(^) + f;i,2)(£) = o 

r(2,3)(^) ~ r(2,3)(a:) = 0, 

which establishes the claim. 

We may now finish the proof of the proposition. Indeed, if 3) 7^ on U, Propo- 
sition (DTTI] implies that r^2 3) =• is constant and T^-,^ = on f/. If x belongs to the 
set tTq m{0[), which is open in M, there is a g = (x, x; A) G 0[ where {x, x) E U x IJ, 
by the definition of 0[. Then what was shown above implies 

r(i,2)(^) = ^li,2)i^) = r(2^3)(x) = r(2^3)(x) = (3. 

Thus shrinking U if necessary, this shows that f 2) vanishes on f/ and f ^2 3) is constant 
= P on U. We conclude that {U,g\u) and {U,g\^) both belong to class Ai^ and we are 
in case (i). 

Similarly, if r^2 3) = on t/, the above argument implies that, after taking smaller 

If, r^2 3) = ^- Proposition iDTTn] implies that there is, taking smaller U, U if needed, 

open interval / = / C M, smooth functions f , f : I = I ^ M., 2-dimensional Riemannian 
manifolds {N, h), {N, h) and isometrics F : {I x N, hf) ^ {U, g\u) , E : {I x N, h^) U 
such that 

Tl^2)inr,y)), y{r,y)eIxN 
f;i,2)(^(r,y)), V(f,y)G/xiV. 

Clearly we may assume that G / = / and E{0,yi) = Xi, E{0,yi) = Xi for some 
7/1 G iV, G N. 



fir) 

m 
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Since t i-> (t, yi) and t H- (t, yi) are geodesies in {IxN, hf), [IxN, hj), respectively, 
7(t) := F{t,yi) and 7(t) = F{t,yi) are geodesies on M and M. In addition, 

7'(0) = ^2|£, = Ai^alxi =^7'(0), 
so 7(t) = 7x)j^(7, gi)(t) for all t. This means that 

= (7(t),7W) e 7rQ(0;) 

and therefore 

= Tl2){F{t,yi)) = Tl,){F{t,y,)) = 

for all t G / = /. This shows that we belong to case (ii) and allows us to conclude the 
proof of the proposition. □ 

We have studied the case where q belongs to Oi U 02- As for the points of Oq, one 
uses Corollary 15.241 and Remark [5.251 to conclude that for every go = i^Oy^o] ^o) ^ Oq, 
there are open neighbourhoods U 3 Xq and U 3 Xo such that {U,g\u) and {U,g\(j) are 
locally isometric. With the choice of the set O as the union of Oq U U O2, (where 01 
was introduced in Proposition I7.28| ). one concludes the proof of Theorem 17.11 



7.3 Proof of Theorem [772] 

The proof of the theorem only concerns Items (6) and (c), which are treated separately 
in two subsubsections. 



7.3.1 Case where both Manifolds are of Class M.j3 

Consider two manifolds (M, g) and (M, g) of class A^/?, /? > and oriented orthonormal 
frames Ei,E2,E3 and Ei,E2,E3 which are adapted frames for of {M,g) and {M,g) 
respectively. We will prove that in this situation, the rolling problem is not completely 
controllable. 

We define on Q two subsets 

go :={g = (x, x;A)eQ\ AE2 ^ ±^2} 
Qi :={q = (x, x;A)eQ\ AE2 = ±^2}. 

Proposition 7.29 Let {M,g), {M,g) be of class A^^ for /3 G R. Then for any 
Qo = {xo,xo;Ao) G Qi one has ODj^iqo) C Qi. Moreover, Qi is a closed 7-dimensional 
submanifold of Q and hence in particular dimOx>j^{qo) < 7. 

Proof. Define hi,h2 : Q ^ Rhj 

h,iq) = giAE,, E2), h2{q) = giAE^, 4), 
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when q = {x,X]A) E Q. It is clear that if h = (/ii,/i2) : Q I^^, then Qi = h~^{0). 
We will first show that h is regular at the points of Qi, which then implies that Qi is 
a closed submanifold of Q of codimension 2 i.e. dimQi = 7 as claimed. 
Before proceeding, we divide Qi into two disjoint subsets 

Qt ={(1 = (x, x;A)eQ\ AE2 = +E2} 
Q~ ={q = (x, x;A) eQ \ AE2 = -E2}, 

whence Q = Qf U Qi . These are the components of Q and we prove the claims only 
for Qf, the considerations for being completely similar. 

First, since for every q = {x,x;A) G Qf one has AE2 = E2, it follows that 
AEi, AE^ G E2 hence there is a smooth : Qf — t- M such that 

AEi = cos(0)Ei + sin(0)E3 =: Xa 
AE3 = - sin(0)Ei + cos(0)E3 =: Za- 

In the subsequent computations we shorten the notation as = cos(0(g)), = 
sin(0(g)). 

We have for q = (x, x; A) G Qf, 

u{A^E3)Uhi = g{A{^Es)Ei,E2) = ^(^^2,4) = 1 

u{A^Ei)\ghi = g{A{^Ei)Ei,E2) = 

u{A^E3)Uh2 = g{A{^Es)E3,E2) = 

iy{A^E^)\,h2 = g{A{^E,)E3,E2) = -^(^^2,^) = -1, 

which shows that indeed h is regular on Qf. 

Next we show that the vectors ^ji{Ei)\q, ^^{E2)\q, ^R{E3)\q are all tangent to Qf 
and hence to Qi. This is equivalent to the fact that ^^{Ei)\qh = for i = 1,2, 3. 

We compute for q = {x,x;A) G Qf, recalling that AEi = Xa, AE2 = ±E2, 
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^r(Ei)|,/ii =g{AVE,E^,E2)+g{AE^,V^J2) 

= - r;3,i)5(AE3, E2) + g{XA, f3c^Es - f3s^Ei) 

= - rfg E2) + 9{Xa, (3Za) = 

^^{Er)\,h2 =g{AVE,E^.E2)+g{AE^,V<,j2) 

=g{A{V\^^,^E, - f3E2), E2) + 9{Za. PZa) 

=^(r;3_i)XA-/3^2,^2) + /3 = 
^R(^2)|,/ii =g{AVE,E^,E2)+g{AEi,Vj,E2) = -T%^^{g{Z a, E2) + ^ = 
^K{E2)\,h2 =g{AVE,Es,E2)+9{AE,,VEA) = ^%,i)9{Xa, E2) + = 
^K{Es)Uh =g{AVE,E,,E2)+g{AE^,V^j2) 

=g{A{(3E2 - 4^1)^3), E2) + g{XA, -Ps^E, - (3c^E,) 

=g{f3E2 - 4,i)^a), E2) - mXA, XA) = f3-(3 = 
•^RiEs)\,h2 =giAVE,Es,E2)+giAEs,V^^E2) 

=T%^,^g{AEu E2) + g{ZA, -I3Xa) = TI,^{9{Xa, ^2) + = 0. 

Thus ^Yi.{,Ei)\q, ^Y{.{,E2)\q, ^Y{.{.E^)\q and hence "Dr is tangent to Q^, which imphes 
that any orbit OT>T^{q) through a point q G Qi is also a subset of Q^. The same 
observation obviously holds for and therefore the proof is complete. □ 

Next we will show that if {M,g) and {M,g) are of class Aijs with the same /3 G M, 
then the rolling problem of M against M is not controllable. 

We begin by completing the proposition in the sense that we show that the orbit 
can be of dimension exactly 7, if {M,g), {M,g) are not locally isometric. 

Proposition 7.30 Let {M,g), {M,g) be Riemannian manifolds of class Aijs, (3^0, 
and let go = ixo,xo;Ao) G Qi. Then if Cx)j^(go) is not an integral manifold of I'r, one has 
dimOv^{qo) = 7. 

Proof. Without loss of generality, we may assume that AqE2\xo = -E'2Uo- Then Propo- 
sition [7[29] and continuity imply that AE2\x = E2\x for all q = {x,x; A) G Ox)j^(go) and 
hence that AEi\x, AE-^lx G spaii{Ei\^, E^l^}. This combined with Lemma [D.8I implies 

Rolqi^E^) = 0, R^l,(^^2) = {-K2{x) + k2{x)){^E2), Rolqi^Es) = 0, 

for q = {x,x]A) G Ovp^{qo), where —K2{x),—K2{x) are eigenvalues of R\x,R\x corre- 
sponding to eigenvectors 'kE2\x,-*^E2\x, respectively. 

Since Oxij^iqa) is not an integral manifold of Pr there is a point qi = {xi,Xi; Ai) G 
Ox>j^{qo) such that —K2{xi) + K2{xi) 7^ (see Corollary 15.241 and Remark [5. 25p . Then 
there are open neighbourhoods U and U of Xi and Xi in M and M, respectively, such 
that -K2{x) + k2{x) ^ for all x G t/, x G U. 
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Define O := tIq^{U x i/)nCx)j^(go), which is an open subset of Cx)j^(go) containing go- 
Because for all q = {x,x;A) G O one has z/(Rolq(*_E'2))|q G T|qCx)j^(go) and — Jir2(x) + 
K2{x) 7^ 0, it follows that 

u{A^E2)U e r|,02,Jgo), Vg= G O. 

Moreover, F^^ 2) ~ ^ 3) = constant and hence one may use Proposition 17. 5[ 

case (i), to conclude that the vector fields defined by 



Ll\q 


—'^Ns{Ei)\g — 






=/3^Ns(i?2)|, 






==^Ns(-E'3) g — 





are tangent to the orbit (9x)r(q'o)- Therefore the linearly independent vectors 

-^R(-E'l)|g, =^R(-E'2)|q, ■^RiEs)\g, u{A -k E2)\q, L2\q, Ls\g 

are tangent to OTi^{qQ) for all q & O, which implies that dim 0-r>j^{qo) > 7. By Propo- 
sition [729] we conclude that dim OvTi{qo) = 7 □ 

By the previous proposition, we are left to study the case of an P^-orbit which 
passes through a point qo & Qo- 

Proposition 7.31 Let (M, g) and (Af, g) be two Riemannian manifolds of class Aij3, (3 ^ 
0, and let go = {xo,Xo;Ao) G Qo- Write M° := TiQ^MiOvM)' M° := n^Mi^vM)' 
which are open connected subsets of M, M. Then we have: 

(i) If only one of {M°,g) or {M°,g) has constant curvature, then dimOT>j^{qo) = 7. 

(ii) Otherwise dimOT>^ {qo) = 8. 

Proof. As before, we let Ei, E2, E^ and Ei, E2, E3 to be some adapted frames of (M, g) 
and (M, g) respectively. We will not fix the choice of go in Qo (and hence do not define 
M°, M°) until the last half of the proof (where we introduce the sets Mo, Mi, Mq, Mi 
below). Notice that Proposition 17.291 implies that O-D^lqo) C Qq, for every go G Qo- 

The fact that AE2\x 7^ ±-E'2|x Q — {x,x]A) G Qo is equivalent to the fact that 
the intersection {AE2\x) H -E^l^ is non-trivial for all g = {x,x; A) G Qq. Therefore, for 
a small enough open neighbourhood O of go inside Qo, we may find a smooth functions 
6,6 : O ^ M. such that this intersection is spanned by AZ^ = Za, where 

Za := - sin{6{q))Ei\x + cos{6{q))E3\x 
Za := - sin{6{q))EiU + cos(^(g))E3U. 

We also define 

Xa :=cos{6{q))Ei\x + sin{6{q))Es\x 
Xa :=cos(^(g))EiU + sin(^(g))4U- 
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To unburden the formulas, we write from now on usually Sr '■= sin(r(g)), Cr '■ = 
cos(r(g)) if r : O — 7- M is some function and the point g G O is clear from the context. 

Since Xa, E2\x, Za (resp. Xa, E2\x, Za) form an orthonormal frame for every q = 
{x,x; A) G O and because A{Z^) = Z^, it follows that there is a smooth : O' — )■ M 
such that 

AXa =c^Xa + s^E2 = c;^{cgE, + s^Es) + s^E2 
AE2 = - s^Xa + c^E2 = -s^{cgE^ + si^Ei) + c^E2 
AZa =Za. 

In particular, 

g{AZA,E2) = Q, 

for all q = (x, x; A) G O. 

Notice that for all q = [x, x; A) G O, since A Za = ^ZaA, 

Ro\g{i.ZA) = R{*Za) - A^R{iZA)A = -Ki.ZA + KA^^ZaA = 

and hence, since Rol^ : A'^T\xM — j- A'^T\xM is a symmetric map, 

Ro\g{kXA) = - Kf°\q) i.XA-ai.E2 

Ro\g{i.E2) =-ai<XA- K^°\q) ^ ^2, 

for some smooth functions Kf°\ K2°\ a : O — M. 

We begin by considering the smooth 5-dimensional distribution A on the open subset 
O of Qo spanned by 

What will be shown is that Lie (A) spans at every point q E O a. smooth distribu- 
tion Lie(A)|g of dimension 8 which, by construction, is then involutive. We consider 
VF^j^, VF^,Lie(A) as C°°(0)-modules. 

Since Xa = CqEi + SqE^, in order to compute brackets of the first 4 vector fields 
above against v{A'k XA)\qi we need to know some derivatives of 9. This will be done 
next. We begin by computing 

ifR(XA)|,Z(.) ={-^^{XA)Ue + c^rfg^i) + seT%^^))XA - I3E2 

■^K{E2)\qZ(.) ={-^^{E2)\q6 + 

■^K^Z A)\qZ {^.) ={—^^{ZA)\gO — S6ir[3 + CgT^^^ -^Si)XA- 

Differentiating g{AZA, E2) = with respect to J!y^{XA)\q gives, 

=giA^^{XA)\qZ(^.)X) + 9{AZa,Vax.A) 
=g{A{-^^{XA)\q9 + ceT},^,) + seTf, ,^)XA - /3i?2), ^2) 

+ giAZA, c^CglSEs - c^Sg(3Ei) 
=s^{-^n{XA)\qe + crfg^i) + seTf, ,^) - Pc^ + c^sp + c^cl(5 
=s^{-^^{XA)\qe + ceT\,^,) + 5^4,1)). 
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Since 7^ (because otherwise AE2 = ±-£'2), we get 

In a similar way, differentiating g[AZA, E2) = with respect to J^^{ZA)\q, ^^(£"2)15, 
one finds 

Finally, applying ulA-k E2)\q on the equation g{AZA, E2) = gives, 

=g{u{A * E2) |,((-)^(.), E2) = g{A{^E2)ZA - {iy{A ^ E2) E2) 
={l-u{A^E2)Ue)9iAXA,E2) 

and since g{AXA, E2) = 7^ 0, 

Using the definition of Xa and Za, we may now summarize 

^R(E3)|,0 = rf3,i), U{A^E2)U9 = 1. 

By Proposition 17.51 and the fact that /3 7^ 0, we see that VF^ contains the vector 
fields given by 

L,\q=^^s{Ei)U-l3u{A^E,)\q 

L2\q =.^m{E2)\q 

L^\q=^^s{E^)\q- PV{A^ E^)\q 

i.e. L2 = ^L2. Computing 

[^r(Ei), Z/((-) = - Se^K{E2)\q + SeL2\q - SeMA^E2)\q 

[^n{E2), lyii-) ^ = - ^n{ZA)\q - seL,\q + ceL^\q 

[^r(E3), z/((-) *X(.))]|, =ce^^{E2)\q - ceL2\q - ce{3u{A^E2)\q 
K(-)^i^2),K(-)*^(.))]l, =0 
and since one also has 

[^r(Ei),^r(E2)]|, =^n{[EuE2])\q - seK^'''iy{A^XA)\q - w(A^^2)|, 

[^K{E2),^R{Es)]\q =^n{[E2,Es])\q - CeK^^'uiA^ XA)\q - Ceau{A^ E2)\q 

[^n{E3),^R{E,)]\q=^n{[E3,E,])\q-au{A^XA)\q-K^°'iy{A^E2)\q, 
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we see using in addition Proposition 17.5^ case (ii) (the first three Lie brackets there), 
that VF^ is generated by the following 8 linearly independent vector fields defined on 
Oby 

We now proceed to show that Lie (A) = VF^. According to Proposition 17.51 
case (ii) and previous computations, we know that all the brackets between ^^{Ei), 
■^r{E2), ^jii^E-^), !/((■) -k E2) and LijL^ and also [Li,L^ belong to VF^, so we are 
left to compute the bracket of *X(.)),Z/2 against Li^L^ and also L2 against 
^^{E^)\,,^^{E2)U,^^{E3)U,u{A^ E2)U,u{{-)^ X(.))\,. 

To do that, we need to know more derivatives of 9. Since [^r(£'i), z/((-) * -E2)] = 
^K{Ez)\q - ^sU we get 

L;\,e =^R(E3)|,^-^R(i5i)UK(-)^^2)^J +K^^i?2)U^^R(i?i)^J =4i) 



and similarly, by using [^^^{E^), -k E2)] = -^■R,{Ei)\q + Li\q, 

Ll\qO = ^Is^l)- 

On the other hand 

=^NS(-E'2)|g^(-) =i—'^NsiE2)\q9 + F^g ;^))Xa, 

and to compute L2\q6 = ^ns(-£'2)|ij^; operate by j!f-^s{E2)\q onto equation g{AZA, E2) 
to get 



L2\qd 



^ (3,1)- 



With these derivatives of 9 being available, we easily see that 

=0 

^2 1 



[Li,z/((-)*^(.)) 

[^3,K(-)*^(.)) 
[-^3; L2 

[^r{E,),L2 

[-=^r(-E'2), L2 
[■^RiEs), L2 
H{-)^E2),L2 
[K(-)^^(.)).^2 



<Ff3,,) + /3)L3| 



=0 



^r(V£;,Ei)|, 



--(3L;\q 

--0 

---/3L^\q-^^{VE,Es)\g 

--0 

--0. 



Hence we have proved that VF^ is involutive and hence 



Lie(A) = VF^. 
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There being 8 linearly independent generators for Lie(A) = VF^, we conclude that 
the distribution T) spanned pointwise on O by Lie(A) is integrable by the theorem of 
Frobenius. 

The choice of go ^ Qq was arbitrary and we see that we may build an 8-dimensional 
smooth involutive distribution T> by the above construction on the whole Qq. Since 

C a C we have Cx)j^(go) C Ox>iqo) for all go ^ Qo and thus dim0Dj^(go) < 8. 
We will show when the equality holds here and show when actually dim 0-r>^ (go) = 7. 

Define 

Mo={xeM I (3^^K^{x)} 

Ml ={x e M I 3 open V 3x s.t. Vx' e V, (3^ = K2ix')} 
Mo ={x e M I /3V ^2(£)} 

Ml ={x e M I 3 open V3x s.t. W eV, = K2{x')}, 

and notice that Mq U Mi (resp. Mq U Mi) is an open dense subset of M (resp. M). At 
this point we also fix go G Qo and write M° = vrQ^M(C'x'H,(?o)), M° = Hq ^(^^©^(go)) as 
in the statement of this proposition. 

Let gi = (xi, Xi] Ai) G 7rQ^(Mo x Mo) ^ Qo- Take an open neighbourhood O of gi 
in Qq as above (now for gi instead of go which we fixed) such that hq{0) C Mo x Mq, 
and introduce on O the vectors Xa, Za, Xa, Za along with the angles 6, 6, (p, again as 
above. Then one computes for q E O, 

^gi^XA)] ^ ( sli-P' + k,) c^s^i-P^ + iu) \ UXa\ 

Ro\,{^E,) ) + i^2)s^c^ -i^2 + sl^^ + elk, ) y-^E, ) 

Ro\^{^Za) =0. 
The determinant d{q) of the above matrix equals 

d{q) = -sl{-K2 + P^){-k2 + P^), 

so d(g) 7^ since g G O C 'Kq'{Mq x Mo) n Qq. Since u{Ro\{^E2){A))\q^ G T\^^Ov^{qi), 
we obtain that vi^Ai ^£'2)|gi G T\q^OT>^{qi). 

If gi = {xi,Xi] Ai) G 7rQ^(Mo x Mq) fl Qq, then one can take a sequence g^ = 
(a;'„, A'^) G O-p^ ^qi) such that g^ — )■ gi while x'^ G Mo. Since Mo and Qq are open, we 
have for large enough n that g^ G 7rg"^(Mo x Mq) P\Qq, hence z/(y4^T*ri?2) ^ ^IgJi^i'R (Q*!) 
and by taking the limit as n — )■ oo, we have vi^Ai -k E2)\q^ G T|gjCx)R(gi)- 

Next suppose gi = (xi, Xi; Ai) G 7rQ^(MoxMi)nQo. Then Rol,^(*Ei) = Ro\q^{i.E^) = 

0, Rolg,(*E2) = (-i^2(a;i) + P^) ^ E2 with K2ixi) ^ /^^ and hence u{A E2)\q, G 
T|g^(9x)R(gi). Thus we have proven that 

iy{A^E2)\q G T\qOT,M, Vg G Qo n 7rQi(Mo x M). 

Changing the roles of M and M we also have 

u{{iE2)A)\q G T|,02?j,(g), Vg G Qo n ttq^M x Mo). 
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We define on Q two 3- dimensional distributions D,D: for g G Q oii^ defines -D|q to 
be the span of 

and D\q to be tlie span of 

K,\^ = ^^s{A^E,)\, - /3u{{iE,)A)\, 

K,\, = ^^s{A^E2)U 

KsU = ^m{A^E3)U - P'^i{m)A)U 

We claim that for any qi = {xi,Xi;Ai) G Q and any smooth paths 7 : [0,1] — )■ M, 
7 : [0, 1] — )■ M with 7(0) = Xi, 7(0) = Xi there are unique curves F, T : [0,1] ^ Q of 
the same regularity as 7,7 such that F is tangent to D, F(0) = qi and 7rQ^^(F(t)) = 7 
and similarly F is tangent to D, r(0) = qi and 7rg^-f(F(t)) = 7. The key point here 

is that F, F are defined on [0, 1] and not only on a smaller interval [0,T] with T < 1. 
We write these curves as F = F(7, qi) and F = r(7, gi), respectively. Notice that since 
(^q,m)*-^ = and {'Kq^m)*D = 0, one has 

7rQ,A/(r(7,gi)W) = xi, 7rQ,M(f(7,gi)(t)) = x,, Vt G [0, 1]. 

We prove the above claim for D only since the proof for D is similar. Uniqueness 
and local existence are clear. Take some extension of 7 to an interval ] — e, 1 + e[=: / 
and write Fi := F(7,gi). Consider a trivialization (which is global since we assumed 
the frames Ei, Ei, i = 1, 2, 3 to be global) of vtq given by 

$ : Q ^ M X M X SO(n); {x, x; A) ^ {x, x, Mpp{A)), 

where F = {E^ ^2, ^3), ^ = (^1, ^2, ^3)- 

Clearly for every (s, C) E I x SO{n) one has 

$(F(7(s + ■), $-^(7(s), xi; cm) = (7(s + t), xi, 

where 5(^,(7) (t) G SO(n) and t in some small open interval containing 0. On I x SO(n) 
we define a vector field 

d ■ 

^\is,C) = (^.^(.,c)(0)). 
If $(F(7,gi)(t)) = (7(t),Xi;Ci(t)), then since 

^$(ri(s)) =^lo'^(r(7, qi){t + s)) = ^|o<f (r(7(^ + ■), r(7, 

= :^lo(^(^ + ^)'^i'^(«.t7i(.))W) = (7(s),0, (pr2)*A'|(,,c7,(,))), 
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we see that s t— )■ [s, (pig o $ o ri)(s)) = (s,Ci(s)) is the integral curve of X starting 
from (0, Ci(0)). Conversely, if Ai(t) = (t, C{t)) is the integral curve of X starting from 
(0,Ci(0)), then ri(t) := $~^(7(t), Xi, C(t)) gives an integral curve of D starting from 
qi and 7rQ,M(f = 7(t). 

Hence the maximal positive interval of definition of Fi is the same as that of the 
integral curve Ai of X starting from (0, Ci). If it is of the form [0, to[ for some < 1 + ^5 
then, because [0,1] x SO(n) is a compact subset of J x SO(n), there is a ti G [0,to[ 
with Ai(ti) ^ [0,1] X S0(?7,) i.e. ti ^ [0,1] which is only possible if ti > 1, and thus 
to > 1- We have shown that the existence of Ti{t) = r(7,gi)(t) is guaranteed on the 
whole interval [0, 1]. 

Since for all q G QoHtTq^^MoxM), which is an open subset of Q, one has z/(/l*i?2)|g G 
T\qOvji{q), follows from Proposition 17.51 that 

Li|, = ^Ns(^i)|,-M^*^i)l, 

L2\q = =^Ns(-£'2)|g 

are tangent to the orbit Ojy^^q) and hence so are ^Yi{Ei)\g — Li\g = Ki\q, ^^{E2)\g — 
L2 = K2\q and ^Yi{E3)\g - ^slg = ^slg i-e. 

D\q C T\gOT,^{q), Vg G Qo n tIq^Mq x M). 

Similar argument shows that 

D\g C T\gOT,^{q), Vg G Qo n 71q\M x Mq). 

Assume now that (Mi x Mq) nnq^Oxi^^qo)) 7^ and that Mq 7^ 0. Choose any qi = 
(xi, Xi, Ai) G (9x)jj (go) with (xi, Xi) G Mi x Mo and take any curve 7 : [0, 1] — >■ M with 
7(0) = xi, 7(1) G Mo. Then since TTg^^-f (1(7, gi)(t)) = Xi, we have 7rQ(r(7, gi)(t)) G 

M X Mo for all t G [0, 1] and since also D\g C T\gOv^{qo) for all g G O^j, (go) n7rQ^(M x 
Mo), we have that r(7,gi)(t) G ^©^(go) for all t G [0, 1]. 

Indeed, suppose there is a < t < 1 with r(7,gi)(t) ^ (9x'r(q'o) and define ti = 
inf{t G [0,1] I r(7,gi)(t) ^ O^M}- Clearly ti > 0. Because q^ := r(7,gi)(ti) G 
7rQ^(M X Mo), it follows that for |t| small one has r(7, gi)(ti + 1) G OTij^{q2), whence if 
t < small, r(7,gi)(ti + 1) G Oxi^{q2) H Ox)p(go), which means that g2 G Ox'r(?o) and 
thus for t > small r(7, gi)(ti + 1) G Oj}^ (go), a contradiction. 

Hence one has 7rQ(r(7, gi)(l)) G (Mo x Mo) H 7rQ((9x>R(?o))- In other words we have 
the implication: 

(Ml X Mo) n ngiOr^M) ^0, ^ ^ (Mo x Mo) n TTgiOr^M) ^ 0- 
By a similar argument, using D instead of D, one has that 

(Mo X Ml) n ^QiOvM^)) ^0, Mo ^ =^ (Mo X Mo) n iXQiOvM^)) ^ 0. 
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Suppose now that there exists qi = {xi,Xi;Ai) G 7rQ"^(Mo x Mq) D Ox>^{qo). We 
already know that T\q-^Ov^{qo) contains vectors 

-^R (-E'l ) I gi , (-E'2 ) I gi , -^R (-E's) 1 51 , 



which are linearly independent since qi G (Mq x ^0) H 7rQ(Ox'H,(?o))- Indeed, if one 
introduces X^, and an angle (j) as before, we have sin(</)(gi)) 7^ as gi G Qo and 



i/((^E2)Ai)|,, = u{Ai^{AiE2))\q, = sm{(f){qi))u{A,^ XA,)\g, + cos{(f){qi))u{Ai^ E2)\g,. 

Therefore dim (9x)r(q'o) ^ 8 and since we have also shown that dim (9x)r('?o) ^ 8? we 
have that 

(Mo X Mo) n ngiOT^M) 7^ ^ dim Oi,Jgo) = 8 

Write Q° := 7rQ\M° xM°), which is an open subset of Q and clearly ^©^(q'o) C Q°. 
To finish the proof, we proceed case by case. 

a) Suppose {M°,g) has constant curvature i.e. Mo H M° = 0. By assumption then, 
{M°,g) does not have constant curvature, which means that Mq fl M° 7^ 0. 

At every q = {x,x; A) G Q°, one has Ro\g{-kEi) = Ro\g{-kE3) = and Ro\g{-kE2) = 
{—K2{x) + -k E2 and therefore 

[^R(Ei),^R(^2)]|g = ^R([i^^l,i?2])|g, [=^R(i?2) , ^r(^3)] I g = ^r( [i?2, i^s] ) I g 
[^r(E3),=S^r(Ei)]|, = ^r([E3,Ei])|, + (-K2(X) +/3')l^(A^E2)|,. 

From these. Proposition 17.51 case (ii) and from the brackets (as above) 

[^KiEs), L2]U = - f3L,\g - ^n{VE,E3)U 
[^n{E2),L2]\g=0 

K(-)*^2),^2]|g=0 

[Li,Z2]|,=(r?3^1)+/3)L3|, 

[L3,L2]|, = - (1^3,1) +/3)Li|„ 

we see that the distribution Pon Q° spanned by the 7 linearly independent vector 
fields 

^r(£;i), ^r(£;2), ^R(i?3), * E2), Li, L2, L3 

with Li, L2, L3 as above, is involutive. Moreover V contains "DrIqo, which implies 
Cx)R,(go) = C'x'RlQo(go) C Of,{qo) and hence dimOva{qo) < 7. 
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To show the equahty here, notice that since Mq fl M° ^ 0, one has that O : = 
71q^j^{Mq) nOx)j^(go) is an open non-empty subset of Ox>j^{qo). Moreover, because 
K2ix) ^ on MonM°, we get that u{Ai<E2)\q G T\gOv^lqo) for all g G O, from 
which one deduces by Proposition I7.5[ case (i) that V\q C T\qOv^{qo), which then 
implies dimOD^{qo) > 7. This proves one half of case (i) in the statement of this 
proposition. 

b) If {M°,g) has constant curvature, one proves as in case a), by simply changing 
the roles of M and M, that dim (!?x)r(q'o) = 7. This finishes the proof of case (i) 
of this proposition. 

For the last case, we assume that neither (M°, g) nor (M°, g) have constant curvature 
i.e. we have M° fl Mq 7^ and M° (1 Mq ^ 0. 

c) Since M° (1 Mq ^ 0, there is a gi = Ai) e Ov^{qo) such that Xi e Mq. If 
Xi G Mo, we have (Mq x Mq) H nq^Ovfi^iqo)) 7^ and which implies, as we have 
shown, that dim Ovf^^iqa) = 8- 

Suppose then that Xi G Mi. Then one may choose a sequence = x^; A'^) G 
(9x)a(go) such that q'^ — > qi and x'^ G Mi. Because Mq is open, for n large enough 
one has x'J G (Mq x Mi) n7rQ(Ci,^(go))- Hence (Mq x Mi) miQiOT^M) ^ 
and 7^ M° n Mo C Mq, which has been shown to imply that (Mq x Mq) fl 
^q(^I'r(Q'o)) 7^ and again dim Cx,j^(go) = 8. 

The proof is complete. □ 

Remark 7.32 One could adapt the proofs of Propositions 17.291 17.301 and 17.311 to deal 
also with the case (3 = 0. For example, Proposition 17.291 as formulated already is valid 
in this case, but the conclusion when (3 = could be strengthened to dimOx)p(go) < 6. 
However, since a Riemannian manifold of class Aio is also locally a Riemannian product, 
and hence locally a warped product, we prefer to view this special case (3 = as part of the 
subject of subsection 17.3.21 

7.3.2 Case where both manifolds are Warped Products 

Suppose {M,g) = {I x N,hf) and {M,g) = (/ x N,hj:), where 1,1 CR are open in- 
tervals, (A^, h) and (A^, h) are connected, oriented 2-dimensional Riemannian manifolds 
and the warping functions /, / are smooth and positive everywhere. We write ^ for 
the canonical, positively directed unit vector field on (M, Si) and consider it as a vector 
field on (M, g) and (M, g) as is usual in direct products. Notice that then ^ is a (jf-unit 
(resp. ^-unit) vector field on M (resp. M) which is orthogonal to T\yN (resp. T\yN) 
for every (r, y) G M (resp. (f,y) G A^). 

We will prove that starting from any point point qo ^ Q = Q(M, M) and if the 
warping functions /, / satisfy extra conditions relative to each other, then the orbit 
O-D^lqo) is either 6- or 8-dimensional. The first case is formulated in the following 
proposition. 
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Proposition 7.33 Let {M,g) = {I x N, hj), {M,g) = (/ x iV, hj:) be warped products 
of dimension 3, with 1,1 cM. open intervals. Also, let go = {xo,xo;Aq) E Q he such that 
if one writes xq = {ro,yo), xq = (fo,yo), then 

<9 , d , 

Aoi^lf ^ = ^\r V (97) 



holds and 

/'(t + ro) /'(t + ro) 



Vt G (/-ro)n(/-fo). (9^ 



/(t + ro) /(t + fo) 
Then if Od^{(i^ is not an integral manifold of Dr, one has dim Cx)j^(go) = 6. 

Proof. For convenience we write /t(r) := = "j^^^Py, G (-^ — ^o) l~l (/ — fg) =: J. 

Let 7 be a smootli curve in M defined on some interval containing and such that 
7(0) = Xq and let {'y{t),^(t)] A(t)) = qv^{l,(lo)it) be the rolling curve generated by 7 
starting at go and defined on some (possible smaller) maximal interval containing 0. 
Write 7(t) = (r(t),7i(tj) and ^{t) = (f(t),7i(t)) corresponding to the direct products 
M = I X N and M = I x N. Define also, 

C(t):=r(t)-ro, :=|:U 

C(t):=f(t)-fo, S{t):=A{tr^\^^^^ 

which are vector fields on M along 7. 
Notice that 

C{t) = m =^?(7W,|:|,(,))=^7(7W,^W), 

By Proposition 35, Chapter 7, p. 206 in |24] . we have 



I.e. 



=-(C(t))(7(t)-C(t)|:|,(,) 
=-(C(t))(4(t)-C(t)|:|,,)), 



V,(,)S(t) =K(C(t))(7(t)-CW5(t)) 

v,(,)5(t) =A(t)"^v,(,)|: = '^(CW)(^W"H(t) -^(t)A(t)"^|-|,(^^) 

='^(CW)(7W-e(t)5(t)) 
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Let p G C°°(]R) and t t— ?■ X{t) be a vector field along 7 and consider a first order 
ODE 

' m = 9m),x{t)) 
v,^t)X = K{p{t))m - p{t)x{t)). 

By the above we see that the pairs {p,X) = {(, S) and {p,X) = {(, S) both solve this 
ODE. Moreover, by assumption C(0) = = C(0) and 5(0) = A{0)-^^\.^ = |-|^^ = 5(0) 

so these pairs have the same initial conditions and hence {(, S) = {(, S) on the interval 
where they are both defined. In other words, 

r{t) - ro =r(t) - fo 

for all t in the interval where the rolling curve qv^i'y, Qo) is defined. 
Define 

d , d , 

Q+ = {<?= {x,x;A) = {{r,y),{r,y);A) e Q | r - Tq = f - Tq, = ^L)' 



dr 



By the above considerations. 



which implies that Ox)^{qo) C Q\,. 

We show that Q*^ is a 6-dimensional submanifold of Q. Let q = {x,x]A) 



{{r,y),{f,yy,A) G Q such that | 
has 



d_ 

dr I 



X' + a 



— I 
dr 



A{X' + a 



-I ) 

dr 



Then for all a E R,X' e T\yN one 

d 



AX% + 2g{AX',a-l) + 



a 



This implies that 



/||2 



\AX 



/||2 



for all X' e TLN. Thus ATLN 



dr I X 



and also A 



dr I 



T\yN by assumption. Define 



Qt = {q= {x, x; A) = ((r, y), (f^y); A) e Q \ A 



— \ 
dr 



d_ 

dr 



and let qi = {xi,Xi;Ai) = ((ri,?/i), {ri,yi); Ai) G Qi- Choose a local oriented h- and 

/i-orthonormal frames X[,X2 in around yi and X[,X2 in around yi. Let the 

d_ 

dr- 



corresponding domains be U' and U'. Writing i?i = £'2 = jX[, = jX'2 on M 
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and £"1 = ^, £"2 = jX[, E3 = on M, we see that Ei, E2, E3 and Ei, E2, E3 are g- 
and ^-ort honor mal oriented frames and we define 

^ : y := tTq\{R X U') x (R x U')) S0(3); 



^{x,x;A) = [{g{AE,,E^))i]. 
This is a chart of Q and clearly 

^(\/ n Qt) = (M X f/') X (M X U') X 



1 
A' 



A' e S0(2) 



This shows that fl is a 7-dimensional submanifold of Q and hence is a closed 
7- dimensional submanifold of Q. 

Defining F : Qf — t- M by F{{r,y), {f,y); A) = (r — Tq) — (f — fo), we see that 
(5+ = -F~^(0). Once we show that F is a submersion, it follows that Q*_^ is a closed 
codimension 1 submanifold of Qf (i.e. dimQ^ = 7—1 = 6) and thus it is a 6- 
dimensional submanifold of Q. 

Indeed, let q = (x, x; A) E and let 7(t) be an integral curve of ^ starting from 
X and 7(t) = x a constant path. Let q{t) = {'~f{t),^{t)] A{t)) be the DNS-lift of (7? 7) 



starting from q. Then 7(t) 
M, one has 



9_ 

ar l7(t)' 



7(t) = and since ^ is a unit geodesic field on 



dt 

This shows that q{t) E Qf for all t and in particular, ^ns(^ 



(5r 't'W^ 
g(0) e T|,g+. 



Then if one writes 7(t) 
and therefore 



(r(t), 7i(t)), 7(t) = X = (f, ^)=constant, one has r{t) 



-ro)) 



i.e. F*=SfNs(^ 



1, which shows that F is submersive. (Alternatively, one could 
have uses the charts \E' as above to prove this fact.) 

Since we have shown that dimQ^ = 6 and (9x)r(9o) C Q\, it follows that (9x)r(9o) ^ 
6. To prove the equality here, we will use the assumption that Ox>j^{qo) is not an integral 
manifold of Dr. 

Take local frames Ei,Ei as above near Xi and Xi, where qi = (xi,Xi]Ai) = 
((ri,yi),(fi,yi);Ai) E OvM- The assumption that = for alH G J 

easily imply that ^^1^^^^^^ = '^^^^^-"^ =■ i^2it) for alH G J as well. Respect to the frames 
'kEi,-kE2,-kE3 and *£i, ^£2, ^-£"3 one has (see Proposition 42, Chapter 7, p. 210 of [21] ) 

{r,y) = 
\ 



R\ 





/«2(r - ro) 




+ K(f - fo)' 








i^2{r - fo) 
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where cr{y) and are the unique sectional (or Gaussian) curvatures of (A^, h) and 
(A^, h) at points y, y. Write 

-K2{r, y) = -^j^ + K{r - Tq), -i^2(r, y) = -^7^ + f^{r - Tq). 
J{r) f[ry 

Since Ai^]^ = ^|-^, we aheady know that AiE2\x^ and AiE'sl^^ are in the plane 
span{£'2|£i, -Esl^i}. This and the fact that ri — tq = fi — tq imply 



' -K2{xi) + K2{xi) 0' 


0. 



Rolgi =1 



w.r.t. 'kEi\.j.^,'kE2\x^,'kE^\x^. 

Since (9x)ii(go) is not an integral manifold of Pr, it follows from Corollary 15.241 
and Remark 15.251 that there is a gi G 0Dr(5'o), where Rolgi 7^ 0. Hence there is a 
neighbourhood O of qi in (9x>r(q'o) such that Rolg 7^ 0. With respect to local frames 
Ei,Ei as above (taking O smaller if necessary), this means that K2{x) 7^ K2{x) for all 
q = {x,x;A) G O and since h'{Ro\q{-kEi))\q = (— A'2(x) + K2{x))h'{A-k Ei)\q, we have 

i^(A*Ei)|, GT|,Op^(go), VgGO. 

Hence applying Proposition 17.51 case (i) to the frame Fi := E2, F2 := Ei, F3 := E^ 
implies that the 6 linearly independent vectors (notice that we have T^^ 3) ~ that 
proposition) 

^r(Fi) |„ ^r(F2) |„ ^r(F3) |„ i/(A * F2) |„ Li |„ 

are tangent to OD^{qo) at g G O, where 

Li = ^Ns(i^l)|, - r;i,2)(a;)K^*^3)|g 

= J^m{F3)U + Tl^2)i^)u{A^ F,)\q, 

where rf^ 2)(^) = 9i^FjFiF2) = g{VE2E2,Ei) = if x = {r,y). This proves that 

dimOx)R(go) > 6. End of the proof. □ 

Remark 7.34 The condition Rolg^ 7^ in the proof of the previous proposition was 
equivalent to the condition K2{xi) 7^ A'2(xi) which again means that if xi = (ri,?/i), 
xi = (xuVi), 

\9 / 



where a{y) (resp. (y{ff)) is the sectional curvature of {N,h) at y e N (resp. of {N,h) at 
yeN). 
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Remark 7.35 To show that dim C^Ir (o'o) < 6 under the assumptions of the proposition, 
we showed that if g = (x, x; A) E Q*^, then qv^iil, ^ Q*+ for any path 7 starting from 
X. For this we basically used the uniqueness of the solutions of an ODE. 

Alternatively, one could have proceeded exactly in the same way as in the proof of 
Proposition 17.291 To this end, one defines as there hi, hi : Q W and also F : Q as 
above as 



hi{q) = g{AEi, /12(g) = giAEs, ^2), F{q) = (r - Tq) - (f - fo). 

Now write H = {hi, h2, F) : Q ^ Q* := H^^{Q) and Q = Q\VJQ*_ where Q\ (resp. 



Q*_) consists of all q = {x, x; A) G Q* where A-§- = +^ (resp. A£ = --§-) 



Now for all q e Q\, 

HXA^Ei)\, = (0,-1,0), HMA^E^)]^ = (1,0,0), iJ,^Ns(|:, 0)|, = (O'^'^)' 

which shows (again) that Q\_ is a 6-dimensional closed submanifold of Q (and so is Q*) 
while w.r.t. orthonormal bases Ei,E2,Es, Ei,E2,E3, where E2 = E2 = ^, one has 

for q = [x, x; A) G Q\, since x = {r,y), x = (f, y) with r — Tq = r — fg =: t 

^nmUhi = g{A{T\i^2)E2 - rf3,i)i?3), E2) + g{AEi, -t}i^2)AEi) 
f'jr) ^ f'jf) _ f{t + ro) ^ f'{t + fo) _^ 



fir) f{f) /(t + ro) /(t + fo) 
^R{Ei)\,h2 = Tl,^i)g{AEi,E2)+giAEs,-Tli^2)^Ei) = 
^r(^2)IA = -1231)^(^^3,^2) = 
^RiE2)Uh2 = Tl,^i)g{AEi,E2) = 

^K{E;)\,hi=^niEs)\,h2 = 

^niEi)UF = ^niE2)UF = ^niEs)UF = 0, 

hence 1)^1^ C T\gQ\ for all q G Q\. This obviously implies that ^©^(g) C Q;^ for all 
q e Q\ and thus dim Cx)r (g) < dim (5+ = 6. 

For the following proposition we introduce some notation, 

d d 

Qo :={g = {{r,y), {r,y)-A) G Q \ A-\^^,^^^ + ±^l(.,s)} 
Qt ■.=Q\Qo = {q = {x,x;A) G Q \ A^\^^,^^^ = 
Qi ■.=Q\Qo = {q = {x,x;A) G Q \ ^|:|(,,,) = 

Qi ■.=Qt^Qi 

St--=U = {{r,y),{r,yy,A)eQi \ = 



/W /(f) 

{g=((r,y),(f,y);A)Ggrly^ = -||^} 



5i :=5+ U 5f . 



162 



We have that Q decomposes into a disjoint unions 

g = 5i U (Q\5i) = 5i U (QA^i) U Qo- 

Proposition 7.36 Let {M,g) = (/ x N,hf) and (M,^) = (/ x iV, /z^-), be warped 

products with /, / C M open intervals and suppose that there is a constant G M such 
that 

fir) f"(r) 

Let go = (xo,Xo;Ao) G Q and write M° := 7iQ^M{Ov^{qo)), M° := vr^ j,^(C2,j,(go)). 
Assuming that Ox>j^{qo) is not an integral manifold of Pr, we have the following cases: 

(i) If go e Si, then dim C2,j,(go) = 6; 

(ii) If go G Q\Si and if only one of (M°,g) or (M°,g) has constant curvature, then 

dimOx,j^(go) = 6; 

(iii) Otherwise dimOD^{qo) = 8- 

Proof. As in the proof of Proposition 17.331 (see also Remark I7.35P it is clear that Qi 
is a closed 7-dimensional closed submanifolds of Q and Qi,Qf are disjoint open and 
closed submanifolds of Qi. Also, Si,Si, S'f are closed subsets of Qi. 

Let us begin with the case where go G Si - Writing Xq = (^0,1/0)) 2:0 = (^^Oj^o) and 
defining w{t) := - j^^, we see that for all t G (/ - tq) n (/ - fo), 



2 

f{t + ro)^ \f{t + ro)J f{t + fo) '^f{t + fo) 

K =-K 



I.e. 



w (t) = -w(t) — + — , w{0) = 0. 

This shows that w(t) = for all t G (/ — Tq) fl (/ — fo) and hence the assumptions of 
Proposition 17.331 have been met. Thus dim O-D^^qo) = 6. 

On the other hand, if go = (xo,xo;Ao) G and xq = (ro,?/o), = (^o,yo), 
define f^{t) := /(-^), := -I and notice that ^ : (/ x N,hf) (/^ x iV,/i;v) =: 
(M^,^^) given by (^, f) 1— )■ [y,—f) is an isometry, which induces a diffeomorphism 
$ : Q — )■ Q{M, M"^) by (x,£;74) i— )■ (x, o A) which preserves the respective 

rolling distributions and orbits: (^^{V^\q) = $(Ox)j,(g)) = Ox,v($(g)), the 

notation being clear here. But now ^{Aq) = (p^,{Aq-^) = = ^ and since 

Qo ■= ^ilo) = {{ro, yo), (-fo, yo); (f* o Aq), 

/^(-^o) /(fo) /(fo) /(fo) /(^o)' 
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Thus $(go) belongs to the set of Q{M, M^) (which corresponds by $ to of Q) and 
thus the above argument imphes that dim (9x'^('^'(q'o)) = 6 and therefore Ov^iQo) = 6. 
Hence we have proven (i). 

Now we deal with the case where go ^ Q\Si. Up until the second half of the proof, 
where we introduce the sets Mq, Mi, Mq, Mi, we assume that the choice of go ^ Q\Si 
is not fixed (and hence M°, M° are not defined yet). 

So let go = (xo, Xq; Aq) = ((ro, yo), {ro, yo); Aq) e Q\Si and choose some orthonormal 
frame Xi, X3 (resp. Xi, X^) on (resp. N) defined on an open neighbourhood U' of yo 
(resp. If' of yo) and consider them, in the natural way, as vector fields on M (resp. M). 
Moreover, assume that Xi,^,,X3 (resp. Xi,^,X3) is oriented. Writing Ei = jXi, 

E2 = ^, E3 



7X1, E2 — ^, E3 



iXa, we get positively oriented 



jXs, and Ei ^ 

orthonormal frames of M and M , defined on f/ := / x U' , U := I x U', respectively. 

Then we have, by [25, Chapter 7, Proposition 42 (one should pay attention that 
there the definition of the curvature tensor differs by sign to the definition used here) 
that with respect to the frames 'kEi,-kE2,-kE^ and iEi,iE2i'^E^, 
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where (j{y) and o"(y) are the unique sectional (or Gaussian) curvatures of [N, h) and 



and — JiTi 



{N ,h) at points y,y. Write —K2 :— p ^..^ • p 

We now take an open neighbourhood O of go in Q according to the following cases: 

(a) If go G Qo, we assume that O C QoD t^q^{U x U). 

(b) If go G Qt\Si (resp. go G Qi\Si) we assume that O C t^q^{U x U)\{Si U Qi) 
(resp. O C tXq\U x U)\{Si U Qt)). 

Write Oo := O n Qq. Thus in case (a) one has O = Oq 3 Qq while in case (b) one has 
O = Oo U (O n {Qi\Si)), as a disjoint union, and go ^ Oo, the "±" depending on the 
respective situation. Moreover, if the case (b) occurs, we assume that go G Qi\Si since 
the case where go G Qi\Si is handled in a similar way. 

We will still shrink O around go whenever convenient and always keep in mind that 
Oo = O n Qo even after the shrinking. Notice that this shrinking does not change the 
properties in (a) and (b) above. 

Moreover, [21], Chapter 7, Proposition 35 implies that if P, P are connection tables 
w.r.t. Ei,E2,E2 and Ei,E2,E2, respectively. 
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and 

w^(r;i,2)) =0, ^weE^, 
w^(f;i,2)) =0, v#g4^, 

since F^^ ^^{r, y) = and f 2) (^5 v) = """j^' ^"^^^ally one even has F^g 1) = and 

r^3 = 0, but we don't use this fact; one could for example rotate Ei, E3 (resp. Ei, E3) 
between them, in a non-constant way, to destroy this property. 

The fact that AE2\x 7^ ±-E'2|x for Q = {x,x;A) G Qq is equivalent to the fact that 
the intersection (AE^lx) H -E^l^ is non-trivial for all q = {x,x; A) G Qo- Therefore, by 
shrinking O around go if necessary, we may find a smooth functions 6 , 6 : Oq ^ M. such 
that this intersection is spanned by AZa = Za, where 

Za := - sm{e{q))Ei\x + cos{e{q))E3\x 
Za := - sm{9{q))EiU + cos(^(g))4U- 

We also define 

Xa ■.= cos{9{q))E^\x + sm(9{q))Es\x 
Xa ■.= cos{e{q))Ei\x + sm{e{q))E3\x. 

To unburden the formulas, we write from now on usually Sr := sin(r(g)), Cr '■ = 
cos(T(g)) if r : — >■ M is some function, V C Q, and the point g G is clear from the 
context. 

Since Xa, E2\x, Za (resp. Xa, E2\x, Za) form an orthonormal frame for every q = 
{x, x; A) G Oq and because A{Z^) = Z^, it follows that there is a smooth : Oq — IR 
such that 

AXa =c^Xa + s^E2 = c^{cqEi + SgE^i) + s^£'2 
AE2 = - s^Xa + c^E2 = -s^{cqEi + SgE^) + c^E2 
AZa =Za. 

In particular, 

g{AZA,E2) = Q, 

for all q = (x, x; A) G Oq. 

It is clear that formulas in Eq. (I92p on page 113!^ hold with r^2 3) = and Y = E2. 
Since they are very useful in computations, we will now derive three relations, two of 
which simplify Eq. (p2l) . and all of which play an important role later on in the proof. 

Differentiating the identity g{AZA, E2) = with respect to ^^(Xa)!^, J^B.{E2)\q 
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and one at a time, yields on Oq 



Define 



=^(A^r(X^)Z(.), E2) + g{AZA, Vax^E^) 

=^(A^r(E2)Z(.), ^2) + ^(A^A, VAi?,^2) 

=sei-^K{Y)\,e + Tl,^) 
=^(A^r(Z^)Z(.), E2) + g{AZA, Vaz^E^) 

={-^n{ZA)U0 - s^rfg,!) + c,^ ,))^(AX^,E2) 

+ Tl^^)giAE2, E2) + giZA, -f (i,2)^a) 



A(g) := ^K{ZA)Ue + s.rfg,,) - c^rfg g e do, 



wfiich is a smootli function on Oq. Since sin(0(g)) = would imply that AE2 = ±-£"2, 
we have sin(0(g)) 7^ on Oq C Qo ^^d hence we get 

^K{XA)\g9 = CeVj^^i^ + SgVf^i) 

These formulas, along with r^2 3) = 0; simplify Eq. (p2|) to 

^r(Xa)|,X(.) = r;i_2)^2, ^r(^2)|,X(.) = 0, ^r(Za)|,X(.) = xza 

^K{XA)\qE2 = — r[^2)^A, ■^K{E2)\qE2 = 0, =^r(Z^) lg-E'2 = — r[i2)^A 

^r(X^)|,Z(.) = 0, ^r(E2)|,^(.)=0, ^R(Z^)|,Z(.) = -AX^ + r;i^2)^2, (99) 

at g G Oo- We use these in the rest of the proof without further mention. 

We make an interesting remark on the behaviour of A in the case where go G Qf\Si. 
For any g = (x, x; A) G {Qf\Si) fl O, and any sequence (which exist as Qi H O is a 
nowhere dense subset of O) qn G Oq, qn — )■ g, we have cos(0(g„,)) — )■ cos(0(g)) = 1, 
hence 7^ sin((/)(g„)) — )■ 0. Because 

Jim (C^rji 2) - f (i_2))(?n,) = (C<^rfi 2) - f (i,2))(9) = r(i,2)(a;) - f fl 2)(^) 7^ 

as g G Qt\Si, we get 

lim (sin(0(g„))A(gn)) 7^ 0, lim sin(</)(g„)) = 0, 
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which imphes that the sequence A(g„) is unbounded, 

hm A(g„) = ±00. 

n—^oo 

In particular, we see that, even after shrinking O, one cannot extend the definition of 6 
in a smooth, or even C^, way onto O, since if this were possible, the definition of A above 
would imply that A is continuous on O and hence the above sequences A(g„) would be 
bounded. This fact about the unboudedness of A(g) as q approaches {Qf\Si) fl O will 
be used later. To get around this problem, we will be working for a while uniquely on 

Define on Oo a 5-dimensional smooth distribution A spanned by 

We will proceed to show that the Lie algebra Lie (A) spans at every point of g G Oq 
a 8-dimensional distribution Lie(A)|q which is then necessarily involutive. Notice that 
we consider VF^, k = 1,2, . . . and Lie(A) as C°°(Oo)-niodules. 

Since =SfR(X(.)), ^^{£2), ^r{Z(^.)) span Pr on Oq, they generate the module VFjy^i^ 
and hence Lie('DR|Q^). Moreover, the brackets 

[ifR(X(.)),^R(E2)]|5 = - Tj-^ 2)'^R{XA)\g 

[ifR(i?2),^R(%))]|, =rJ,^2)^R(Z^)|, - K^'^^u{A^Xa)U - 0LV{A^E2% 
[^r(Z(.)),^r(X(.))]|, =A^r(Z^)|, - «Z/(^^X^)|, - J^2''°'K^*^2)|g, 

along with the definition of Xa-, Za-, show that VF^ 1 , C VFa- 

The first three Lie brackets in Proposition 17.51 case (ii) show that VF^ contains 
vector fields Li,L3 given by = ifNs(^i)|g - Tf^ 2)'^(^ * ^s)!?, ^alg = -^Ns(^3)|g + 
r^-^ r^-^vi^Ai^ E-\)\q, and also L2\q, which in this setting is just the zero-vector field on Oq. 

We define Fx\q := CgLilg + s^Lgl^^ and Fz\q := -SgLilg + cgLgl, - Ff^ 2)^(^*^^)lg' 
hence Fx, Fx G VF^ and one easily sees that they simplify to 

Fx\q ==SfNs(-^A)|<j — r(i^2)^(^ * '^A)\q 
Fz\q =-^m{ZA)\q- 

It is clear that the vector fields 

^r(X(.)),^r(E2),^r(Z(.)),K(-)*^2),K(-)*^(-))'^X'^^ 

span the same C°°(Oo)-submodule of VF^ as do 

^r(EO, ^r(^2), ^Km, ^ii-) * E^), * Li, L3. 

We now want to find generators of VF^. By what we have already done and said, it 
remains us to compute need to prove that the Lie-brackets between the 4 vector fields 

^r(X^) |„ ^R(i?2) |„ ^K{ZA)\q, V{A ^ E2) I, 
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and z/((-) *X(.))|q. 

Since we will have to derivate Xa, it follows that the derivatives of 6 will also appear. 
That is why we first compute with respect to all the (pointwise linearly independent) 
vectors that appear above. As a first step, compute 



Fx\qZ(.) ={-Fx\gO + ceTl^^i) + sgTf^^^^)XA 

Fz\qZ{.) =^]sls{ZA)\qZ^.) = { — Fz\q9 — SgT^^^^^^ + CgT^^^ -^^^j) X A + Tj^i 2)F2- 



Knowing already ^Yi{XA)\qd, ^R(Y)\g9, ^^^{ZA)\qO, we derivate the identity 



with respect to u{A'kE2)\q, i'{A'kXA)\q, Fx\q, Fz\q which gives (notice that the derivative 



=g{A{^E2)ZA - v{A ^ E2)\q9AXA, ^2) 

=(1 - uiA * E2))giAXA, E2) = s^{l - v{A ^ E2)) 
=g{A{^XA)ZA - v{A^XA)\q9AXA,E2) 

= - g{AE2, E2) - v{A ^ XA)\qeg{AXA. E2) 

= - C^- S^U^A-k XA)\qO 

=gi-Tl^2)M*ZA)ZA, E2) + {-FxUe + crfg^i) + seT%^^))g{AXA, E2) 

=s^{-Fx\q9 + c^rfg^i) + seTf^^i)) 
={-Fz\qe - seTl,^^) + cgTl, ,^)giAXA, ^2) + Tl^2)9iAE2, E2) 

=s^{-Fz\q9 - seT^^^i) + ceVf^^i^) + c^r[^2) 



g{AZA,E2)=0 



of E2 with respect to these vanishes) 



and since 7^ on Oq, 



u{AkE2)\q9 

u{A^XA)\qd 
FxlqO 
Fz\q0 




These simplify the above formulas to 




COt(0)XA + 2)^2 



and moreover it is now easy to see that for g G Oq, 
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The brackets 



[^r(X(.)), =cot(0)^R(z^)|, - ^Ns(^* + rfi^^^ 

= cos(0)^r(Za) I, + T\^,2AA * E2) I, 

[^r(Z(.)), z/((-) ^X(.))]|, = - com^niXA)U - ^miA^i^XA)ZA)U + //(A* (AZ^)) 

= - cot(0)^R(X^)|, + ^r(E2)|, - (^Ns(^2)|, - Xiy{A^ZA)U) 

show that if on defines 

then one may write 

[^r(Z(.)), ^X(.))]|, = -cot(0)^R(X^)|, + ^R(E2)|,-i^y|, 
and hence we have shown that VF^ is generated by vector fields 

^r(X(.)), ^r(E2), ^r(Z(.)), * i?2), * Fx, Fy, Fz 

which are all pointwise linearly independent on Oq. 

Next we will proceed to show that the VF^ generated by the above 8 vector fields 
is in fact involutive, which then establishes that Lie(A) = VF^. 

At first, the last 9 brackets in Proposition 17.51 (recall that we have ^^23) ~ ^) show 
that [Fz, Fx] and the brackets of ^r(X(.)), ^r(F2), ^r(Z(.)), z/((-) ^^2), with Fx and 
Fz all belong to VF^ as well as do 

[Fx, z/((-) = - ^Ns(- cot{4>)ZA)U + iy{A^{^^s{XA)UX^.)))U 

- T1^2)'^{A[^Za,^XaU + iy{A^ZA)\qX^.) - cot{(j))A^ XA)\g 

= COt(</.)^Ns(^A)|, + Z/(^*Fx|,X(.))|, 

- Tl^2)i'{A ^ F2) I, + Tl^2) cot(0)z/(A * X^) I, 
= cot{(l))Fz\g + rji 2) cot((/>)z/(v4 * Xa)U 

[Fz, * X(.))]|, = - ^Ns(cot(0)X^)|, + coti(P)Tl ,)uiA * Za)U 

= - COt(0)Fx|g. 

Therefore, it remains to us to prove that the brackets of Fy with all the other 7 gener- 
ators of VF^, as listed above, also belong to VF^. 

Now it is clear that since the expression of Fy involves A, which was defined earlier, 
we need to know its derivatives in all the possible directions (except in Fy-direction) 
as well as the expression for Fy|q6'. We begin by computing this latter derivative. 

As usual, the way to proceed is to derivate = g[AZA, E2) w.r.t. Fy|g, for which, 
we first compute 

Fy|gZ(.) = (-Fy|56' + r(3_i))XA 
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and hence (notice that Fy|q£'2 = 0) 

= g{-XA{^ZA)ZA, E2) + i-FvUe + Tl^,^)g{AXA, E2) = s^i-FyUO + T%^,^), 
from where 

One then easily computes that on Oq, 

Fy|gX(.) = 0, FY\gE2 = 0, Fy|,Z(.) = 0. 

To compute the derivatives of A, we differentiate the identity s^X = c<^rj-^ 2) ~ 2) 
proved above. Obviously, this will require the knowledge of derivatives of 0, so we begin 
there. 

To do that, one will differentiate the identity c<^ = g{AE2, E2) in different directions. 
First it is clear that 

^AZaE2 = -r[i_2)^A, 

and hence 

-s^^r(Xa)|,0 =g{-Tl,^2)AXA, E2) + g{AE2, Vax^^2) 

= - S<t>'^\l,2) + g{^E2, -C^V\^ 2)^a) 
= — S(l,Tj^i^2) + ^'t>^'t>^ll,2) 

-s^^k{E2)U<P =g{A^K{E2)\gE2,E2) + g{AE2,VAEA) 

=0 + g{AE2,s^rl^,)XA) = -sltl^2) 
-s^^^{Za)U<P =g{-T\^^2)AZA,E2) + g{AE2,-t\,^2)ZA) = 
-s^v{A^E2)U<P =g{A{^E2)E2,E2) = 
~s^iy{A^XA)U(p =g{A{^XA)E2,E2) = 9{AZa,E2) = 

-s^Fx\g(l) =g{-rl^2)M^ZA)E2 - rl^2)AXA,E2) = 
-s^Fz\,(P =g{-Tl2)AZA,E2) = 

-s^Fy 1,0 =g{-XA{^ZA)E2 + 0, E2) = Xg{AXA, E2) = s^X. 
Because 7^ on Oq, these yield 

^K{XA)\q4> =r(i,2) - C^f (1^2) 

J^k{E2)U =s^Tl^2) 

Fy|,0 = - A 

^r(Za)|,0 =1^(^*^2)1,0 = z/(A*Xa)|,0 = Fx 1,0 = Fz|,0 = 0. 
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Next notice that 

-^R(-E'2)|gr(^^2) = -^■^19^(1,2) = -E'2(r(i^2)) 
-5fR(^A)|gr(i^2) = -^^lgr(i,2) = ^A(r(i^2)) = 0) 

because Xa, Za G E2 and similarly, since Xa, Za G E2, 

■^Ri^A)\q^ll^2) = ^^A(r(i_2)) = ■5</'-^2(r(i^2)) 
•^R{E2)\q^ll^2) = ^-^2(r(i2)) = C</,-E2(r(i2)) 
-^R(^A)|gr[^ 2) = ^^A(r(i 2)) = 
Ex\q^ll,2) = -^^19^(1,2) = Ez\qT-(^i^2) = 0- 

Finally, derivating the identity s^X = c^T^^ 2)~-^(i 2) ^"^^ using the previously derived 
rules, 

C</'(r(i,2) - C0r(^^2))A + S^^R{XA)\qX = -S^Tl^^2)i^ll,2) ~ ^4>^ll,2)'^ " S<t>E2{Tli^2)) 
■50C0r(i^2)A + S^^^{E2)\gX = -4r(l,2)r(l,2) + C^E2{Tj^^2)) - C0-E2(r(i^2)) 

s^^n{ZA)\qX = 

S^u{A^E2)\qX = 
S^u{A^XA)\qX = 
S^FxlqX = 

— C^A^ + S^FylgX = Sj^r^^ + C0-E'2(r(i_2)) 
S^FzlqX = 

from which the last 6 simplify immediately to 

^RiZA)\qX =u{A^E2)\,X = iy{A^XA)\qX = Fx\qX = Fz\,X = 
FrlqX =cot(0)(E2(r;i,2)) + A') + r;i_2)A. 

Next simplify ^B.{E2)\qX by using first s^X — c^F^-j^ 2) ^ (1.2)' 

Scj,-^R{E2)\gX = - S^C^Tj^ 2)^ ~ s'P^{l,2)'^il,2) + C</,-E2 (r^^^g) ) ~ ^0^2 (r(i_2) ) 

= — C<^r(i,2)(c0r(i_2) ~ -^(1,2)) ~ ^1^1^, "2)^(^,2) + C0-E2(r[^_2)) ~ C<^-^2(r(l,2)) 
= - ^ll,2)^ll,2) + C0-S2(r(i_2)) + C0(--E2(r(i^2)) + (^(1,2))^) 

and then using —K = —E2{'^li 2)) + (-^(1 2))^) to obtain 

s^^n{E2)\gX = - r[^2)r(i,2) + C0-E2(r(i 2)) - c^k, 

once more f 2) = (^4>^\i 2) ~ ^4>^^ 

s4,^K{E2)\qX = - rfi 2)(c</,r(i 2) - s<t>x) + c0E2(r(i,2)) - c^K 

=c^i-K - iTl^2))' + E2iTl^2))) + s^rl^2)\ 
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which finally simplifies, thanks to —K = —E2{T^^^ 2)) + i^li 2))^ ^<t> 7^ ^1 

Next we simplify =2pi,(XA)|gA by using the same identities as above when simplifying 

S^^R{XA)\q\ = - C0(r(i^2) - C4>Tli^2))^ - ■5<)!.r(i^2)(r(l,2) - C4>T\-^^2)) - ■50-^^2 (r(i^2) ) 
- s^{T\,^2)? + s^f\,^2){s4>\ + f [1,2)) - s^{K + {t\^^2)f) 

= - S^{\^ + {T\,^2)f + K) - \t\,^2) + Cl\tl^2) + 4r(l,2)A 

= -.,(A^ + (r;,,2))' + ^), 

which implies, at last, 

^K{XA)U\ = -{\' + {T\,^2)f + K). 
Finally, on Oq, we compute the brackets 

+ v{AR{Xa a E2) - R{AXa a 0)A)|, - ^^{XA)\qMA^ZA)\q 

- \{ - ^^s{A{^Za)Xa) - ^r{v{A^ ZA)\qXt^.^) + v{A^Q)\q) 
= — '^(l,2)Ex\q — ■^R{FY\qX(.))\q + XJfR{E2)\q — AFy|g 

+ (-(r(l,2))' ^n{XA)\qX - A') iy{A ^ ZA)\q 

" V ' 

=0 

[^n{E2),FY]\q = -^K{E2)\qXiy{A^ZA)\q-Xi-^m{A{^ZA)E2)\q + u{A^0)\q) 

= - A^r(Xa)|, + XFx\q + (XTl 2) - ^K{E2)\qX) V{A * ZA)\q 

^ v ' 

=0 

[=^r(Za), FyWq =££^^[—Y]^^^2)'Z A)\q + =SfR(-^Ns(-E'2) 

+ A E2) - R{AZa a 0)A)|, - S£^{ZA)\qXv{A^ZA)\q 

-Az/(A*(-AX^ + r;,^2)^2)|g 
= - Ax^2)Fz\q + ^R(Fy|,Z(.))|, + J^Z/(A 

- 5£^{ZA)\qX v{A * Za) I, - Xv{A * (-AX^ + r;i_2)^2) I, 
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-p{A^E2%MA^Za)U 
-v{A^E2)UXv{A^Za)U = Q 

- v{A ^ j^Ns(^2) Ig - * ^A%\y{A * Za) I, 

- \v{A\^Xa, ^Za],o - y{A * Xa) ueA * Xa) U 

- \v{-A^v{A^ ZA)UXi^.)))U 

- v{A ^ Fy I, - iy{A ^ Xa) |,A u{A ^Za)U 

=0 =0 
-A(A*(-E2 + COt(0)X^))|, 

- FzUMA * Za)U - K-^^sHA^Za)UZ^.)) + z/(A * 

=0 

- FzUX v{A ^ Za)U - Az/(A ^ (- cot{<f))XA + rji_2)^2))|, 

=0 

and finally, noticing that -XFx\g + ^i^2)^y\g = -A=^Ns(^yi)|g + Tf^ 2)-=^Ns(F2)|g, 

[Fx, Fy]\g =^ns(^Ns(^a)|,F2 - ^NS(F2)|,^(.))I, + ^{AR{Xa A ^2))!, 

- ^niXA)UXiyiA^ZA)U + E2iTl^2)MA^ Za)U 

~ X{-^^s{^{A^ Za)\M + u{A^ ^^s{Xa)UZ^.M 

+ 2)K^ * ^NS(F2) |,^(.)) Ig + r;i,2)K^ * ^a) |gAz/(A ^ z^) I, 
= " r(i,2)-^Ns(^A)|g — =^Ns(-^y 

=0 

+ u{A^{-XFx\, + T1^2)F'y\,)Z^.))U 
V ' 

=0 

+ i-K - Fx\,X + E2{Tl 2))HA ^ Za)U 
= - ^li,2)FxU + i-K - FxUX + E2{Tl2)) - (r;i,2))')^(^ ^ Za)U, 

which, after using Fx\qX = and Eq. flll6p . simplifies to [Fx, Fy]|q = — 2)^x\q- 

Since all these Lie brackets also belong to VF^, we may finally conclude that VF^ 
is involutive and therefore 

Lie(A) = VF^. 

Therefore the span of Lie(A) at each point Oq is 8-dimensional subspace of T\gQ, since 
VF^ is generated by 8 pointwise linearly independent vector fields. 

Since go ^ Q\Si was arbitrary and since the choice of Xa, E2, Za in Oq are unique 
up to multiplication by —1, we have shown that on Qq there is a smooth 5-dimensional 
distribution A containing I^rIqo such that Lie (A) = VF^ spans an 8-dimensional dis- 
tribution V and which is then, by construction, involutive. 



[u{{.)^E2),Fy]\g = 

K(-)*^(.),^y]|,= 
[Fz,Fy]\g = 
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We already know from the beginning of the proof that g G 5*1 imphes that Oxjr (?) C 
5*1 so, equivalently, q G Q\Si imphes that 0'D^{q) C Q\Si. Hence we are interested to 
see how V can be extended on ah over Q\Si i.e. we have to see how to define it on 

For this purpose, we define the Sasaki metric G on Q by 

X = ifNs(^, ^) I, + v{A ^ Z) |„ y = ^Ns(>^, Y% + v{A ^ W) I, 
G{X, y) = g{X, Y) + g{X, Y) + g{Z, W), 

for q = {x,x;A) G Q, X,Y,Z,W G T|^M, X, F G T|^.M. Notice that any vector 
X G T\qQ can be written in the form Jif-^si^, X)\q + //(A ^ Z)|g for some X,X, Z as 
above. 

Since P is a smooth codimension 1 distribution on Qq, it has a smooth normal line 
bundle w.r.t. G defined on Qo which uniquely determines V. We will use the Sasaki 
metric G to determine a smooth vector field JV near a point go ^ QiV'S'i spanning T>-^. 

So let go £ QiV'S'i and assume, as before, that go G (5i^\>S'i the case of Q~[\Si 
being handled similarly. Take the frames Ei, E2, E3, Ei,E2,E3 and O, Oq, Xa,Za 
as done above (the case (b)). Because cos(0(go))r|^-^ 2)(^o) ~ ^li2)i^o) 7^ 0, one may 
assume after shrinking O around go that we have cos(0(g))r^-^ 2)(^) ~ -^(1 2)(-^) 7^ ^ ^'^^ 
all g = {x, x; A) G O, which then implies that A(g) 7^ on Oq. Here to say what is the 
value of cos(0(g)) even at g G Qi\Si, we use the fact that cos(0(g)) = g{AE2,E2) for 
all g G O (though 0(g) is not a priori defined). 

To determine a smooth vector field A/" G on Oq, we write 

Af\g =aiifNs(^A)|g + ^2 + ~^Ns(^2)|g + a3^Ns(^A)|q 

+ h^^siAXA)\, + b2 + ^miAE2)\, + h^^siAZA)U 

+ ViU{A * XA)\q + V2U{A ^ E2)\q + V3u{A * Za)!^ 

and since this must be G-orthogonal to V, we get 

=G(Ar, ^r(X^)) = ai + 61, = G(Ar, ^^{£2)) = 02 + 62, = G(Ar, ^r(Z^)) = as 
=G{Af, v{A i< Xa)) = f 1, = G(7V, v{A * ^2)) = ^^2 

=G{U, Fx) = ai - r;i^2)^3, = G{U, Fy) = 02 - Xi's, = G(Ar, F^) = ag. 
So if we set ^3 = ^ and introduce the notation 

^{X)\q := ^Ns(^, -^^) e ^^Ns|„ g = (x, x; A) G g, X G T^M 



we get a smooth vector field A/" on Oq which is G-perpendicular to V and is given by 
A^l. =^Tl2)i^)^iXA)U + ^iE2) + ^uiA^ZA)U, q G Oq 



:^(r;,,2)^(E0l. + K^*i^^3)l.) + ^(i^^2)l, 
+ ^(r;i,2)=i?^(i^;3)l.-K^^i5^i)l.). 
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i.e. 

where Xi, X2, are pointwise Unearly independent smooth vector fields on O (and not 
only Oo) 

X3U=rl2)-^{E,)\,-u{A^E,)\„ 

while Hi , if 3 are smooth functions on Oq defined by 

cos(^) sin(g) 
Hi = ^, H3 = ^- 

Notice that 6 and A cannot be extended in a smooth or even C^-way from Oq to O, but 
as we will show, one can extend Hi, H^ in at least C^-way onto O. 

First, since A(g) — )■ ±00 while cos(6'(g)), sin(6'(g)) stay bounded, it follows that 
Hi, Hs extend uniquely to O fl Qi by declaring Hi{q) = H^{q) = for all g G O fl Qi. 
Of course, these extensions, which we still denote by Hi,H^, are continuous functions 
on O. 

Next objective is to show that Hi, H3 are at least on O. For this, let X G VF(0) 
and decompose it uniquely as 

333 

j=l j=l i=l 

with ai,bi,VieC'^{d). 

We will need to know the derivatives of 6 and A in all the directions on Oq. These 
have been computed above by using the frame Xa, E2, instead of Ei, E2, E^ except 
in the direction of v^A-k Zji)\q. As before, one computes (using that 7^ on Oq as 
usual) , 

u{A^ZA)Ue = o, u{a^Za)U(I) = i, 

uiA^ZA)U\ = -Tli^2)ix) - A(g) cot(0(g)). 

One now easily computes that on Oq, 

X{9) ={-aiSe + a3Ce)\ + (-^iSeFf^ 2) + ^300^1,2) - ^i^e - v^sq) cot(0) + Bi{q) 
'^W =(-aiC0 - a3Se)\^ + (-^iCgFj^a) - ^3SeF(i 2) + ^iSe - V3Ce)X cot(0) 
+ a2Tli^2)>^ + 62 cot(0)E2(F;, 2)) + B2iq), 

where 

Bi{q) = {ai + 6i)Ff3 1) + (02 + fo2)r?3,i) + (03 + 63)r?3,i) + V2 

B2{q) = (-aiCe - a3-S(?)((F[^ 2))^ + K) + {-biCe - hse){Tl^ 2)Y + K-Se - ^3Ce)Ffi 2)- 
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Then 

^l-nij — ^ Cg 

, -pi , ^COt((/)) a2Cerfi,2) ^2Ce^2(r[i2))cot((/)) SgBi CeB2 

-a, + {hT^,^,^+v,)— ^ 

X{H3) =ce— '^^~X2~ 

COt(0) '22S0r[^ 2) hSeE2{T^^i 2)) COt{(f)) CgBi SgB2 



=a, + ib,Tl,,-v,j— —^^-^ 

Since sgX = cgT^^ 2) ~ ^fi 2)' '^^^ 

COt(0) _ 



^ ^4>^ll,2) ~ -^(1,2) 

and therefore as q tends to a point qi of fl O, we have 

COt(0) 1 



hm 

■L(l,2) -L(l,2) 

Since i?i,i?2 stay bounded as q approaches a point of Qf fl O, we get for every qi = 
(xi, xi; Ai) G n O that 

r yfn^ ( ^ , ^i(gi)r(i,2)(^i) + ^^sfa) 

hm = ai(gi) + — — ^ — — =: DxHi[qi), 

hm A'(i73) = a3(gi) + ' /^'f ' , / =: D^H^. 

"^"^ r;,2)(xi)-r;,2)(xi) 

From these, it is now readily seen that Hi^H^ are different iable on O fl with 
X\q^{Hi) = DxHi{qi), Xlq-^i^Hs) = DxH^lqi) and that Hi^H^ are C^-functions on 
O. 

Now that we have extended Hi^H-^, we have that A/" is a well defined C^-vector 
field on O and since V = Af'^ w.r.t. G on Oq, it follows that V extends in C^-sense 
on O. Since go £ Qi'\>S'i was arbitrary and because the case go G Qi\Si is handled 
similarly, we see that T> can be extended onto the open subset Q\Si of Q as a (at 
least) C^-distribution, which is C°° on Qq. Since 'Dji\q\Si C T> and because g G (5\S'i 
implies that OD^{q) C QV^i as we have seen, it follows that for every go G Q\Si 
we have (9x)jj(go) C Ox)(go) where the orbit on the right is a priori an immersed C^- 
submanifold of Q\Si. However, since V is involutive and dim© = 8 on Q\Si, we get 
by the C^-version of the Frobenius theorem that dimOviqo) = 8 and hence 

dim02p^(go) <dimC2p(go) = 8, 

for every go G Q\Si. 
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We will now investigate when the equality holds here. Define 
Mo = {xeM \ K2{x) ^ K} 

Mi = {x e M \ 3 open V 3 x s.t. K2{x') = K \/x' E V} 
Mo = {xeM \ K2{x) ^ K} 

Mi = {x e M \ 3 open V 3 x s.t. K2{x ) = K Vx G V} 

and notice that Mq U Mi (resp. Mq U Mi) is a dense subset of M (resp. M). Here 
we also fix the choice of go = (^^Oj^oS^o) ^ QV'S'i and define M° = ttq j\/((9x)p^(go)), 
M° = vTq j^(Cx,j^(go)) as in the statement. Write also Q° := tTq^{M° x M°) and notice 
that OvM CQ°. 

We define on Q two 2-dimensional distributions D and For every qi = {xi,Xi] Ai) G 
Q, take orthonormal frames Ei, E2, E^, Ei,E2, E3 of M, M defined on open neighbour- 
hoods U,U of a;i,xi with E2 = E2 = -§p. Then for q G 7rQ^(t/ x f/) n Q, the 
2-dimensional plane -D|q is spanned by 

K,\g = ifNs(v4^^i)|, - tl^2)i^M{iE3)A)U 

and -D|^ is spanned by 

Ki\, = ^Ns(^^i)lc + Tl^2)i^)uiA^E3)\, 
k,\, = ^^s{AE3)\g-Tl,^2)ixMA^E,)\^. 

Obviously different choices of frames Ei, Ei, i = 1,2,3, give Ki, K^, Ki, that span 
the same planes D, D, since we have fixed the choice oi E2 = E2 = 

Exactly as in proof of Proposition l7.31t one can show that for every qi = ((ri, yi), (fi, jji); Ai) G 
Q and smooth paths 7 : [0, 1] — ?■ A^, 7 : [0, 1] — t- with 7(0) = yi, 7(0) = yi there are 
unique smooth paths F, F : [0, 1] — t- Q such that for all t G [0, 1], 

f (t) G Dint), r(0) = gi, (7rQ,M o F)(t) = (ri,7(t)) 
f(t)G^|f(,), f(0) = gi, (7rQ,;,of)(t) = (n,7(t)). 

Notice that since [hq ^j)^D = (resp. {txq m)*D = 0), one has tTq j^:^(F(t)) = Xi (resp. 
7i"Q,Af(r(t)) = Xi) for all t G [0, 1]. We write these as F = F(7, gi), F = r(7, gi). 

If i?2 = E2 = then by exactly the same arguments as in the proof of 
Proposition 17.31 1 we have 

u{A^E2)U e T\gOvM, Vg G go n tTq^Mq x M) 
u{{iE2)A)\g G T\gOvM, Vg G go n tvq^M x Mo). 

We will see that here one may replace go by Q\Si. 
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Take frames Ei, Ei, i = 1,2,3, as above when defining D,D for some qi G Qi\Si. We 
may assume here without loss of generality that qi G Q^\Si since the case qi G Qi\Si 
can be dealt with in a similar way. 

If hi,h2 : TTQ^iU xU) are defined as hi{q) = g{AEi,E2), /12(g) = ^(^^3,^2), 

we have Qi fl TTg^iU x IJ) = (hi, /i2)^H0) (hi, : t^q^{U x f/) is a regular 

map at the points of Qi (see e.g. Remark 17.351 or the proof of Proposition I7.29( ). 

Since qi G Qt\Si, then ^r(Ei) = Tj^ 2)(^i) "^f^ 2)(^i) 1^ ■^r(^3) Igi/i2 = 
-'^{i2)(^i) ~ -^(i2)(-^i) 7^ 0' which shows that Ovn{qi) intersects transversally at 
qi (hence at every point q G (9x)j^(gi)), by dimensional reasons (because dimQi = 
7, dimQ = 9). From this we may conclude that OT>j^{qi) fl Qi is a smooth closed 
submanifold of 0'Dj^{qi) and that there is a sequence = (x'„,x'„; A!^) G OT>j^{qi) fl Qo 
such that q'n qi- 

Now if qi G 7rQ^(Mo x M) fl QiV'S'i, then we know that for n large enough, q'^ G 
7rQi(Mo X M) n Qo and hence 1^(^*^2)1^; G Tlg^^Oi,^, (g^) = T\g,^OvM- Taking the 
limit implies that u{A-kE2)\q^ G r|g^C>x)R(gi). Similarly, if qi G vrQ^(M x Mq) HQA^'i, 
one has i^{{lE2)A)\g.^ G T 1,^025^(91).^ 

Hence we have that if E2 = E2 = then 

j.(A^E2)|, G T|,02,Jg), Vg G (Q\5i) H 7rQi(Mo x M) 
j.((^E2)A)|, G T|,02,Jg), Vg G (Q\5i) n 7rQi(M x Mo). 

For every q G {Q\Si) fl 7rQ"'^(Mo x M), which is an open subset of Q, one has 
i'{A'k E2)\q G T|g(9x>R(g) with E2 = ^ and hence by Proposition I7.5[ case (i), it follows 
that 

L^\g = ^Ns(^i)|, - Tl 2){xMA * ^3)1, 
Ls\g = J^^siEs)\g + Tl^^^{xMA^Ei)\q, 

are tangent to OT)^ {q), where Ei, E2 = ^j-f'S is an orthonormal frame in an open 
neighbourhood of Xi. But because Ki\q = J^^{Ei)\q — Li\q, K^lq = J^^{E3)\q — L^lq, 
we get that 

D\q C T\qOvM^ Vg G {Q\Si) n tTq^Mo x M). 

Moreover, if g = {x, (f, y);A) G {Q\Si) fl 7rQ^(Mo x M) and if 7 : [0, 1] -)> iV is any 
curve with 7(0) = y, then one shows with exactly the same argument as in the proof 
of Proposition 17.311 that 

f(7,g)(t) G OvM^'^q\Mq X M), \Jt G [0,1]. 

In particular, 

3g = (x, if, y); A) G (g\5i) n tTq^Mo x M) =^ {x} x ({f} x iV) C ngiOr^^iq)). 
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A similar argument shows that 

D\, C T\,Ov^{q), Vg G {Q\Si) H 'nQ\M x Mq) 

and that for all q = {{r,y),x;A) E iQ\Si) f] 71q\M x Mq) and 7 : [0, 1] with 
7(0) = y, 

r(7,g)(t) G O^pjg) n7rQi(M x Mq), Vt G [0,1]. 

In particular, 

3g = {{r,y),x-A) G (g\5i) n 7rQi(M x Mq) ^ ({r} x iV) x {x} C ngiOr^M)- 

Everything so far has been very much the same as in the proof of Proposition 17.311 
and continues to be so, with few minor changes (notably, here dimD = diniD = 2 
instead of 3). 

Suppose that (Mi x Mq) H iTQiOv^iqo)) 7^ 0- Take qi = (xi,Xi; Ai) G 7rQ^(Mi x 
Mo) n Ov^{qo), with xi = (ri,yi). If cr(y) is the unique sectional curvature of at y, 
we have 

^2(n,|/i) = = K. 

We go from here case by case. 

(1) Suppose A^ does not have a constant curvature. Then there is a ^2 ^ A^ with 
a {112) 7^ o"(z/i) and hence 

K2{n,y2) = ^ K, 

i.e. (ri,y2) G Mq. 

Since qi G Ov^{qo) C Q\Si, we have by the above that 

((ri,|/2),xi) e ({n} X AT) X {xi} C TTQiOvM) = T^QiOvM) 

and since ((ri, 1/2), a^i) G M) x ^0, we get that which implies that (Mq x Mq) H 
^QiOvM) ^ 0. 

(11) Suppose that (A^, K) has constant curvature C i.e. cr(y) = C for all y E N. We 
write K2{r,y) = K2{r) on M since its value only depends on r G / and notice 
that for all r G /, 

dr / [r) 

But i^'2('"i) = so by the uniqueness of solutions of ODEs, we get K2{r) = K 
for all r G / and hence (M, g) has constant curvature K. 
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Of course, regarding case (II), it is clear that if {M,g) has constant curvature K, 
then (A^, h) has a constant curvature. 

Hence we have proved that if (M, g) does not have a constant curvature and if 
(Ml X Mo) n 7Tq{OvM) ^ 0, then also (Mq x Mq) n ttq{OvM) ^ ^■ 

The argument being symmetric in {M,g), {M,g), we also have that if {M,g) does 
not have a constant curvature and if (Mq x Mi) fl 'n'Q{OD^{qo)) 7^ 0; then also (Mq x 

Notice that {M°,g) and {M°,g) cannot both have constant curvature, since this 
violates the assumption that (9x)r(q'o) is not an integral manifold of (see Corollary 
15.241 and Remark 15. 25 p . We can now finish the proof by considering, again, different 
cases. 

a) Assume that {M°,g) has a constant curvature, which must then be K. We have 
Mo n M° = 0. If E2 = |:, then Hence, Ro\q{^X) = for all q e Q° = tXq'^{M° x 
M°), X e while Ro^^Es) = {-K2{x) + K)i. E2. 

At qi = {xi, Xi] Ai) G Q°, take an open neighbourhood U of Xi and an ortonormal 
basis Ei,E2,Es with E2 = -§p and let Di be a distribution on TTQ^^i^) spanned 
by 

^n{E,),^n{E2),^K{Es), iy{{-) * E2), Li, L3 

where Li,L^ are as in Proposition 17.51 Obviously, one defines in this way a^6- 
dimensional smooth distribution Di on the whole Q° and the above from of Rolg, 
q e Q°, along with Proposition 17. 5^ case (ii), reveal that it is involutive (recall 
that r^2 3) = there). Clearly, C Di on Q° and since (!?x)r(q'o) C (5°, we have 
Ov^{,qo) C OdMo) and hence dim Ci?j^(go) < 6. 

Because (M°, g) does not have constant curvature (as noticed previously), we have 
Mq n M° 7^ and thus O := Ox>^{qo) fl tTq\j(Mq) is a non-empty open subset of 

Ovjiiqo)- For every q = {x,x; A) e O, one has Rolg(*E2) = {-K2{x)+K)i^E2 ^ 
and hence that u{A -k E2)\q G T\qOvji{qo)- Therefore, Proposition 17.51 case (i), 
implies that Di\o is tangent to Ov^{qo)- This gives dimOv^{qo) > 6 and hence 
dimOx,j^(go) = 6. 

b) If {M°,g) has constant curvature, then the argument of case a) with the roles of 
{M,g), {M,g) interchanged, shows that dimOx>^{qo) = 6. 

Hence we have proven (ii). For the rest of the cases, we may assume that neither 
{M°,g) nor {M°,g) has constant curvature i.e. M° n Mo 7^ 0, M° H Mq 7^ 0. 

c) Suppose (Mo X Mo) n7rQ{Ov^{qo)) 7^ and let qi = (xi, Xi, A^) G tTq^Mq x Mo) n 
(9x)r(q'o)- We already know that T|g^Ox)R (o'o) contains vectors 

■^R{Ei)\q^, ^^{E2)\q^, ^1i{E3)\q^, 

u{A^E2)\q,,iyi{iE2)A)\q, 

-^slgi, -^slgi. 



180 



where 

= ^Ns(^3)|,, - rl^,){xM{iE,)Ai)U^- 
Moreover, these span an 8-dimensional subspace of T|g^(9x)i^(go), at least if qi G 

Qo. 

Indeed, if qi G Qo, one introduces Xaj^, Za^^, Xa^^, and an angles (f),6,6 as 
before, we have sin((/)(gi)) 7^ and 

u{{iE,)A,)\,, =uiA,^iAjE,))\,, 

= sin(0(gi))z/(Ai ^ XaJU^ + cos(0(gi))i^(v4i ^ ^2)|gi, 

— SeLilq-^ + CgL^lq-^ =^Ns(^Ai)|f/i + r(i^2)(^l)'^(^l 

=C0^Ns(-4lXAj|gi - S<^^Ns(-4l-E2)|gi + t\-i^^2)i^i)iy{Ai -k ZAi)\q^ 
-SgLilg, + CgLsl^i =^Ns(^l^Ai)|gi - Tji^2]ixi)i^iAi -k (A^XaJ)!^! 

=ifNs(^l^Ai)|gi - Tji^2)iXl){c^iyiAi -k XA,)\g, - S^Z/(Ai 7»r Eg) • 

On the other hand, if qi E Qi, then since Qi is transversal to (9x)R(q'o) at qi, we 
can replace qi by a nearby G 7rQ^(Mo x Mq) nCx)a(go) ^Qo and the above holds 
at q[. 

Therefore dimOv^iqo) > 8 and since we have also shown that dim O-ri^lqa) < 8, 
we have the equality. 

d) Since M° n Mq ^ 0, there is a gi = Ai) G ^©^(go) such that Xi G Mq. If 

Xi G Mq, one has that (Mq x Mq) H 7rQ((9x>a(go)) 7^ and hence case c) implies 
that dimOv^ iqo) < 8. 

But if Xi ^ Mq, then Xi G Mi. Therefore, we may find a sequence g^ = 
{x'^, x'^; A'^) G (9Dp (go) such that g^ — )■ gi and G Mi. So for n large enough, 
we have {x^x'J G (Mq x Mi) n 71q{Ot,M)- 

Thus {M,g) does not have constant curvature and (Mq x Mi) H 7rQ(0x'R(go)) 7^ 
which we have shown to imply that (Mq x Mq) fl iiQ^Ovf^iqo)) 7^ from which 
the above case c) implies that dimOv^{qo) < 8. 

The cases c) and d) above give (iii) and therefore the proof is complete. □ 

Remark 7.37 It is not difFicult to see that Proposition 17.331 generalizes to higher di- 
mension as follows. Keeping the same notations as before, let {M,g) = (/, si) Xj {N,h) 
and {M,g) = (/, si) x^- {N,h), /, / C M, be warped products where {N,h) and {N,h) 
are now connected, oriented (n — l)-dimensional Riemannian manifolds. As before, let 
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Qo = {xo,Xo]Ao) G Q be such that if we write xq = {ro,yo), Xq = (ro,yo). then (1^ and 
(p8|) hold true. Then, the exact argument of Proposition I7.33l yields that the orbit Cx)j^(go) 
has dimension at most equal to n(n + l)/2. 

Note that one can have equality, if the (n — l)-dimensional manifolds (A^, h) and (N, h) 
are such that that the corresponding Rolg^ operator (in [n — l)-dimensional setting) is 
invertible at = (1/07^0; ^o) ^ Q{^^^)' where A'q : restriction of 

Aq and if we also assume that /(ro) = 1, f{ro) = 1, an assumption that can always be 
satisfied after rescaling the metrics of {N,h) and {N,h). 

Remark 7.38 Notice that in the particular situation where the warped products are in 
fact Riemannian products (M, g) = {I x N, si (B h), (M, g) = {I x N, si (Bh), i.e. where 
/ = / = !, then the fact that for every go = ixo,xo; Aq) G Q the orbit Oxij^iqa) is at most 
of dimension 8, can be deduced more easily by using Theorem 14.11 

Indeed, Theorem 14.11 tells us that vr^^ ^.^^^(xo, Xq) = H\xoAoH\xg Since M and M 
are Riemannian products and because the holonomy group of (M, si) is trivial, one has 
H\xo = and ifj^o = H^\yo, isomorphically, where xq = (ro,yo), = {ro,yo). But 

dimH%^ < dimS0(2) = 1 and dimH%,-, < 1, so 

dim7r0^^^(g^)(xo,xo) = dim{H\i,^AoH\-,^) < dim^l^o + dimH\x^ < 2 

which implies that dim(9x)Ng(go) <3 + 3 + 2 = 8. Because dimOD^{qo) C dim(9x)Ns(go). 
we also have dimOx>j^{qo) < 8. 

8 Rolling of Spaces of Different Dimensions 

8.1 Definitions of the State Space and the Rolling Distributions 

Definition 8.1 Let (M, g), (M, g) be Riemannian manifolds of dimensions n = dim(M) > 
2 and n = dim(M) > 2, not necessarily equal. Then one defines: 

(i) if n < ri, 

Q(M, M) := {A G T*M » TM \ g{AX, AY) = g{X, Y), X, F G T|^M, x G M}, 

the set of isometric infinitesimal immersions. This defines a smooth manifold of 
T*M O TM of dimension 

T - \ n(n — l) „ „ n(n + l) 
dim[Q) := n + n + n[n — n) H = n + n + nn . 

(ii) If n > fi, 

Q{M,M) = {Ae T*M®TM \ g{AX,AY) = giX,Y), X,Y e (kerA)^, 

X G M, A is onto a tangent space of M}, 
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where L-*- is the orthogonal subspace of L C Tl^M w.r.t. g. This defines a smooth 
submanifold of T*M O TM of dimension 

1- /^\ ^ ^/ n(n-l) ^ „ h(n + l) 
aim[Q) = n + n + n[n — raj H = n + n + nn . 

If n = n and M, M are oriented we also demand in (i) and (ii) that the elements of Q 
to preserve the orientations. Hence we recover the definition used before. 

One defines distributions Pns? on Q and the lifts =SfNS; -^R as before. In both 
cases the dimension of Dns is n + n and that of T)^ is n. Notice that by the above 
definition the dimension of Q{M, M) is the same as that of Q{M, M). These manifolds 
are actually diffeomorphic as the next proposition shows. 

Before proceeding, we introduce some notations. Given (M, g) and (M, g) as before, 
we write Q = Q{M,M) and Q = Q{M,M). We write Pns, ^^r, -^ns and on Q 
as before but on Q we write the corresponding objects as I^ns? ^r? -^ns and =SfR,. 
Thus dimDR = n but dimP^ = n. As before, for q = {x,x;A) G Q we write : 
TI^M ^ T\^M the (^, ^)-transpose of A i.e., ^(X, A^f) = g{AX, Y) for all X G T|^M, 
f G TI^M. 

Proposition 8.2 For every {x,x]A) G Q, one has (x,x;74'^) G Q and the application 

T:Q^Q; T{x, x; A) = {x, x; A^), 

is a diffeomorphism. Moreover, this diffeomorphism T is an isometry of fiber bundles 
TiQ — )■ tTq that preserves the no-spinning distributions on these manifolds i.e., 

Proof. Suppose w.l.o.g. that n <n. It is clear that A^A = idri^M for every {x,x; A) G 
Q and ker(y4^) = im(y4)-'- and thus if X, F G ker(74-^)-'- = im(y4), one gets 

g{A^X, A^Y) = g{A^AX, A^ AY) = g{X, Y) = g{AX, AY) = g{X, Y), 

where X,Y G T\xM were such that AX = X, AY = Y. This proves that T{x,x; A) is 
actually an element of Q. 

Let then q = {x, x; B) E Q and define 

S{q) = {x, x; B^) G T*M ® TM. 

Since im(i?^) = ker(i?)-'", we have for X, F G T\xM, 

g{B^X, B^Y) = g{BB^X, BB^Y) = g{X, Y), 

directly from the definition of Q and since BB^ = idT\^M (since n < n). This shows 
that S -.Q ^Q. 
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Moreover, one clearly has that T and S are maps inverse to each other. They are 
obviously smooth, hence Q and Q are diffeomorphic. Also, T is actually a bundle 
isomorphism ttq — )■ tTq whose inverse as a bundle isomorphism is S. 

Finally, observe that if 7, 7 are smooth paths in M, M starting at Xq, Xq, respectively, 
at t = 0, and if go = i^o^ ^0] ^0) ^ Q{M, M) then 

(P*(7) o o pO(7)f = P*(7) o 4o P0(7), 

so 

T(7(t),7W;^o(7) o^o oP*(7)) = (7W,7W;i^o(7) oT(xo,xo; Ao) opO(7)), 
which immediately shows, by differentiating and using the definition of ^nSj that 



go 



T{qo) 



where X = 7(0), X = 7(0). This proves in particular that T* maps Pns isomorphically 
onto "Dns- This completes the proof. 

□ 

Corollary 8.3 In the case n < h, one has for go = {.xo,xo]Ao) G Q{M,M) and 
X e T\^M, 

In particular, T*Pr C I'r. 

Proof. Indeed, for X G Tl^^^M and go = (xo,a;o; ^0) has 
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r(go) 



iT(go)' 



since X = {A^){AoX) = T{qo){AoX). Hence T maps Pr of Q{M,M) into I^r of 
Q(M,M). 

□ 

Remark 8.4 Recall that the distribution Pr on Q{M,M) has dimension n and Pr on 
Q{M,M) has dimension n. Hence the inclusion T^,Dr C Pr is strict whenever n < h. 
This shows that the model of rolling of manifolds of different dimensions against each other 
is not symmetric with respect to the order of the manifolds M and M. 

We can now provide a description of the vertical fiber Vlqijiq) for a point g = 
A) G Q. 



Proposition 8.5 If g = (x, x; A) G Q, then the vertical fiber V\q{TXQ) is given by 



'{{B G T*|^M(g)T|£M I A^P G so(T|^M)}) |^, if n < ri 
'({P G T%M (g) T\s:M I Pv4^ G so(T|£M)}) | , if n > ri 
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Proof. Let q = [x, x; A) E Q and B G T*\r^M^T\£M. Proving the proposition amounts 
to show that i'{B)\q (which is a priori only an element of ^IglTTyAf^TAf)) belongs to 
V\q{iiQ) if and only if 

(i) A^B e 5o(n), if n < n, 

(ii) BA^ e so(n), if n > n. 

Choose first a TTg-vertical curve q{t) = (x, x; A{t)) inside Q such that A{0) = A i.e., 
q{t) G 71q\x,x) C T*\^M C^T^M. 

In the case (i), we have g{A{t)X, A{t)Y) = g{X,Y) for all X,Y e T\^M so by 
differentiating, at t = 0, g{AX,BY) + g{BX,AY) = for all X,Y e T\^M, where 
B e T*\^M ® TI^M is such that A'{0) = iy{B)\g. This condition can be written 
as giB^AX, Y) + giA^BX, Y) = for all X, Y and hence B^A + A^B = 0. The 
result follows, since for a given {x,x;A) G Q, the set of i? G T*|a;M ® Tj^M s.t. 
A"'"!? G so(T\xM) has dimension equal to dim7rQ^(x, x). 

In the case (ii), we have g{A{t)X, A{t)Y) = g{X,Y) for all X, F G (kerA(t))^ = 
im{A{tf). Choose X, F G TI^M. Then ^(A(t)^X, A(t)_^r) = |(X, f), since A(t)A(t)^ = 
idj^i.j,;^, and so by differentiating at t = 0, we get g{A'^X, B'^Y) + g(B^X, A^Y) = 0, 
where B G T*\^M (g) Tj^M is such that A{0) = u{B)\g. This clearly means that 
BA^ + AB^ = id^|.^^ and the result follows. 

□ 

Remark 8.6 The case (ii) considered above could be handled by using the diffeomorphism 
T : Q ^ Q introduced in Proposition 18.21 Indeed, if n > n, we may apply (i) on Q to 
obtain that for q' = {x,x; A) G Q, we have that V^lg^^g) consists of 5' G T*\£M (g)T[j:M 

such that A^B G so(T|£M). But taking q = (x, x; A), q' = T{q), B G T*\^M T\s,M 
and B' = B^, this means AB^ G soiT^M) i.e., G so(T|iM). 

As an interesting special cases of rolling with different dimension, we next consider 
the cases where n = f;, + lor?7, = ?7, + l. 

Proposition 8.7 Let {M,g), {M,g) be oriented Riemannian manifolds of dimensions n 
and n = n—1, with n > 2. Define {M^^\g^^^) to be the Riemannian product (MxM, Si(Bg), 
with the obvious orientation, and write Q^^'> = Q{M,M'^^'i) and let , v':^ to be the 
rolling lift and the rolling distribution on Q^^\ We define for every a G M, 

ia-Q ^ <5^^^ i^a{x, x; A) = (x, (a, x); A^^^), 
where A^^'^ : T\^M T\^a,x)0^ ^ defined as follows: A^^'> G Q^^^ and 

^^^^l(kerA)^ =(0, ^l(keryl)-L) 

^W(kerA) =M^L x {0}, 
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where ^ is the canonical vector field on M in the positive direction, which we consider to 
be a vector field on M^^^ in the usual way. 

Then for every a e M the map is an embedding and for every qo = {xo,xo; Aq) E Q, 
ao G M and X G T\^M one has 

where 

n : g(i) Q; n(x, (a, x), A^^^) = (x, x; (pi^), o A^^^), 
is a surjective submersion and : M x M — )■ M is the projection onto the second factor. 

Proof. Let 7 be a path in M starting at Xq and q(t) = {'j(t),^{t); A{t)) := qv^ili 
We define a path on q^^\t) = {-f{t),^^^\ty, A^^\t)) on Q^^) as follows: 

:=P*(¥^))o..o(Ao)opO(7), 

where for every q = {x, x; A) E Q one defines 

p^{A) : T\^M (keiA)^ 
p^{A) : T\^M keiA, 

as the (yf-orthogonal projections. 

We will show that q^^^ is the rolling curve on Q^^^ starting from Laoilo)- Indeed, 
clearly g(i)(0) = (7(0), (ao,7(0)); iao{Ao)) = taoiqo) and A^'\t) G Q^'^ for all t. Also, on 
one hand 

where b{t) is defined by tao(^o)p^(^o)A°(7)7W =: (^(^)|:|(£o,ao), 0), while on the other 
hand 

=P^{l^'^KAAo){p''{Ao)+p\Ao))P^{jm). 
Now since AqX = AoP'^{Aq)X for every X G T\xgM, we have 

A{tm) =P*(7)AoP°(7)7(t) 

=P*(7)Aop^(Ao)P°(7)7(t) 

and also 

LaMo)P^{Ao)X = {iaMo)P^{Ao)X,0). 
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Since M^^^ is a Riemannian product, we have for every X G T\^gM C T|((j„ ,£.q)(]R x M) 

P*(¥^))X=(0,P*(7W 

where the latter imphes that since iao(^o)P"^(^o)-Pt'(7)7(^) = (^(^)/rlc~ then 

oi I i^aio ,0,(3 j 

Therefore, 

(t)7(t) = (6 W |: , ^'o*(7)s. (^)P^ (^)^t°(7)7(t)) 

= (^(^)|:l7(^)W'^o(7)^oP,°(7)7(t)) = (Kt)|:|,(,(,),A(t)7(t)) 

This and the definition of A^^\t) show that q^^\t) = g^(i)(7, t-ao{Qo)){'t) for all t. 

Finally, since A^^\t) = P^{^^^^)LaoiAo)ip^iAo) + p^(Ao))Pi°(7) and by what was 
said above about parallel transport in Riemannian product, it follows that 

(pr,).A«(t) = P^{¥''>MAo)pHAo)Pni) = n*(7)^ao(^)A°(7), 
which proves that 

n(g^(i)(7,^ao(go))W) = qvnil,<lo){t) 

R. 

and hence Ox>^{qo) C Il[0^{i){Lao{qo))) as well as 

R 

Il,^i\imLoi,o)) = n.g^a)(7,^ao(go))(0) = qvAl,Qo){0) = ^r(7(0))|,o- 

Finally, if q^^^ = {x, {a, x); A^^^) E (9 (i)(ia„(go)), take a path 7 in M starting 
from Xo such that q^^^ = q^w {'J , qo) (l) ■ By what was done above, it follows that 
^{Qjywh^ '^aoiqo))it)) = gDj^(7, go)(^) and thus, evaluating this at t = 1 gives Il{q^^^) G 

R 

OvM^ whence U{0^ (1) ('•ao (go))) C OvM- 

^ R 

The claim that ta is an embedding for every a G M is obvious. We still want to 
prove that 11 is a surjective submersion. This follows trivially from 11 o = idg. End 
of the proof. □ 

Corollary 8.8 With the assumptions and notations of Proposition 18.71 if the orbit 

OD„{qo) is not open in Q for some go ^ then 0^(i){Lao{qo)) is not open in Q*-^''. 
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Proof. Suppose (9 (go)) were open in Q^^\ then since 11 : Q^^^ Q is a smooth 

submersion, it is an open map and hence its image n((9^{i)(ia(j(go))) = C^i?r(9o) is open. 
End of the proof. 

□ 

As a consequence of this corollary and Theorem 17.11 we get the following theorem 
concerning non-controllability in the case n = 3, h = 2, whence dimQ = 8. Recall that 
Q = Q{M, M) is connected and thus the rolling problem (R) is non-controllable if and 
only if there exists a. qo G Q such that Ox>^{qo) is not open in Q. 

Theorem 8.9 Let n = dim M = 3, n = dim M = 2 and go = {^o, xq; Aq) E Q. 

If the orbit Oj}^{qo) is not open in Q, then there exists an open dense subset O of 
Ox'r(q'o) such that for every gi = {xi,Xi;Ai) E O there is an open neighbourhood U of 
Xi for which it holds that {U,g\u) is isometric to some warped product (/ x N,hf), where 
/ C M is an open interval and the warping function / satisfying /" = 0. 

Proof. Let {M^^\ g^^'^) be the Riemannian product (M x M, Si © g) and let Oo E M. 

Since the orbit (9x)r(q'o) is not open in Q, it follows from Corollary 18 . 8 1 that the orbit 
O (i)(ia,)(?o)) is not open in Q^^\ But then Theorem 17. II provides an open dense subset 

O^^^ of O {i)(i(j„(go)) such that one of (a)-(c) there holds. Then O := 11(0''^'') is open an 

dense in Ox)j^(go). Let gi = {xi,Xi; Ai) E O, choose g^^"* E O*-^-* such that n(g*^^^) = gi, 
whence g^^^ = i-aiiqi) for some ai E M. 

Let U^U^^'^ be the neighbourhoods of Xi, (ai,Xi) as in Theorem 17.11 corresponding 
to q^\ We choose f/'-^-* to be of the form IJ x I for / C M an open interval and f/ C M 
open. 

If (a) there holds, it means that {U,g\u) is (locally) isometric to the Riemannian 
product I X U (hence we have / = 1). 
The case (b) cannot occur, since 

^g^^^uw)^ ^ Riemannian product, cannot 

be of class A^^ for /3 > 0. 

Suppose therefore that (c) holds. Let F : {I x N,hf) ^ U and F : {I x N, h^) — )• 
tj be the isomorphisms. The eigenvalues of the curvature tensor R^^^\(a-i_,x) being 
0, — (7(x), 0, with a{x) the sectional curvature of {M,g) at x, we see that the warp- 
ing function / must satisfy /" = 0. □ 

Proposition 8.10 Let {M,g), {M,g) be oriented Riemannian manifolds of dimensions 
n = h — 1 and fi, with n > 2. Define {M^^\ g^^^) to be the Riemannian product (R x 
M,si © g), with the obvious orientation, and write Q^^) = Q{M^^\M) and let V^^^ 
to be the rolling lift and the rolling distribution on Q^^\ We define for every a G M, 

ia-Q ^ <5^^^ ia{x, x; A) = ((a, x),x; A^^'^), 
where A^^) : T|(„^^)(M x M) ^ Tj^Af is defined as follows: A^^) E Q^^^ and 

A^''>\tum=A 
A«^L ,e(imA)^, 
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where ^ is the canonical vector field on M in the positive direction, which we consider to 
be a vector field on M^^^ in the usual way. 

Then for every a G M the map La is an embedding and for every go = (xo.xo; Aq) E Q, 

ao e M and X e T\^M C T|(„,^)(M x M) one has 

(S))*-^R(^)lgo ==^R^(^)Lao(9o)- 

Moreover, if one defines 

n : Q« ^ Q; U{{x, a), v4«) = (x, x; A o (z,),), 
where : M — > M x M; x h-). (a, x) and if Ar is the subdistribution of defined by 

Ar|,(i) = (^a)*2^R|n(9(i)), VgW = ((a, x), x; A«) G g(^\ 

then 

Proof. The claim that 6^ is an embedding is obvious and since Ho La = idg, it follows 
that n is a submersion. 

Let 7 be a path in M starting from Xq and q(t) = {■j(t),^{t); A{t)) = qxi^{j , Qq) (t) . 
We define a path = (7W(t), 7(t); ^^(t)) on by 

=P*(7)o.,„(Ao)oP*(7«). 
Since M^^) is a Riemannian product, 

and so 

A^'\t)^^'Ht) = P^{lKAAo){P^{l)i{t),0) = P^{l)AoP^{l)i{t) = A{tm) = 

Since also g(^^(0) = La(,{qo), this proves that q^^\t) = q Laniqo))i't) for all t. 

Next notice that 

and if X G T^M C T|(„„,,)(M x M), 

A^'\t){0,X) = A{t)X = LaMit))X 

and since A«(t)T|,(i)M ± AW(t)|:|(^(„(^), and oA(t))TUM ± oA(t))|:|(^(„(^^, 
we must have, by orientation. 
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This proves that La^^qit)) = q^^\t) and therefore 

which shows that for every X G T\xqM C T|(ay^2;(j)(]R x M) one has 



Notice also that since we proved that Lao{QVji{.'l^%){'t)) = QjyW {l y Qo) (t) , we have 

R. 

shown that 

Also, for every q G Ov^{qo) we have (recall that Ho Lag = idq) 
Finally, because t-aolo-o^igo) is an immersion into Q^^'^ and 
we have 

The proof is finished. □ 

Corollary 8.11 With the assumptions and notations of Proposition 18.101 if the orbit 
Ovnilo) is open in Q for some go £ Q, then O (i)(ia„(go)) has codimension at most 1 in 

Proof. The dimensions of Q and Q^^^ are dimQ = 2n — 1 + = dimQ'-^-' — 1, so if 

Ovj^iQo) is open in Q, one has dimOv^lqo) = dimQ and thus, 

dimC^(i)(6ao(go)) > dimOA^itaoiqo)) = dimLaoiO-D^{qo)) = dimQ = dimQ*^^) - 1. 

R. 

□ 

8.2 Controllability Results 
8.2.1 Rolling Problem (NS) 

Since Theorem 14.11 and Corollary 14.31 evidently hold as such in the case of non-equal 
dimensions (i.e., n ^ n), we will be more interested to see how Theorem 14.81 could be 
formulated. We first need a definition. 
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Definition 8.12 For n,h>2, we define 

( {A G (M")* ® M" I A^A = idM"}, if n < n, 
SO(n; n) := i {A G (M")* ® M" | = idiR^, if n > n, 

[S0(?7,), if n = n, 

where (M")* is the set of n x n real matrices and denotes the usual transpose of 
matrices. 

Theorem 8.13 Fix some orthonormal frames F, F of M, M at x E M, x G M and let 
t) = h|F C 5o{n), h = C so(r;.) be the holonomy Lie-algebras of M, M w.r.t to these 
frames. Then the control system {T.)]\fs is completely controllable if and only if for every 

A G SO{n;h), 



Al) - i)A 



{B e {Wy (g)W \ A^B e 50{n)}, ifn<n, 
[B e {Wy (^W \ BA^ e so{h)}, iin>h. 



8.2.2 Rolling Problem (R) 

Notice that Proposition 15.91 still holds when n = dimM is not equal to n = dimM. 
The rolling curvature of on Q is denoted as before but that of on Q is written 
as Rol i.e., 

Rol(X, Y){B) = BR{X, Y) - R{BX, BY)B, 

for (x, x;B) eQ and X,Y e Tj^M. 

As a consequence, we have a generalization of Corollarv 15.231 

Corollary 8.14 Use the notations introduced previously and assume that n < n. Then 
the following two cases are equivalent: 

(i) Pr is involutive, 

(ii) {M,g) and {M,g) have constant and equal curvature. 

Also, if < ra, then there is an equivalence between the two cases below: 

(1) Pr is involutive, 

(2) {M,g) and {M,g) are both flat. 

Proof. For some of the notations, see the proof of Corollary 15.231 

(i) =^ (ii): Assume that Dr is involutive. This is equivalent to the vanishing of Rol 

i.e., 

A{R{X, Y)Z) = R{AX, AY){AZ), V(x, x; A) G Q, X,Y,Z e T\^M, 
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which imphes 

a^x,Y) =g{R{X,Y)Y,X) = g{A{R{X,Y)Y),AX) 
=g{R{AX,AY){AY),AX) = a^AXAY). 

for every X, Y orthonormal in T\xM and (x, £; A) G Q. 

Let X e M, £ G M be arbitrary points and X,X G T\^M and X,F G Tj^M be 
arbitrary pairs of orthonormal vectors. 

Choose any vectors X3, . . . , Xn G T\xM and X3, . . . , Xn G T|i;M such that X, F, X3, . . 
and X, y, X3, . . . , Xn are positively oriented orthonormal frames. 

Since n < n, we may define q = (x, x; A) G Q by 

AX = X, = y, AX, = Xi, i = 3, . . . , n, 

to obtain that = '^"(i'y)- Thus {M,g) and {M,g) have equal and constant 

curvature, since the orthonormal pairs X, Y and X, Y were arbitrary and chosen inde- 
pendently from one another. 

(ii) =^ (i): Since {M,g), {M,g) both have equal constant curvature, say A; G M, we 
have 

R{X,Y)Z = k{g{Y,Z)X - g{X,Z)Y), X,Y,Z eT\^M, x G M, 
R{X,Y)Z = k{g{Y,Z)X - g{X,Z)Y), X,Y,Z eTl^M, xeM. 

On the other hand, if (x, x; A) E Q, X,Y, Z E Tl^M we get 

R{AX,AY){AZ) = k{g{AY, AZ){AX) - g{AX, AZ){AY)) 
=A{k{g{Y, Z)X - giX, Z)Y) = A{R{X, Y)Z). 

This implies that Ro\{X ^Y){A) = since Z was arbitrary. Hence is involutive. 

(2) =^ (1): In this case R = and R = so that clearly Ro\{X,Y){B)Z = 
B{R{X, Y)Z) - R{BX, BY){BZ) = for all X,Y,Z E T^M and (x, x; B) G Q. This 
proves that is involutive. 

(1) =^ (2): Assume that "Dr is involutive i.e., 

B{R{X, Y)Z) = R{BX, BY){BZ), V(x, x; B) G Q, X, f, Z G Tj^M. 

Then 
or 

a^x,Y) = g{B{R{B'^X,B^Y){B^Y),X) = a^^^x.B^y)- 

Given any x G M, x G M, X, F G Tj^-M and X,Y E T|^M, choose some 
X3, . . . , X„ G TUM, X3, . . . , X^ G T^M such that 

X, Y, X3, . . . , Xn and X, F, X3, . . . , X„, 
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are positively oriented orthonormal frames. We define 

BX = X, BY = Y, BXi = Xi, i 
BXi = 0, i = n + 1, . . . ,h 



{X,Y)- 



Thus 



so that q = {x,x;B) G Q, B^X = X, B^Y = Y and hence cr(x,Y) = o", 
{M,g), {M,g) have constant and equal curvature. 

Suppose that the common constant curvature of {M,g), {M,g) is /c G M. We need 
to show that k = 0. Choose any (x, x; B) G Q. Since n < h, we may choose non-zero 
vectors X G keri? and Y G (kei B)^. Then 

=Rol(X, Y){B)X = k{g{Y, X)BX - g{X, X)BY) - R{BX, BY){BX) 



=A;(0 



X 



BY) -0 = -k 



X 



BY 



and since 



X 



^ and ^ (since O^Y e (ker B)^), it follows that A; = 0. This 



completes the proof. 



□ 



We may also easily generalize Corollary 15. 241 The use will be made of Gauss-formula, 
which relates the curvature of a submanifold to that of the ambient Riemannian man- 
ifold and O'Neill-formulas, which relate the various curvatures related to Riemannian 
submersions (see [28], Propositions 3.8, 6.1, 6.2 and Corollary 6.3, Chapter II). Since 
the proof is slightly less trivial, we state this as a proposition. 

Proposition 8.15 Suppose that {M,g) and {M,g) are complete with dimM = n, 
dimM = n. The following cases are equivalent: 

(i) There exists a go = (a^c^^oS^o) £ Q such that Ox>^{qo) is an integral manifold of 

(ii) There exists a go = {xo,Xo;Aq) G Q such that 

Ro\{X,Y){A) = 0, V(x,x;A) G OvM^ X,Y e T^M. 

(iii) There is a complete Riemannian manifold (N,h), a Riemannian covering map F : 
N M and a smooth map G : N ^ M such that: 

(1) If n < n, G is a Riemannian immersion that maps /i-geodesics to gf-geodesics. 

(2) If n > n, G is a Riemannian submersion such that the co-kernel distribution 
(ker G*)"*" C TN is involutive and the fibers G~^{x), x G M, are totally geodesic 
submanifolds of (A^, h). 

Moreover, in the case (iii)-(2), we may choose N to be simply connected and then 
(A^, h) is a Riemannian product of (A''!, hi), {N2, h2), where dim A''i = n, dim = n — n, 
the space {Ni,hi) is the universal Riemannian covering of {M,g) and G is given by 



where tt : — M is a Riemannian covering map. 
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Proof, (i) <^=^ (ii): This is proved with exactly the same argument that was used in 
the proof of Corollary 15.241 

(i) =^ (iii): Let := OD^{qo) and h := {TiQ^AilNYig) i-e., for q = {x,x;A) G and 
X,F G T|^M, define 

hi^niX)U,^niY)\,)=giX,Y). 

If F := ttq^mIn and G := t^q i^jIn, we immediately see that F is a local isometry (note 
that dim(A^) = n). The completeness of (A^, h) follows from the completeness of M and 
M using Proposition 13.301 which holds in verbatim also in the case where n ^ n. Hence 
by Proposition II. 1.1 in |2S], -F is a (surjective) Riemannian covering. 

Suppose then that n <n. Then for q = (x, x; A) & N, X,Y & T| ^.M, one has 

giG^i^niX)\,),G,i^niY)\,)) = giAX,AY) = giX,Y) = 

i.e., G is a Riemannian immersion. Moreover, if F : [0, 1] — is an /i-geodesic, it 
is tangent to and since it projects by F to a (yf-geodesic 7, it follows that F = 
5x5^(7, r(0)) and Proposition 13.301 shows that GoF = 7x1^(7, F(0)) is a ^-geodesic. This 
proves (iii)-(l). 

On the other hand, if n > n, then for q = {x,X]A) G A^, any X G T|^.M s.t. 
^R{X)\q G (keraig)^ and Z G ker A, we have G,{^R{Z)\g) = AZ = i.e., ^r(Z)|, G 
ker(G',|g) from which g{X,Z) = /i(^R(X)|g, ifR(Z)|g) = 0. This shows that X G 
(kerA)^ and therefore, for all X, F G Tj^M such that ^R(X)|g, ^R(F)|g G (kerG,|q)^, 
we get ^(a(^R(X)|,),a(ifR(r)|,)) = /i(^R(X)|„^R(y)|,) as above. This proves 
that G : A^ — M is a Riemannian submersion. 

For any X,Y E VF(A^) orthonormal and tangent to (ker G^,)"*" around a point q E N, 
we have (^q^y) ~ ^{gJc g*y) i'^^ sectional curvature on A^) in that neighbourhood 

because F is a Riemannian covering map and because 

^{G,x,G,Y) = g{R{G*X,G,Y){G,Y),GjC)) = g{R{AFj(,AF,Y){AF,Y),AFj()) 
=g{AR{FJ{,FX)Fj',AFJ{)) = g{R{FJ(,F,Y)F,Y,A^AFj()) 
=g{R{Fj(,FX)F,Y,FJ() = a^F^x,F,Y), 

since Rol = 0, F^:X G (ker A)-*- on A^ and where we wrote A = G^ o (F^,|q)~^ for 
q = {x,X]A) in the chosen neighbourhood. By Corollary 6.3, Chapter II in [28], it 
follows that for any X,Y G VF(A^) tangent to (kerG*)"*" in an open set, [X, ^] is 
tangent to (kerG^,)-*" in that open set. Thus (kerG^,)-*" is involutive. 

We still need to prove that the G-fibers are totally geodesic. Let q = {x,x; A) G Q, 
V G kerG,,|g = T|q(G~"'^(a;)). Then V = ^B.{u)\q for some u G T|^M and if 7 is the g- 
geodesic starting from x with the initial velocity u, then F := qv^iil, q) is the /i-geodesic 
with initial velocity V (since F is a Riemannian covering) and also 7 := 7x)j^(7,q') is a 
^-geodesic by Proposition 13.301 with initial velocity 7(0) = ^7(0) = Au = G^V = 0, by 
the choice of V. But this means that 7 is a constant curve, 7(-) = x for all t, which 
implies that G(F(t)) = ^{t) = x for all t i.e., F(t) G G~^{x). This proves that every 
fiber G~^{x), x G M, is a totally geodesic submanifold of (A^, h) and so we have finally 
proved (iii)- (2). 
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(iii) =^ (ii): Let Xq & M and choose Zq ^ N such that -^(2:0) = ^o- Define Xq = 
G{zo) e M and Ao := G.l.o ° (^*Uo)"' : T\,oM -> T\^,M. 

The fact that go = {^o, S:o', Aq) belongs to Q can be seen as follows: if (iii)-(l) holds, 
we have 

^(AoX,Aoy) =^(a|.o((i'*|.o)"'^),G'*|.o((F,|,J-iF)) 
=h{{F,U-'X),{F,l,r'Y) = g{X,Y), 

where we used that G is a Riemannian immersion and that F is a Riemannian cov- 
ering map. On the other hand, if (iii)-(2) holds and if X,Y G (kerAo)"*", clearly 
(F^I^J-^X, (F^I^J-^F G (kerG^I^J-^ and hence also g{AoX,AoY) = g{X,Y) since 
G is a Riemannian submersion. 

Let 7 : [0, 1] — M be a smooth curve with 7(0) = Xq. Since F is a smooth covering 
map, there is a unique smooth curve F : [0, 1] — > with 7 = F o F. Define 7 = G o F 
and A{t) = G^\r{t) ° (-^*|r(t))~\ t G [0,1]. As before, it follows that A{t) G Q for all 
t G [0, 1] and 

4(t) = a|rwr(t) = A(t)7(t). (100) 
We claim that, for alH G [0, 1], 

^(m7W)^(-) = 0' (101) 

and 

Rol(-,-)(^W) = 0. (102) 

Indeed, suppose now that (iii)-(l) holds. This means that, for every z & N, there 
is a neighbourhood U of z in N such that G{U) is a totally geodesic submanifold of 
(M, g) and G : U — M is an isometric embedding. Now if X is a vector field parallel 
along 7 in M, then since F is a Riemannian covering, there is a unique vector field X 
parallel along F in (A^, h) such that F^X = X. For any to ^ [0, 1], choose U as above 
around F(to)- Then near to we have that G^X is parallel to 7 in {M,g). This proves 
that 

= v^(,)(ax(t)) = v^(,)(A(-)x(-)) = (V(,(,),^(,))A(-))x(t), 

and since X(t) was an arbitrary field parallel along 7, we have V^^^-^) ^(•^)>) A(-) = i.e., 

(uni]). 

Since, locally, the shape operator of G{N) w.r.t {M,g) vanishes and G{N) is lo- 
cally Riemannian embedded submanifold of {M,g), we also have G^{R^{X ,Y)Z) = 
R{GJC,GjY){G^Z) for all X,F,Z G T|^A^, ^ G A^ (see [28], Proposition 3.8, Chapter 
II) and hence for all X, F, Z G T|^(t)M, 

A{t){R{X,Y)Z) = G,iF,\rit))~\RiX,Y)Z) = G.{R\X,Y)Z) 
=R{GJ(,G,Y)iG,Z) = R{A{t)X,A{t)Y){A{t)Z), 
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where X = {F^\r(t))~^X etc. This proves ffTU2]) . 

On the other hand, suppose (iii)-(2) holds. First we see that Eq. (I102p follows from 
|28| . Proposition 6.2, Chapter II (the operators A and T there vanish, by assumptions 
on and G) and the fact that F is a Riemannian covering. 

To prove (llOip we proceed as follows. Taking the simply connected covering of A^, 
lifting the metric h and composing G and F with the projection from this covering 
to A^, we see that the conditions (iii)-(2) still hold and thus we may assume that 
was simply connected in the first place. Take any piecewise curve a; on A^ and let 
Vq e kerG^, 1(^(0), Xq G (ker G^,)-'-|(^(o). If Z{t) is the parallel translate of Xq + Vq along 
u, we get from [28], Proposition 6.1, Chapter II (again, the operators A and T there 
vanish by assumptions) that 

=V^(,)Z(t) = (V^(,)Z(t)^)^ + (VS(,)Z(t)^)^, 

where for Y G TN we wrote Y'^ and y-*- for the components of Y in the distributions 
(kerG^,)-*- and kerG^,, respectively (this notation is in accordance with the notation in 
the referred result of |28| and is not completely compatible with ours) . This proves that 
Z(t)^ and Z(t)^ are fields parallel to u and since Z{0)'^ = Xq, Z{0)^ = Vq, we have 
that Z{tY and Z{t)-^ are the parallel translates of Xq and Vq, respectively. But this 
implies that 

(P^')*(a;)(keraU(o)) = keraU(i), (P^')*(a;)((kera|^(o))^) = (keraU(i))^, 

i.e., TN = ker G^,©(ker G^)-^ is a splitting to TN into two subbundles that are invariant 
under V'^-parallel transport. 

Since A^ is simply connected and complete, it follows from de Rham's Theorem 
(see [28], Theorem 6.11, Chapter II) that {N,h) = {Ni,hi) x (A^2,^2), a Riemannian 
product, where {Ni,hi) and (A^2,^2) are both complete and simply connected and 
TNi = (kerG*)^, TN2 = kerG*. 

To see now that Eq. f llOip holds, let X be a vector field parallel along 7 in M, write 
r = (Fi, F2), take X = (Xi, X2) (w.r.t TN = TNi © TN2) to be the unique lift of X 
onto a vector field along F in X and compute 

=A{t)Vy(t)X{-) = G*Vjf^(^)^p^(^))X(-) = G*Vf^(^)Xi + G,Vf^(j)X2 = G^Vf^^^^Xi, 

since ,,,X2 G TN2 = kerG*. On the other hand, G^^ ■ ]\^^ _^ m- ^ G{yi,y2) is 
a local isometry for any 1/2 G A^2 and hence 

=G.Vf^(,)Xi = (G^^W).Vf^(,)Xi = V(cr,,)),r,(,)((G'^^(*))*XO 
=V.(,)(G.X) = V.(,)(A(-)X(-)), 

since 4(t) = G,r(t) = G,ri(t) = {G^^^'^),ti{t) and GJ( = GJCi = (Gr^W),^!. Thus 
ffTOT]) holds and this finishes the proof of flTnT]) -f fT02|) in the case that (iii)-(2) holds. 

Thus we have shown, because of fllOOp and f llOip . that t t— {'-f{t),^{t); A{t)) is the 
unique rolling curve along 7 starting at go = {xo,^o]Aq) and defined on [0,1] and 
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therefore curves of Q formed in this fashion fill up the orbit ^©^(q'o)- Therefore, Eq. 
(I102p implies that Rol vanishes on Ox'r(q'o) which means that we are in case (ii). 

To prove the last claim in the statement of the proposition, we continue the de- 
duction done above in the case that condition (iii)-(2) holds. Since for any y2 G N2-, 
G^^ : A^^i — 7- M is a local Riemannian isometry and A'^i is simply connected and com- 
plete, it follows that G^^ is a universal Riemannian covering of M . We show that 
the map G^^ is independent of the choice of 1/2 G N2 i.e., that G{yi,y2) = Giyi^y'^) 
for all yi G A^^i and 1/2; 2/2 ^ ^2- Indeed, take any smooth path r2 in N2 from 
r2(0) = y2 to V2{1) = y'2- Then, f^{Gy, o 12 (t)) = ^1^2^ = for all t since 
r2(^) G TN2 = kerG^,. This shows that Gy-^ o r2 is a constant curve in M and thus 
G{y,,y2) = Gy,{T2m=Gy,{T2{l)) = G{y,,y'2). 

We fix 2/2 ^ ^2 and define tt := G^^ : Ni ^ M which is a universal Riemannian 
covering. By what we just proved, it holds that G{yi,y2) = G{yi,y2) = T^{yi) which 
establishes the claim. □ 



A Fiber and Local Coordinates Point of View 

Let F = (Xj), F = (Xj) be (not necessarily orthonormal) local frames of M and 
M defined on the open subsets U, U, respectively. We have local frames of 1-forms 
F* = {{9'), [/), F* = ((^^■), U) dual to these frames i.e., defined by e^{Xi) = dj, e^{Xi) = 
51 The Christoffel symbols Tf^- = iVpfi^, f^^- = (f^)f^. of V, V w.r.t the frames F, 
F are defined by (see [H], P- 266) Vx,X, = Y^k^^X^, V ^^X, = Y^k^^k- Any 
(x,x; A) G T*|^.(M) ® T\i{M) with (x,x) G f/ x can be written in the form 

A = Y,A)9^U®X,\s^, 

i.e., (pr2 or^^)(yl) = [A*] (see section 13.1. 2 j l. Moreover, if F, F are orthonormal frames, 
then A G g if and only if [A^] G SO(n). 

Let t H- 7(t), t f— 7(t), t G /, be smooth curves in U, U, respectively, such that 
7(0) = Xq, 7(0) = Xo, where J is a compact interval containing 0. Moreover, take 
Qo = {xo,Xo', Aq) G T*M ®TM. The no-spinning condition (fT2|) (i.e., the parallel 
translation equation) for the curve t 1— >■ q{t) = (7(t),7(t); A(t)) (i.e., A{t) = Pq(7,7)/1) 
starting at q can be written as 

-^{t) -J2Ti,m)A^dt)v"'it) + J2^i,km))A';{t)v'-{t) = o, (los) 

k,m k,m, 

where t G / and 

7(t) = J2v\t)X,\,^,), 4W = J2v\t)X,\^it). 

i i 

This shows immediately that the equation for no-spinning is a linear ODE in A* and 
thus the solution with the initial condition A{0) = Aq exists for the whole interval / 
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where 7,7 are defined. The control system (S)jv5 can now be written locally in the 
form 

(iit) = J2v\t)X,\,^,), 

4(t) = ^c/(t)x,|^(,), 

i 

dA' 



, tel, 

L 



K,m K.m 



or 



i 
i 

A{t) = ^i;*^Ns(X„0)U(i) + J]tr^Ns(0,X,)U(i), 

i i 

where the controls v = [v^, . . . , w"), v = [v^, . . . , {)") are elements of L\^^{I, W^) (actually 
an open subset of it since the images of 7, 7 should belong to f/, f/, respectively). From 
this local form, we see that (E)jvs is a driftless control affine system. 

The curve t H- q{t) = {'j{t),'j{t); A{t)) is a rolling curve i.e., satisfies conditions ( ITT]) 
and ( I13p if and only if 

k 



dt 



where 7(t) = J2i'^\'t)^i\"/(t), lit) = Xli ^*(^)^j|7(i)- Supposing that f/ is a domain of a 
coordinate chart = . . . , £") of M and taking as the frame F the coordinate fields 



Xi = the previous equation can be written as 



^{t) = Y^A^,{t)v\tl (106) 



dt 
dA 



Ht) = E [J2^kMt))^l(t) - ErU(^(^))4(^)^^(^))^"^(^)' (107) 

m k k,l 



where 7* = a;* o 7 and t E I . This system is nonlinear in 7*, A*- and thus the existence 
of solutions, for a given initial condition 7(0) = Xq, ^(0) = Aq cannot be guaranteed 
on a given compact interval / 9 where 7 is defined (even in a case where one is able 
to get U = M). 



198 



Moving back to a general frame F (i.e., we are not assuming that it consists of 
coordinate vector fields), the local form of the control system (S)/? can be written as 

i 

dA 



t e /, 



kl 



or 



A{t) = Y,^\t)^^{x;)U(t), 



t e I, 



where the controls v = {v^, . . . , f ") are elements of L\^^{I ^ M") as above. From this local 
form, we see that (S) ^ is a driftless control affine system. 

B Sasaki-metric on T*M (g) TM and Q 



The no-spinning distribution can be given a natural sub-Riemannian structure (see 
e.g. |21]) with the sub-Riemannian metric /insd := {'^*Qi9))\'D^s since (vtq)* Id^sI^^ ..^, is 
a linear isomorphism — t- T\(x,x){M x ^) at each point q = {x,x; A) ^ Q and 
{nQ),{^^s{X,X)\g) = (X,>), for every q = {x,x;A) G Q and X G T^M, X e T\,M. 

Actually, we have more since there is a Sasaki-metric 'g\ on the whole tensor space 
T*{M) ®T{M) given in the following. 

Definition B.l The Sasaki-metric g\ on T*(M) ® T{M) is defined by 

g\{^,v) =^(^Ns|,-'(pri(0),-^Ns|,-'(pri(r/))) 

where 

q = (x, i; A) G T*(M) ® T(M), e, ^ G T|g(T*(M) ® T(M)), 
pr^, pr2 are projections of the decomposition 

T(T*(M) ® T(M)) = I)ns © ^(vrT.(M)«T(M))> 



:io8) 



(see (l^Uj) ) onto the first and second factors, 



-1 ,,1-1 



NSlo . 



are the inverse maps of 



T|(,,,)(M X M) ^ r|,(r*(M) ® r(M)) 



(109) 
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and 

(T*(M) ® T(M))|(.,,) ^ V^|,K.(M)«T(M)) 

B^uiB)\^. (110) 

Note that g* : T*{M) (g) T*(M) M is the dual metric induced by g and finally r is the 
M-linear isomorphism 

(T*M ® TM) (g) {T*M (g) TM) {T*M ® T*M) ® (TM ® TM) 

uniquely determined by 

t{{u ®x)®{e® Y)) = {uj®e)®{x® Y). 

Denote by 'gq the restriction (i.e., the pull-back) of the metric 'g\ onto Q. 
Let us now use the local frames and notation as in Appendix |X1 Writing ^,7] & 
T\q{T*M ® TM), q = (x, x; A), as 



one gets 



pr2(o = e - 5^ (ex.u + ex,y) i 

i 



i,j k.m 

the similar formula holding for pr2(?7) and hence 

i,j,a,l3 k,m 
k.m 

Moreover, with this choice of the Riemannian metric on T*M ^TM and Q we have 
the following result. 

Proposition B.2 Let U,V e C'^{T^T*KmTM^T^T*M®TM)^ X e T|(^o,£o)(M x M) and 
90 = {'^q^xq] Aq). Then the Sasaki-metric 'g\ has the following properties: 

(i) Letting tr = tr^ij^A/^Ti^gM denote the trace of linear maps T\x^^M — )■ T\x^-,M and T 
the ((yf, 5f)-transpose of the linear maps T[xqM — )■ T\x^M , one has 

^}|,„(z/([/(Ao))|,o,z/(V-(Ao))|,„) =tr(t/(Ao)^\/(Ao)) (111) 
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(ii) Choosing a smooth local 7r^,j^,^^^^^-section A s.t. A\(^xo,xo) = snd VyA = for 

allFeT|(,„,,„)(MxM), 

^m(X)Ugl{i^{U{-)),u{V {■)))) (112) 
=5jMVxt/(i))l,o,KV^(^o))|,o)+^}Mf/(^))l,o,KVxV(i))|,o). 

The same result holds if we throughout replace T*M (g) TM by Q and by gg with 
the exception that U,V e C'^{t^q,t^t*M(^tm) ^-t- G Aso(T|a;M) for all 

(x, X] A) E Q. 

Proof. Let (Xj), (Xj) be smooth 5f,^-orthonormal frames of vector fields M, M defined 
on the neighborhoods U, U of Xq, Xq. Denote by (^*), (6'*) the corresponding dual 
frames. Then there are unique functions a},^} G C°°{7r~l^^^^^{U x [/)) s.t. 

and thus (below we will denote a* (xq, Xq] Aq), b^j{xo, Xq] Aq) simply by a*, 6*) 

^i|,,(z/(f/(Ao))|.o,Kmo))|,o) 

i,j,k,l 

i,j,k,l i,j,k,l 

= J2''?) = Yl9iUiAo)X,,V{Ao)X,) =tiiUiAofV{Ao)). 

id i 

This proves (i). 

Next, by the definition of =SfNS and the choice of A, we have 

^^s{X)\,,{g\{u{U{-)\y{V {■)))) =XtMum\A,^{V{A)\^)) 
=X(^a}(i)6}(i)) = 5^X(a}(i))6}(go) + 5^a}(go)X(6}(i)). 

id id id 

Assuming for simplicity that (^i), {Xi) were chosen so that VyXj = 0, VyXj = for 
all i and F e Tl^^M, Y e Tl^^M (and hence Vy^^ = for all i and F e Tl^^M), we 
get 

V^{U{A)) = ^Ns(X)|,„(a})e^-U„ ® V^{V{A)) = ^^s{X)\,,{h))e^\,,® X,\,,. 

This shows that 

5^^Ns(X)|,„(a;.)6;.(go) + 5^a}(go)^Ns(^)|.o(&}) 

=tr((Vx(f/(i)))^V(Ao)) + tr(f/(Ao)^(Vx(^(i))) 
=^}(KVxt/(i))ko,K^(^o))|,o)+^}Mt^(^o))|,o,KVx^(^))l.o)- 

□ 
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Proposition B.3 The maps '^t*{m)®t{m) ^""^ ^''^ surjective Riemannian submersions 
onto M X M. Hence the restrictions of the Levi-Civita connection V^i and the Riemannian 
curvature BP^ on the DNS-horizontal fields are respectively given by 



and 



3 
4 



--g{R{X, Y)X, Y) + ^ u{AR{X, Y) - R{X, Y)A)\, 



9i 



with q = {x,x;A) E T*M ®TM, X = {X,X) where X E VF(M),X E VF(M) and 
similarly for Y. The same formulas hold if one replaces g\ with Qq. 

Proof. The first statement is obvious by construction. For tlie statement about tlie 
connection, we use Koszul's formula (cf. [17]), to notice tliat 

^ls(X)-^Ns(F) = ^NS(V^F) + ^[^NSW,^NS(F)]^ 

wliere for Z E T{T*M ® TM) we denote Z = ^ Z"" witli Z^ E I^ns and E 
y{j^T*M®TM)- "^^^ f^^^ about tfie Riemannian curvature is deduced similarly (see [T7]). 

□ 

Theorem B.4 Suppose t H- q{t) = {x{t), x{t); A{t)) is a smooth curve on T*{M) (g) 
T(M) that is V]<is-horizontal i.e., q(t) E X'ns fof all ^- Then the following are equivalent: 

(i) t ^ q{t) = {x{t),x{t);A{t)) is a geodesic of (T*(M) ® T(M),^|) 

(ii) t H-> x(t) and t x{t) are geodesies of {M,g) and {M,g) respectively. 
Moreover, in this case 1 1-^ A{t) is given by parallel transport as follows: 

A{t) = P*(x) o A(0) o pO(x) = P^{x,x)A{0). (113) 
The same facts hold if {T*M ®TM,g\) is replaced by (Q,] 



Notice that the claim of the theorem can also be written more compactly as follows: 
For any q = (x, x; A) E T*M ® TM, 



71. 



T*M®TM 



o exp^i o^Nslg = exp(^ (114) 



with a similar formula holding when T*M ® TM is replaced by Q. 

Proof. This follows from the fact that '^t*m®tm (r^sp. ttq) is a Riemannian submersion. 
Nevertheless, for the sake of convenience we outline the easy proof here. 
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The fact that t t— ?■ q{t) = {x{t),x{t)] A{t)) is DNS-horizontal imphes that q{t) = 
J!ys<js{x(t),x{t))\qi^t) for all t. Thus, by Proposition IB.3t we get 

^m<i = ^Ns(Vi(t)X, V^(j)£) l^(^), 

since R{x{t),x{t)) = 0, R{x{t),x{t)) = 0. The claim follows from this since =SfNs(-)lq(t) 
is a linear isomorphism for each t. Also, Eq. f lllSp follows easily from the definition of 
Pns and Eq. 1^. 

□ 

Corollary B.5 The PNS-horizontal curve on Q is a geodesic of {Q.'Qq) if and only if it 
is a geodesic of (T*(M) ®T(M),^i). 

Theorem B.6 The Riemannian manifolds (M, g), (M, g) are complete Riemannian man- 
ifolds if and only if (T*(M) ®T{M),g\) or {Q^gq) is complete. 

Proof. The completeness of (T*(M) ®T{M),g\) (resp. {Q^gg)) implies the complete- 
ness of {M,g), {M,g) since '^t*{M)(^t(M) (resp. tiq) is a Riemannian submersion onto 
(M X M,g) and pr^, prg are Riemannian submersions from M x M onto M and M, 
respectively (recall that Riemannian submersions map geodesies to geodesies). This 
proves the direction "<^=". 

Thus assume that {M,g), {M,g) are complete, which is equivalent to the com- 
pleteness of (M X M,g). Let (a;„,x„;74„) G T*{M) ®T{M) be a Cauchy-sequence. 
Then [xn, Xn) is a Cauchy sequence in M x M and hence converges to a point [y, y) G 
M X M since M x M is a complete (metric) space. Choose a local trivialization 
r : '^t\m)xT{m)^'^ xU) ^ {U xU)x gl{n) of T*{M) x T{M) induced by some coordi- 
nate charts ((x*), U), ((£*), U) (see Appendix Rl) of M, M around y respectively. By 
Proposition II. 1.1 in |28], the metric dgi induced by g\ on T*(M) ®T{M), and hence 

on [U X U) X 0[(n) through r, gives the original manifold topology. Choose an open 

neighbourhood V xV {y, y) such that V x is a compact subset of f/ x f/. Then 

{y xV) X g[(n) is a complete space that contains a Cauchy-sequence ((a;„, x„), a„) = 

r(a;n, x„; A^) for n large enough. Hence it converges to (y, y, a) G (\^ x "K) x 0[(n) and 
thus [xniXn] An) couvergcs to T~^{y,y,a) = {y,y;A). This proves the completeness of 
T*(M) (8)T(M). We thus get the completeness of Q since Q is a closed submanifold of 
T*{M) ®T{M). 

□ 

Remark B.7 More generally, suppose n : E ^ N \s a smooth bundle, {E, G), (N, g) are 
Riemannian manifolds, tt is a Riemannian submersion and the typical fiber of tt is complete 
(i.e., all the fibers 7r"^(x) are complete subsets of E). Then the argument of the previous 
proof applies and shows that i? is a complete Riemannian manifold if and only if M is a 
complete Riemannian manifold. 

We record the following result. 
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Proposition B.8 Let be an integral manifold of and equip it with the Riemannian 
metric ■.= g\\N. Then (N,gjy) is a totally geodesic submanifold of (T*(M) ®T(M), ^J). 
The same claim holds if one replaces (T*M ® TM,g\) by {Q.gq) and assumes that 

AT eg. 

Proof. The assumptions immediately imply that the projection 

TIN ■= pii o 7ry.(M)(g)T{M)|Af; 

is a local isometric diffeomorphism from {N,^j^) into {M,g) since pr^ o '?ry.(jv/)®T(M) 
maps isometrically onto TM by the definition of ^\ and Pr. 

Now if t I— {x{t),x{t)] A{t)), t G]a, b[, is a geodesic of then (since it is tangent to 
Pr) we have x{t) = A{t)x{t) and 1 1— x{t) = 7rN{x{t),x{t)] A{t)), t G]a, 6[, is a geodesic 
of {M,g). We have 

V,(i)i(t) = V,(,)(A(-)x) = (V(,(,),.(,))A)i;(t) + A(t)V,(i)i:, 

and once we use the facts that Vi(t)a; = (since x is a geodesic on M) and V^^^^^ Ht))^ ~ 
(by the definition of I^ns) to conclude that V^(-^-)X(t) = i.e., t H- x(t), t G]a,6[, is 
a geodesic of M. Thus Theorem IB. 41 implies that t h-> (x(t), x(t); /l(t)) is a ("Pr- 
horizontal) geodesic of (T*(M) ® T(M),^^). The proof is complete. □ 



C The Rolling Problem Embedded in 

In this section, we compare the rolling model defined by the state space Q = Q{M, M), 
whose dynamics is governed by the conditions (fT2|) - (fT3|) (or, equivalently, by Pr), with 
the rolling model of two n-dimensional manifolds embedded in as given in |30] 
(Appendix B). See also [9], [I2]. 

Let us first fix G N and introduce some notations. The special Euclidean group 
of is the set SE(A^) := SO(A^) x equipped with the group operation -k given by 

(p. A) k {q, B) = {Aq + p, AB), (p. A), (g, B) G SE(Ar). 

We identify SO(A^) with the subgroup {0} x SO(A^) of SE(Ar), while R^ is identified 
with the normal subgroup x {idjgiv} of SE(A^). With these identifications, the action 
-k of the subgroup SO(A^) on the normal subgroup R^ is given by 

{p,A)i<q = Aq + p, (p,A) G SE(A^), p G R^. 

Let M. and M. c R^ be two (embedded) submanifolds of dimension n. For every 
z G M., we identify T\zM. with a subspace of R^ (the same holding in the case of A^) 
i.e., elements of T\zM. are derivatives (t(0) of curves a : I ^ M with cr(0) = z {I 3 a 
nontrivial real interval). 

The rolling of M. against Ad without slipping or twisting in the sense of [20] is 
realized by a smooth curves G : I ^ SE(A^); G{t) = {p{t),U{t)) (/ a nontrivial real 
interval) called the rolling map and a : I ^ Ai called the development curve such that 
the following conditions (l)-(3) hold for every t E I: 
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(1) (a) a{t) := G{t)i.a{t) G M and 
(b) T\a^t)iGit)^M) = T\^it)M. 

(2) No-slip: G{t) * a{t) = 0. 

(3) No-twist: (a) U{t)U{ty^T\^(^t)M C {T\a^t)M)^ (tangential no-twist), 
(b) U{t)U{t)-\T\^^t)M)^ C T\a(t)M (normal no-twist). 

The orthogonal complements are taken w.r.t. the Euclidean inner product of M^. In 
condition (2) we define the action of G{t) = {U{t),p{t)) on by the same formula 
as for the action of SE(iV) on M^. 

The two manifolds M and M are embedded inside by embeddings l : M ^ 
and i : M ^ and their metrics g and g are induced from the Euclidean metric Sn 
of i.e., = L*si\f and = t*S7v- In the above setting, we take now Ai = i{M), 
M = t{M). 

For z E Ai and z E Ai, consider the linear orthogonal projections 
: T\M^ -> T\^M and : T\,R^ T\,M^, 

and 

P^ : T\M^ T\sM and P^ : Tj^M^ -> T|^A^^, 

respectively. 

For X e T|^M^ and Y G r(7r7^igiv |_a4) (here ttj^^nIj^ is the pull-back bundle of 
TM^ over A^), we use VxY to denote P-'-(Vl^F) and one proceeds similarly V^F = 

P^{V'£Y) for X G r|^M^ and Y e r(7r™iv|^). We notice that, for any z e M, 
X G T\,M and Y G VF(A^), we have 

v^-F = ..(v,,i(.^)C'(n) + viy, 

and similarly on Ai. 

Notice that V"*" and V"*" determine (by restriction) connections of vector bundles 
T^TM^ '■ TAi^ —7- Ai and 'n'xM^ '■ TAi^ — t- Ai. These connections can then be used in 
an obvious way to determine a connection on the vector bundle 

Let us take any rolling map G : I ^ SE(iV), G{t) = {p{t),U{t)) and development 
curve a : I ^ Ai and define x = l"^ o a. We will go throught the meaning of each of 
the above conditions (l)-(3). 

(1) (a) Since a{t) G AA, we may define a smooth curve x := o a. 
(b) One easily sees that 

U{t)T\ait)M=T\ait){G{t)^M) = T\ait)M. 

Thus A{t) := o U{t) o l^:\t\^^^.^m defines a map T|a,(j)M — )■ T|;j(t)M, which is 
also orthogonal i.e., A{t) G Q\(x{t),x{t)) for all t. Moreover, if B{t) := U{t)\rp^^^^^j^±, 
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then B{t) is a map T|o-(t)A^"'" T\^(^t)-M-^ and, by a slight abuse of notation, we 
can write U{t) = A{t) © B{t). 

Thus Condition (1) just determines a smooth curve t H- {x{t),x{t); A{t)) inside 
the state space Q = Q{M, M). 

(2) We compute 

=G{t) ^ a{t) = U{t)a{t) + p{t) 
= ^(G(t) * a{t)) - U{t)a{t) = &{t) - U{t) o o l;^ o 

which, once composed with from the left, gives = x{t) — A{t)x{t). This is 
exactly the no-slip condition, Eq. (1131) . 

(3) Notice that, the sum metric s^r © s^v is just S2n- Moreover, 
if 7 : / — is a smooth curve, then smooth vector fields X : / — T(M^) along 
7 can be identified with smooth maps X : / — )■ and with this observation one 
has: Xit) = V;-)X. 

(a) Since U{t) = A{t) © B{t), we get, for t ^ X{t) e T\^^t)M, that 

=p^(v-x(.))+vt(,x(.) 

-f/(t)(P^(V- (A(-)-^^(-)))+V;^(,)(A(r^X(.))) 

=(V(,,,)(,)A(-))A(t)-i(C^x(t)) + {%^x{-) - 5(t)vi(,)(A(-)-^x(.))), 

from which it is clear that the tangential no-twist condition corresponds to the 
condition that ^ (^±(^t) S:{t))^i') ~ 0- This means exactly that t H- {x(t),x{t); A{t)) 
is tangent to Dns for all t & I. Thus, the tangential no-twist condition (3)-(a) is 
equivalent to the no-spinning condition, Eq. (fTTl) . 

(b) Choose t X-^(t) G T\^(^t)jCi-^ and calculate as above 

um{t)-'x^{t) = p^(v;;)X^(-)) + v^^(t) 

-t/(t)(P^(V^-)(i?(-)-^X(-)))+Vi(,)(S(-)-^^(-))) 

and hence we see that the normal no-twist condition (3)-(b) corresponds to the 
condition that 

vtw,^w)5(-) = 0, vt. 

In a similar spirit to how Definition 13.131 was given, one easily sees that this 
condition just amounts to say that B maps parallel translated normal vectors to 
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A4 to parallel translated normal vectors to Ai. More precisely, if Xq G TM.^ and 
X{t) = (P^ )q((t)Xo is a parallel translate of Xq along a w.r.t. to the connection 
V"*" (notice that X{t) G T\cr(t)M~^ for all t), then the normal no-twist condition 
(3)-(b) requires that t i-> B(t)X(t) (which is the same as U(t)X(t)) is parallel to 
t H-> a{t) w.r.t the connection V"*" i.e., for all t, 

B{t){{P^y,{a)Xo) = (P^")*(a)(i?(0)Xo). 
We formulate the preceding remarks to a proposition. 

Proposition C.l Let i : M -> and t : M be smooth embeddings and 

let g = i.*{sn) and g = i*{sN). Fix points xq G M, xq G M and an element Bq G 
SO(T|t(a.(,)A^-'-, T|;;(£(,)7V1-'-). Then, there is a bijective correspondence between the smooth 
curves t {x{t), x{t); A{t)) of Q tangent to Dns (resp. Dr), satisfying (x(0),x(0)) = 
(xo,Xo) and the pairs of smooth curves t t—^ G{t) = {p(t),U{t)) of SE(A^) and t H- 
a{t) of A4. which satisfy the conditions (1), (3) (resp. (1),(2),(3) i.e., rolling maps) and 

Proof. Let t I— 7- g(t) = (x(t), a;(t); 74(t)) to be a smooth curve in Q such that (x(0), x(0)) = 
(xo, Xq). Denote a = l. o x, a = i o x and let B{t) = {P^ )l{{a,a))Bo be the parallel 
translate of Bq along t H- {a(t),a{t)) w.r.t the connection V . We define 

U{t) := {i, o A{t) o l;') © P(t) : rU(t)7W ^ TU(j)7U, 

and p{t) = a{t) — U(t)a{t). Then, by the above remarks, the smooth curve t ^ G(t) = 
{p(t),U(t)) satisfies Conditions (1),(3) (resp. (1),(2),(3)) if t i— )■ q(t) is tangent to V^s 
(resp. I^r). This clearly gives the claimed bijective correspondence. □ 

D Special Manifolds in 3D Riemanniann Geometry 
D.l Preliminaries 

On an oriented Riemannian manifold {M,g) one defines the Hodge-dual *m as the 
linear map uniquely defined by 

: A^T\,M ^ A""^TUM; ^a/(Xi A ■ ■ ■ A X,) = X^+i A ■ ■ ■ A X„, 

with X G M, k = 0, . . . ,n = dim M and Xi, . . . , X„ G T|^.M any oriented basis. 

For an oriented Riemannian manifold {M,g) and x G M, one defines so(T|^M) as 
the set of ^f-antisymmetric linear maps T\xM — )■ T\xM. Moreover, we write so{M) as 
disjoint union of so(T|^M), x G M. If A, P G so(r|^M), we define 

[A, B],o ■.= AoB-BoAe 30{T\xM). 

Also, we define the following natural isomorphism by 

: A^TM ^ so(M); 0(X A F) := g{-, X)Y - g{-, Y)X. 
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Using this isomorphism, we may consider, for each x G M, the curvature tensor R of 
(M, (?) as a hnear map, 

7^ : A^T\^M A^T\^M; 7^(X A Y) := 0"^(i?(X, F)), 

where X, F G Tl^-M. Here of course R{X, Y), as an element of T*\xM ^T\xM, belongs 
to 5o{T\xM). It is a standard fact that 7?. is a symmetric map when A^Tj^-M is endowed 
with the inner product, also written as g, 

g{X AY,ZAW):= g{X, Z)g{Y, W) - g{X, W)g{Y, Z). 

Notice also that for A,B e so(T|^.M), 

ii{AB)=g{r\A),r\B)). 

The map TZ is usually called the curvature operator and we will, with a slight abuse of 
notation, write it simply as R. 

In dimension dimM = 3 one has -k\j = id when -kj^j is the map A^TM — j- TM and 
TM -> A^TM. 

Let X, y, Z G T\xM be an orthonormal positively oriented basis. Then 
^A/(X AY) = Z, kM{Y AZ)=X, kM{Z AX) = Y. 
In terms of this basis X, Y, Z one has 










• 







Indeed, since X, F, Z G T|^M form an orthonormal positively oriented basis, then 

) =<j){l{^MX)+l3{^MY)+l{^MZ))=<i){lY AZ + pZAX + aXAY'^ 




Lemma D.l If {M,g) is a 3-dimensional oriented Riemannian manifold and x G M. 

(i) Then each 2-vector ^ G A^Tj^jM is pure i.e. there exist X, F G T\xM such that 

e = XAy. 

(ii) For every X, F G T|^.Af one has 

[<P{^mX),<P{^mY)U = <P{X AY). 
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Proof, (i) To see this, it is enough to take X, Y such that X, Y, -Mm^ are orthonormal in 
T\j;M and form a positively oriented basis and that ll-^ll^, = IKi/^Hg, II ^11 3 — 1- Then 

g{^M{X AY),X)= ^m{X a r a X) = 0, g{^M{X AY),Y) = ^m{X AY AY) = 0, 

so X,Y are orthogonal to A Y) and to -kM^, hence -kAiiX A Y) is parallel to 

•kM^ i.e., X A F is parallel to ^. Since ||X A Y\\g = ||X||^ ll^llg ~ ll'^llg taking into 
account the assumption that X, Y, -MmC, and X, Y, *Af(X A Y) are oriented basis (in that 
order), it follows that X AY = ^. 

(ii) If X,Y,Z G T\xM form an orthonormal basis and if U,V ^ T\xM, then with 
respect to the basis X,Y, Z, 

U =aX + PY + ^Z = 



V = aX + bY + cZ 



c' 



UAV 



[0(*Mt/),0K/^)]. 




/3a — ab 
—7a + ac 
76 — l3c 

+ f3c —'ja + ac^ 
—l3a + ab 


—a 
- 

c 




□ 



D.2 Manifolds of class 

In this subsection, we define and investigate some properties of special type of 3- 
dimensional manifolds. 

Following the paper [2] we make the following definition. 

Definition D.2 A S-dimensional manifold M is called a contact manifold of type (k, 0) 
where k E C°°{M) if there are everywhere linearly independent vector fields Fi,F2,Fs E 
VF(M) and smooth functions 0,71,73 E C°°(M) such that 

[Fi,F2] =cFs 
[F2,Fs] =cF, 

[F3, Fi] = - 71 Fi + F2- 73i^3 

and 

-K = ^3(71) - Fi(73) + (71)' + (73)' - c. 
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We call the frame Fi,F2,F^ an (normalized) adapted frame of M and 0,71,72 the corre- 
sponding structure functions. 

Remark D.3 (i) If {M,g) is as above, then defining A G T^nT'M) by 

A(Fi) = A(F3) = 0, A(F2) = 1 

one sees that A is a contact form on {M,g) and F2 is its Reeb vector field. Indeed, 
if X G VF(M), write X = aiFi + 02^2 + 03^3 and compute 

dX{F2,X) =X(A(F2)) - F2(A(X)) - X{[F2,X]) 

=0-^2(02)- (F2(a2) + A(ai[F2,Fi] + a3[F2,F3])) =0. 

(ii) Contact manifolds in 3D are essentially classified by two functions k,x defined on 
these manifolds. Thus one could say in general that a contact manifold is of class 
(k, x)- We are interested here only in the case where x = 0- Foi' information on the 
classification of contact manifolds, definition of x and references, see [2]. 

One may define on such a manifold a Riemannian metric in a natural way by declar- 
ing Fi, F2, F3 orthogonal. The structure of connections coefficients and the eigenvalues 
of the corresponding curvature tensor are given in the following lemma. 

Lemma D.4 Let M be a contact manifold of type (k, 0) with adapted frame ^1,^2,^3 
and structure functions c, 71, 72. If (? is the unique Riemannian metric which makes Fi, F2, F-^ 
orthonormal, then the connection table w.r.t. Fi,F2,F-j is 

/I 0\ 

r= 71 c-i 73 , 

Moreover, at each point, ^Fi,i^F2,*F3 (with * the Hodge dual) are eigenvectors of the 
curvature tensor R with eigenvalues —K, —K2{-), —K, respectively, where 

=-, (constant) 
3 

K2{x) =k{x) - -, X G M. 

Proof. Since Fi, F2, F^ are gf-orthonormal, the Koszul formula simplifies to 

2r(^. ,) = 2g{VF^F^,Fk) = gi[Fi, F^], F,,) - g{[F„ F,,], F^) - g{[F„ Fj,], F^). 

With this we have 

2r;2,3) = c + 1 - c = -1, 2r;3^i) = 71 - + 71 = 271, 2Tl^2) = 
21^2,3) = 0, 21^3^1) = c + c - 1 = 2c - 1, 2Tl^2) = 
2rf2 3)=0, 2rf3 1) = - 2(-73) = 273, 213^,2) = l + c-c=l. 
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Since T^^^ 3) = ^fi 2) ~ I ^li 2) ~ ^ ~ "''^^2 3) ^"^^ they are constants, the 
conditions of Proposition ID.191 are fulfilled and hence icFi,'kF2,'kF3 are eigenvectors of 
R with eigenvalues —K, —K2, —K where 

-K =F,{0) + 0-C-Y = -\ 

-K2 ={\y + ^3(71) - i^i(73) + (71)' -2.\.{c-\)+ (73)^ =-^+\ 

□ 

To justify somewhat our next definition, we make the following remark. 

Remark D.5 Notice that if /3 G M, /3 7^ and 5-/3 := (3~'^g then the Koszul-formula 
gives, 

2gp{y%F^,Fk) =f3~'gm^F',],F,) - /3-^g{[Fi,Fk],F,) - /3-'gm,Fk],F,) 

=2/3 ^r(j-,fc), 

because gp{Fi,Fj) = (3~'^6ij. Then, Ei := i = 1,2,3, is a ^(/j-orthonormal basis and if 
i'^^)lj,k) = 9^{^E,Ej,Ek), then for every i,j,k. 

r'(r^)Ufc) = r'9(si^%E,,E,) = gp{V%F,,F,) = r^T\^^u) 

Definition D.6 A 3-dimensional Riemannian manifold {M,g) is said to belong to class 
M.I3, for /3 G M, if there exists an orthonormal frame Ei, E2, G VF(M) with respect to 
which the connection table is of the form 











(3,1) 


T.2 

^ (3,1) 


T^3 

^ (3,1) 








/3 



In this case the frame Ei,E2,E^ is called an adapted frame of{M,g). 

Remark D.7 For a given /3 G M, one can say that a Riemannian space {M,g) is locally 
of class Aip, if every x E M has an open neighbourhood U such that {U,g\u) is of class 
Aii3. Since we are interested in local results, we usually speak of manifolds of (globally) 
class 

Lemma D.8 If /3 7^ and (M, g) is of class A^^ with an adapted frame, then t^tE'i, -kE2^ -kE^^ 
are eigenvectors of R with eigenvalues — /3^, — A'2(-), — where 

-K2{x) = + i?3(r;3,i)) - i?i(r?3,i)) + (rfa,!))' + (4,1))' - 2/34,1), xeu. 

Proof. Immediate from Proposition ID.191 Eg. (1117^ . □ 
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Next lemma is the converse of what has been done before the above definition. 



Lemma D.9 Let {M,g) be of class A^^, P ^ 0, with an adapted frame Ei,E2,E3. 
Then M is a contact manifold of type (k, 0) with (normalized) adapted frame Fj := j^Ei, 
i = 1,2,3. Moreover, k and the structure functions 0,71,73 are given by 

+ r^3,i) ^(3,1) 
c = TT^ 5 7i = -77^, 73 - 



2(3 ' 2/3 ' 2/3 

/ X ^2(3;) 3 
«:(x)=^ + -, XGM. 

Proof. From the torsion freeness of the Levi-Civita connection on (M, g) and from the 
connection table w.r.t. Ei, E2, E3, we get 

[E,,E2]=iP + ^l3,l))E3 

[E2,E,]={P + rl,^)E, 

[E3, El] = - r(3_i)i?i + 2/3 ^2 - Vf^ i^E^. 

From this and the fact that /3 7^ 0, the claims are immediate. □ 

Remark D.IO (i) We notice that the classes A^^ and Ai-13 are the same. Indeed, if 
{M,g) is of class Aijs and Ei, E2, E3 is an adapted orthonormal frame, then {M,g) 
is of class A^_/3 with a adapted frame Fi,F2,F^ where Fi = E^, F3 = Ei (i.e. the 
change of orientation of Ei, E3 plane moves from Ai(s to A^_^). So in this sense it 
would be better to speak of Riemannian manifolds of class A^^ with /3 > or of class 

-^1/31- 

(ii) If one has a Riemannian manifold {M,g) of class then scaling the metric by 
A 7^ one gets a Riemannian manifold (M,\'^g) of class Ai/^/x. This follows from 
Remark ID.SI above. 

Remark D.ll If {M,g) is of class Aio, then since /3 = and '^^12) = 0, one deduces 
e.g. from Theorem ID. 141 that {M,g) is locally a warped product. Converse is easily seen 
to be true i.e. that a Riemannian product manifold is locally of class Aio. Hence there are 
many non-isometric spaces of class Aio. 

To conclude this subsection, we will show that that for every /3 G M there exist 
3-dimensional Riemannian manifolds of class A^^ which are not all isometric. See also 

m- 

Example D. 12 (i) Let Af be S0(3). There one has left-invariant vector fields -Ei, £'2, -E3 
such that 

[Ei,E2] =E'i 
[E2, -Es] =Ei 

[-^35-^^1] =^2 
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Hence with the metric g rendering Ei,E2,E-i orthonormal, we get a space {M,g) of 
class By the definition of k and Lemma ID. 91 we have k = 1 and K2 = j. 

(ii) Let M be the Heisenberg group H-^. Here one has left-invariant vector fields Ei, E2, E-^ 
which satisfy 

[^1,^2] =0 
[£^2,^3] =0 
[E3, El] =E2. 

Hence M with the metric for which Ei, E2, E^ are orthonormal, is of class and 

f^ = 0,K2 = -l 

(iii) Take M to be SL(2). Then on M there are left-invariant vector fields with commu- 
tators 

[El, E2] = — E3 
[E2, E^] = — El 
[E3, El] =E2. 

If is a metric with respect to which Ei, E2, Es are orthonormal, it follows that M 
is of class Aii/2, Here k = —1, so K2 = — |- 

Notice that if one takes the "usual" basis of sl{2) as a, b, c satisfying, 

[c, a] = 2a, [c, b] = —2b, [a, b] = c, 
then one may define ei = 62 = 63 = | to obtain 

[ei, 62] = -63, [62, 63] = -ei, [63, ei] = 62- 

None of the examples in (i)-(iii) of Riemannian manifolds of class Aifs with /3 = | are 
(locally) isometric one to the other. This fact is immediately read from the different values 
of K2 (constant). 

Hence by Remarks ID. 101 and , we see that for every (3 E M. there are non-isometric 
Riemannian manifolds of the same class Ai/s. 

D.3 Warped Products 

Definition D.13 Let {M,g), {N,h) be Riemannian manifolds and / G C°°(M). Define 
a metric hf on M x N 

hf = pTl{g) + if opr.yprlih), 

where pr^^, are projections onto the first and second factor of M x A^, respectively. Then 
the Riemannian manifold (M x A^, hf) is called a warped product of{M,g) and (N, h) with 
the warping function f. 

One may write (M x N,hf) as (M, g) x j (N, h) for short and hf as g (Bj h if there is 
a risk of ambiguity. 
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We are mainly interested in the case where (M, g) = (/, Si), where / C M is an open 
non-empty interval and Si is the standard Euclidean metric on M. By convention, we 
write ^ for the natural positively directed unit (w.r.t. Si) vector field on M and identify 
it in the canonical way as a vector field on the product I x N and notice that it is also 
a unit vector field w.r.t. hf. 

Since needed in section [TJ we formulate, and proof, (a local version of) the main 
result of [TT] in 3-dimensional case. The general result allows one to detect Riemannian 
spaces which are locally warped products. In our setting we use it (in the below form) 
to detect when a 3-dimensional Riemannian manifold {M,g) is, around a given point, 
a warped product of the form (J x N,hf), with J C M, / G C°"{I), and {N,h) a 
2-dimensional Riemannian manifold. 

Theorem D.14 ([H]) Let {M,g) be a Riemannian manifold of dimension 3. Suppose 
that at every point xq G M there is an orthonormal frame Ei,E2,E3 defined in a neigh- 
bourhood of xo such that the connection table w.r.t. Ei, E2, E3 on this neighbourhood is 
of the form 










^ (1,2) 






^ (3,1) 


^ (3,1) 




V (1,2) 









and moreover 

^(r(i,2)) = o, wxeE^. 

Then there is a neighbourhood U of x, an interval / C M, / G C°°{I) and a 2- 
dimensional Riemannian manifold {N,h) such that (U,g\u) is isometric to the warped 
product (/ X N,hf). If F : (J x N,hf) iU,g\u) is the isometry in question, then 
for all {r,y) e I x N, 

^ = -r;,,)(F(r,,)) 
d 

Proof. Write O for the domain of Ei,E2,E^. According to the main result in [TT], whose 
proof in our special case will be outlined below, it is enough to prove the following: 

(i) E2 is a geodesic vector field and the 2-dimensional distribution E2 is integrable. 

(ii) There exists a function 77 G C°°(0) such that for all U,W & E2, 

g{VuW,E2)=vg{U,W) 

and 

g{Vu{vE2),E2) = 0. 



214 



(i) Since = 2) = —g{.^E2E2, Ei) and = F^g = —g(V E2E2, E^) by assumption 

(2,2) 



and since by normality = = 9^^ E2E2, E2), we see that E2 is a geodesic vector 



field. 

As for the integrability of E2, observe that since E2 is spanned by Ei^E^ and by 
assumption and torsion freeness of the Levi-Civita connection, 

g{[Er, E2) = giVE^Es - Ve,E,, E2) = Tl,^^) " ^'1,2) = 0-0 = = 0. 

which shows that [Ei^E^] is tangent to i?^. This shows that condition (i) holds. 
As for fii), we see that 



g{VE,E3, E2) = T\,^2) = 0, g{VE,E,, E2) = T^^^) = 

1 _ p3 
(1,2) - (2,3) 



g{yE,E^.E2) = T\,2. = -T%.) = g{VE,E3,E2). 



Thus defining 77 := T^^ 2); see that if U,W & VF(M) are tangent to E2 and hence 
we may write U = aEi + bE^, W = cEi + dE^ for some a, b,c,d & VF(M), 



g{VuW, E2) =acT\^^2) +cid^\i,2) +bcT\^,2) +bd F^ 



(3,2) 



-'^(2,3)"^ 



=r]{ac + bd) = r]g{U,W). 

Finally, if t/ = aEi + 

g{Vu{vE2), E2) = U{r]) + r] g^uE2^ = U{v) = 0- 

= lug{E2,E2)=0 

This proves that (ii) holds. 

We will now show how to construct /, (J x A^, hf) and F. First notice that a simple 
computation of e.g. R{Ei A E2) with respect to the frame Ei, E2, E3 yields 

-K = -E2iTl2)) + i^i,2)f- 

Since E^ is integrable, there is an integral manifold A^ of E^ through Xq. Let 
r(x) = dg{N,x) be the geodesic distance from x to A^. By shrinking A^ (such that 
it still contains Xq) if necessary, we may find real numbers a < < b such that on 
V := r"'^{]a, b[) the function r is smooth. Write / =]a, b[ and define F : I x N ^ M hj 



F{t,y) = exp(tE2 



which is smooth, has image actually in V and has a smooth inverse H : V ^ I x N 
defined by 

H{x) = {r{x),exp^{-r{x)E2\x))- 
Thus F is a diffeomorphism I x N V . 
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Define / by an ODE 



f{t) = -v{F{t,xo))f{t), /(0) = 1, 

where rj = T^-^ 2) above. We take / =]a, b[ a smaller interval containing if necessary, 
so that f{t) > for all t & I. Also, define the metric /i on iV by 



h{X, Z) 



f{H{x)y 



;g{X,Z), X,ZeE. 



2 \x 



T\rN, X eN. 



Finally, we will prove that F is an isometry between (J x N,hf) and {V,g\ 
first we notice that 



At 



E. 



— I 



Let X e T\yN C r|(t,j,)(/ X A^). Since 

F{t,y) = (7rTMO$G)(t,^2|,), 

where G G VF(M) is the geodesic vector field and $g< its flow, we get that 

F^X = J{E2\y,X,\'xE2)it)i 

where for u,A,B G T\^M, J(u,A,B)(t) is the Jacobi field of {M,g) along t exp^(t-u) 
with initial conditions J(u.a,_b)(0) = A, J(n,A,_B)(^) = B. One easily computes that 

VxE2 = -r]{y)X. 

Because V E2E1 = ^^fs i)-^35 ^E2E3 = F^g i-^Ei, we have that for any vector field U 
perpendicular to E2, the covariant derivative VE2U is also perpendicular to E2. This 
implies that if we set 7(t) := F{t,y) = expy{tE2\y), then Pq(7)X is perpendicular to 
E2, whose integral curve 7 is (since E2 is a geodesic vector field). 

With this noticed, we take as an ansatz for the Jacobi field J{E2\y,x,'s/ xE2){^) ^ vector 
field J{t) along 7 of the form 

J{t) = X{t)P^h)X. 

This satisfies 

nm, jmit) = -K{^it))m a jmit) = -K{^{t))j{t). 

Moreover, J(0) = A(0)A:, 



V^(,)J = A'(t)P*(7)^, 



so V^(t)J(0) = A'(0)X and 



V^(,)V^J = A"(t)P*(7)^ 



A^ 

m 



■m 
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and thus we see that, in order to make J{t) a Jacobi field with the same initial conditions 
as for J{u,A,B)it), we should choose A as a solution to 

X"{t) = -K{^{t))\{t), A(0) = 1, X'{0) = -rj{y). 

By uniqueness of solutions to 2nd order ODE, we hence have J(E2\ ,x,VxE2)iP) — J if) 

i.e. 

F^X = A(t)Po*(7)X 

Now one also has 

Since /(O) = 1 = A(0), /'(O) = -))(!/)/(0) = = A'(0), we see that A(() = /(() for 

all t G / and hence 

F^X = fit)P^h)X. 

Thus we finally have 



which establishes the fact that F is an isometry {I x N,hf) — (y,g\v)- Notice that by 
definition of F, 

since E2 is a geodesic vector field. 

We still need to prove first of the formulas at the end of the statement of the 
theorem. Let (r, y) E I x N. Choose a path 7 in from Xq E N to y E N. Since 
t I— !■ (r, 7(t)) is perpendicular to ^|(r,7(t)) in JxiV, it follows that, since F is an isometry, 
t I— 7- F(r, 7(t)) is perpendicular to i?^. Hence ^T^-^^2-^(F{r,'y{t))) = 0, which implies 
that T^^^^{F{r,xo)) = T^^2){^{^^y))- the other hand, by the definition of / and rj, 
one has = —Tj^-^^^^(F(r,XQ)). This completes the proof. □ 

Following example shows how to build constant curvature spaces from other constant 
curvature spaces as a warped product illustrates the concept. The example will also be 
used in the proof of Proposition 17.281 

Example D.15 In this example we show how one can locally write a 3-dimensional 
Riemannian manifold {M,g) of constant curvature K as a warped product (/ x N,hf), 
where / is an open real interval containing and (A^, h) is a 2-dimensional space of constant 
curvature. 

Let a, K eM. and take any 2-dimensional Riemannian space (A^, h) of constant curvature 
cr, let a,b E M, a > 0, and take / to be the solution to 

f{t) = -Kf{t), /(0) = a, /'(0)=6. 
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This solution is positive for at least some open interval J C M containing 0. Since 

+ = 2K fit) fit) + 2f'{t)f"{t) = 2f{t)nt) - 2K fit) fit) = 0, 

we have 

Kf{t)' + fit)' = Kf{0)' + f (0)2 = Ka' + h\ 

Compute also 

d -a + f(t)2 _ 2f{t)nt)f{t)^ - 2f{t)f'{t){-a + fjt)') 
dt^ f{t)^ > f{t)^ 

_ -2f'{t)f{t){Kf{t)' + rm + 2a fit) fit) 
fit)' 

-2f'{t)f{t){Ka^ + b') + 2af{t)f'{t) 



fit) 

- 2{Ka' + -a 



2 , .2 .^ fit) 



fity 



and define 



Sk := {(a, b,a) eR^ \ a> 0, Ka^ + b"^ = a}. 



If (a, 6, a) G Sk, it follows that ^( ""tff^' ) = ^nd hence 



fit? 

-a + f\tf -a + b"" 



fit)' 



2 



-K. 



Suppose 1/ G A^, t G M and that X, Z, G T|yA^ are /i-orthonormal. We consider X, Z 
and T := where ^ is the canonical positively directed vector field on / C M, as vectors 
in T|(ty)(/ X N) in the usual way. Then by [2^, Chapter 7, Proposition 42, we get (notice 
that there the definition of the curvature tensor differs by sign from ours), 

Rhf[X,T)T =KX 
R^i{X, Z)T =0 
R^f{T,X)Z =0 
R^f{T,X)X =Kf{tfT 
R''f{X, Z)X ={-(T + f'{t)')Z. 

Thus if X, Z is an /i-orthonormal frame on N, it follows that Ei := jX, E2 := T, := jZ 
is an gf-orthonormal frame on / x X and 

R''^{EiAE2) = -KE1AE2 
R^f{E2AE3) = -KE2AES 

R'f{Es A E,) = Zl±f^Es A E,. 
fit)' 
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Hence for every choice {a,b,a) G Sk we get also that R^f{E^ A Ei) = —KE-^ A Ei 
which then allows us to conclude that (/ x A^, hj) is a space of constant curvature K. 

For any (a, h) E M? with a > 0, one may define as a{a, b) = Ka?+lP', which then implies 
that (a, 6, a(a, 6)) G ^a' and hence the set {(a, 6) G | 3(J G M s.t. (a, 6, a) G S'^} is the 
open right half-plane of R^. 

The conclusion here is that for every K eM. and a, 6 G M with a > 0, one can construct 
a warped product (/ x N,hf) which has constant curvature K and where is a space 
of constant curvature (with curvature Ka^ + b^) and that the warping function satisfies: 
/(O) = a, f'{0) = b. This will be used in the proof of Proposition ID. 121 

Here we will make a remark about the intersection of the classes Aip and the class 
of warped products of the form (/, Si) x j (A^, h) with (A^, h) two-dimensional. 

Remark D.16 Suppose that a Riemannian 3-manifold {M,g) is at the same time a 
warped product (/ x A^, hj) and belongs to class A^^, with Ei, E2, E^ an adapted frame. As 
a warped product, the curvature tensor R has eigenvalues (functions) — A'(-), —K2i-), —K{-) 
(with some eigenvector fields) where —K{r,y) = Since as a A^^, the operator R has 

eigenvalues —f3'^,—K2{-),—(3'^, we must have (taking any combination) that K = is a 
constant and K2 = K2 everywhere on M . Let us now consider three different cases: 

(i) If /3 = 0, then it immediately follows that {M,g) is a Riemannian product, since / is 
constant. 

(ii) Suppose that /5 7^ and K2{ro,yo) 7^ at some point (ro,?/o) G M. Then there is 
a neighbourhood U of (ro,yo) where K2 7^ It follows that -E'2|(r,j/) = ^'§^\(^ry) 

(r, G U, from which it follows that in the connection table w.r.t. Ei, E2, E3 one 
must have also r^-^2)('")y) = ^nd f3 = T^^^-^{r,y) = for all (r, y) G U. Therefore 

= K = (3'^ = Q for all r E I, which implies that /'(r) is a constant function. 

But r^-^ 2)('^) 2/) = vanishes on U, hence /'(r) vanishes for some r and hence 

f'{r) = for all r E I. This implies that {M,g) is a Riemannian product. 

(iii) If /3 7^ and K2{r,y) = 13"^, then {M,g) has a constant curvature and hence is 
locally isometric to a sphere of curvature 

As a conclusion, if a warped product {M,g) = (/ x N,hf) belongs to class Aijs, then 
either it is (a) a Riemannian product (/3 = 0, / constant) or (b) a space of constant 
curvature Both (a) and (b) occur if and only if {M,g) is flat. 

D.4 Technical propositions 

Since we will be dealing frequently with orthonormal frames and connection coefficients, 
it is convenient to define the following concept. 

Definition D.17 Let {M,g) be a 3-dimensional Riemannian manifold. \^ Ei, E2, E^ is 
an orthonormal frame of M defined on an open set U, then = g(y EjEi, E^), we call 
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the matrix 







^ (2,3) 


^(2,3)\ 




^(3,1) 


^ (3,1) 


^(3,1) 1 




V (1,2) 


^ (1,2) 


^(1,2)/ 



the connection table w.r.t. Ei,E2,E^. To emphasize the frame, we may write V = 

Remark D. 18 (i) Since Ei, E2, is orhonormal, one has T*^^.^^ = — r*^^,^^ for all 
i,j,k. These relations mean that to know all the connection coefFicients (of an 
orthonormal frame), it is enough to know exactly 9 of them. It is these 9 coefFicients, 
that appear in the connection table. 

(ii) Here it is important that the frame Ei, E2, E-^ is ordered and hence one should speak 
of the connection table w.r.t. (Ei, E2, E^) (as in the notation T = T^Ei,E2,E3)), but 
since we always list the frame in the correct order, there will be no room for confusion. 

(iii) Notice that the above connection table could be written as F = [(F-^Jj], if one writes 

^1 = (2, 3), ^2 = (3, 1) and *3 = (1, 2) i.e. 







y2 

*1 


*1 




rl2 


p2 

*2 


p3 
*2 




{^3 


r2 





Proposition D.19 Suppose {M,g) is a 3-dimensional Riemannian manifold and in some 
neighbourhood of a; G M there is an orthonormal frame Ei, E2, E3 defined on an open set 
U with respect to which the connection table is of the form 





f^^{2,3) 





~^{1,2)\ 




^(3,1) 


^ (3,1) 


^(3,1) 1 




V (1,2) 





^(2,3) / 



on U, and moreover it holds that 

nr;2,3)) = o, \/(r;,2)) = o, WeE2\i, yeu, 



Then the following are true: 

(i) For every y & U, i^Ei\y, ^E2\y, ^E^ly are eigenvectors of i? with eigenvalues —K{y), —K2{y), —K{y), 
respectively (i.e. the eigenvalues -kEi\y and ^-Eslj; coincide). 

(ii) If r^2 3) 7^ on f/ and if U is connected, it follows that on U the coefFicient Tjgs) 
constant, '^\i2) = K{y) = (r^2 3))^ (constant). Hence {U,g\u) is of class A^^, 
for P = rl.,y 
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(iii) If r^2 3) = in the open set U, then every y E U has a neighbourhood U' C U such 
that {U',g\ui) is isometric to a warped product (/ x N,hf) where / C M is an open 
interval. Moreover, \^ F : I x j N (W, g\ui) is the isometry in question, then 

j^ = -Tl2)iFir,y)), V(r,y)G/xiV 

Moreover, one has 

o = -E2(rf2,3)) + 2r;i,2)r;2,3) (ns) 
-K = - E,{rl,^) + {rl,^r - {Tl.^r (116) 
-K, =i?3(r;3,i)) - i?i(r?3,i)) + (rf3,i))' + (r?3,i))' (ii7) 

~ 2r(2,3)r(3^i) + (r}i^2)Y + (^(2,3))^ 

Proof, (i) We begin by computing in the basis 'kEi,'kE2,'kE3 that 

^^3(r;,,3)) 

R{EsAE,) = { I A I + I i?3(r|3 





where we omitted the further computation of row 2 and wrote it simply as —K2 and use 
the fact that Ei{r^^2)) = 0; -^«(-'^(2 3)) ~ ^ ^'-'^ ^ ^ {l'^}. Thus *-E2|»/ is an eigenvector 
of R\y for all y. 

Now fix ?/ G f/. Since is a symmetric linear map A^T\yM to itself and smce 
T*ri?2|j/ is an eigenvector for R\y, we know that the other eigenvectors lie in 'kE2\y, which is 
spanned by -kEily, ^-^sly By rotating Ei, E3 among themselves by a constant matrix, we 
may well assume that -kEilyj-kE^ly are eigenvectors of R\y corresponding to eigenvalues, 
say, —Ki{y), —K^{y). We want to show that Ki{y) = K^iy). 

Computing R\y{Ei/\E2) in the basis *-E'2|y, '^E^\y gives (we write simply F*^^. 
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for r 



\j,k)iy) etc. 




--R\y{^Es) = R\y{E,AE^) 




^2(rf2,3)) 



~"-^2(r(2,3)) + 2r[^^2)r(2,3) 

^'^O^ls,!)) + ^(1,2)^(3,1) - (^(2,3) + r(3,i))r^3^i) j , 
-^2(rji_2)) + (^(1,2))^ - (^(2,3))^ 



from where 



Similarly, computing R\y{E2 A £'3) in basis 'kEi\y,i<E2\y,i<E^\y, 

I =R\yi^E,) = R\y{E2 A Es 





(^(3,1) + ^(2,3)) ( ^(3,1) 
^^(1,2) 

--E2(r(^^2)) ~ (^(2,3))^ ^ (1,2)> 
^"^(^{3,1)) ~ ^3(^13,1)) ~ (^(3,1) + ^(2,3))^(3,1) ~ -'^(1,2)^^3,1) 

-^2(r(2_3)) - 2r(^^2)r(2,3) 



leads us to 



-K,{y) = -i?2|,(r;i,2)) - (r;2,3)(y))' + (r;i,2)(y))'- 

By comparing to the result of the computations of R\y{Ei A E2) and R\y{E2 A E^) 
implies that Ki{y) = K^ly). In other words, if one writes K{y) for this common value 
Ki{y) = K^ly), one sees that -^2!^ is contained in the eigenspace of R\y corresponding 
to the eigenvalue —K{y). This finishes the proof of (i). 

(ii) Suppose now that r^2 3) 7^ on an open connected subset U of '^o-D-^igo),Mi.^)- 
Then since Ei(r^^^^^) = 0, i?3(r^2 3)) = on f/, one has, on U, 

[E3,i?i](r;2,3)) = i?3(i?i(r;2,3)))^i(^3(r;2,3))) = 0. 
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On the other hand, 

[E3, El] = -rj3^^)£i + 2rf2,3)£2 - r^3^i)£3, 

so 

=[£3,£i](rf2,3)) = -r(3^i)£i(rf2,3)) + 2r[2,3)£2(r(2,3)) - r^3^^)£3(rf2,3)) 

=2r(2^3)£'2(r(2^3)). 

Since T^^^ 3) 7^ everywhere on U, one has £'2(r^2 3)) = on U. Because £"1, £"2, £3 span 
TM on U, we have that all the derivatives of r^2 3) vanish on U and thus it is constant. 
From first row of the computation of R{Ei A £2) in the case (ii) above, one gets 

= ^-^2(r(2,3)) + 21^(^2)^(2,3) = 21(^^2)^(2,3)5 

which implies r(-^ 2) = on U. Finally from the last row computation of R{Ei A £2) 
(recall that Ki{y) = =: K{y)) 

-K{y) = -£2(r;,,2)) + (r;i,2))^ - (r;2,3))' = -(r;2,3))'- 

This concludes the proof of (ii). 

(iii) This case follows from Theorem ID. 141 □ 
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